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Preface 


In 1973 F. Black and M. Scholes published their pathbreaking paper [BS 73] 
on option pricing. The key idea — attributed to R. Merton in a footnote of the 
Black-Scholes paper — is the use of trading in continuous time and the notion 
of arbitrage. The simple and economically very convincing “principle of no- 
arbitrage” allows one to derive, in certain mathematical models of financial 
markets (such as the Samuelson model, [S 65], nowadays also referred to as the 
“Black-Scholes” model, based on geometric Brownian motion), unique prices 
for options and other contingent claims. 

This remarkable achievement by F. Black, M. Scholes and R. Merton had 
a profound effect on financial markets and it shifted the paradigm of deal- 
ing with financial risks towards the use of quite sophisticated mathematical 
models. 


It was in the late seventies that the central role of no-arbitrage argu- 
ments was crystallised in three seminal papers by M. Harrison, D. Kreps 
and S. Pliska ([HK 79], [HP 81], [K 81]) They considered a general framework, 
which allows a systematic study of different models of financial markets. The 
Black-Scholes model is just one, obviously very important, example embed- 
ded into the framework of a general theory. A basic insight of these papers 
was the intimate relation between no-arbitrage arguments on one hand, and 
martingale theory on the other hand. This relation is the theme of the “Fun- 
damental Theorem of Asset Pricing” (this name was given by Ph. Dybvig 
and S. Ross [DR 87]), which is not just a single theorem but rather a general 
principle to relate no-arbitrage with martingale theory. Loosely speaking, it 
states that a mathematical model of a financial market is free of arbitrage if 
and only if it is a martingale under an equivalent probability measure; once 
this basic relation is established, one can quickly deduce precise information 
on the pricing and hedging of contingent claims such as options. In fact, the 
relation to martingale theory and stochastic integration opens the gates to 
the application of a powerful mathematical theory. 
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The mathematical challenge is to turn this general principle into precise 
theorems. This was first established by M. Harrison and S. Pliska in [HP 81] 
for the case of finite probability spaces. The typical example of a model based 
on a finite probability space is the “binomial” model, also known as the “Cox- 
Ross-Rubinstein” model in finance. 

Clearly, the assumption of finite Q is very restrictive and does not even 
apply to the very first examples of the theory, such as the Black-Scholes model 
or the much older model considered by L. Bachelier [B 00] in 1900, namely 
just Brownian motion. Hence the question of establishing theorems applying 
to more general situations than just finite probability spaces 2 remained open. 

Starting with the work of D. Kreps [K 81], a long line of research of increas- 
ingly general — and mathematically rigorous — versions of the “Fundamental 
Theorem of Asset Pricing” was achieved in the past two decades. It turned 
out that this task was mathematically quite challenging and to the benefit 
of both theories which it links. As far as the financial aspect is concerned, it 
helped to develop a deeper understanding of the notions of arbitrage, trading 
strategies, etc., which turned out to be crucial for several applications, such 
as for the development of a dynamic duality theory of portfolio optimisation 
(compare, e.g., the survey paper [S Ola]). Furthermore, it also was fruitful for 
the purely mathematical aspects of stochastic integration theory, leading in 
the nineties to a renaissance of this theory, which had originally flourished in 
the sixties and seventies. 

It would go beyond the framework of this preface to give an account of the 
many contributors to this development. We refer, e.g., to the papers [DS 94] 
and [DS 98], which are reprinted in Chapters 9 and 14. 

In these two papers the present authors obtained a version of the “Fun- 
damental Theorem of Asset Pricing”, pertaining to general R?-valued semi- 
martingales. The arguments are quite technical. Many colleagues have asked 
us to provide a more accessible approach to these results as well as to several 
other of our related papers on Mathematical Finance, which are scattered 
through various journals. The idea for such a book already started in 1993 
and 1994 when we visited the Department of Mathematics of Tokyo University 
and gave a series of lectures there. 

Following the example of M. Yor [Y 01] and the advice of C. Byrne of 
Springer-Verlag, we finally decided to reprint updated versions of seven of 
our papers on Mathematical Finance, accompanied by a guided tour through 
the theory. This guided tour provides the background and the motivation for 
these research papers, hopefully making them more accessible to a broader 
audience. 


The present book therefore is organised as follows. Part I contains the 
“guided tour” which is divided into eight chapters. In the introductory chap- 
ter we present, as we did before in a note in the Notices of the American 
Mathematical Society [DS 04], the theme of the Fundamental Theorem of As- 
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set Pricing in a nutshell. This chapter is very informal and should serve mainly 
to build up some economic intuition. 

In Chapter 2 we then start to present things in a mathematically rigourous 
way. In order to keep the technicalities as simple as possible we first re- 
strict ourselves to the case of finite probability spaces Q. This implies that 
all the function spaces L?(Q,F,P) are finite-dimensional, thus reducing the 
functional analytic delicacies to simple linear algebra. In this chapter, which 
presents the theory of pricing and hedging of contingent claims in the frame- 
work of finite probability spaces, we follow closely the Saint Flour lectures 
given by the second author [S 03]. 

In Chapter 3 we still consider only finite probability spaces and develop 
the basic duality theory for the optimisation of dynamic portfolios. We deal 
with the cases of complete as well as incomplete markets and illustrate these 
results by applying them to the cases of the binomial as well as the trinomial 
model. 

In Chapter 4 we give an overview of the two basic continuous-time models, 
the “Bachelier” and the “Black-Scholes” models. These topics are of course 
standard and may be found in many textbooks on Mathematical Finance. Nev- 
ertheless we hope that some of the material, e.g., the comparison of Bachelier 
versus Black-Scholes, based on the data used by L. Bachelier in 1900, will be 
of interest to the initiated reader as well. 

Thus Chapters 1-4 give expositions of basic topics of Mathematical Fi- 
nance and are kept at an elementary technical level. From Chapter 5 on, the 
level of technical sophistication has to increase rather steeply in order to build 
a bridge to the original research papers. We systematically study the setting 
of general probability spaces (Q,7,P). We start by presenting, in Chapter 5, 
D. Kreps’ version of the Fundamental Theorem of Asset Pricing involving the 
notion of “No Free Lunch”. In Chapter 6 we apply this theory to prove the 
Fundamental Theorem of Asset Pricing for the case of finite, discrete time 
(but using a probability space that is not necessarily finite). This is the theme 
of the Dalang-Morton-Willinger theorem [DMW 90]. For dimension d > 2, its 
proof is surprisingly tricky and is sometimes called the “100 meter sprint” of 
Mathematical Finance, as many authors have elaborated on different proofs 
of this result. We deal with this topic quite extensively, considering several 
different proofs of this theorem. In particular, we present a proof based on the 
notion of “measurably parameterised subsequences” of a sequence (fn)°2, of 
functions. This technique, due to Y. Kabanov and C. Stricker [KS 01], seems 
at present to provide the easiest approach to a proof of the Dalang-Morton- 
Willinger theorem. 

In Chapter 7 we give a quick overview of stochastic integration. Because 
of the general nature of the models we draw attention to general stochastic 
integration theory and therefore include processes with jumps. However, a 
systematic development of stochastic integration theory is beyond the scope 
of the present “guided tour”. We suppose (at least from Chapter 7 onwards) 
that the reader is sufficiently familiar with this theory as presented in sev- 
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eral beautiful textbooks (e.g., [P 90], [RY 91], [RW 00]). Nevertheless, we do 
highlight those aspects that are particularly important for the applications to 
Finance. 

Finally, in Chapter 8, we discuss the proof of the Fundamental Theorem 
of Asset Pricing in its version obtained in [DS 94] and [DS 98]. These papers 
are reprinted in Chapters 9 and 14. 


The main goal of our “guided tour” is to build up some intuitive insight into 
the Mathematics of Arbitrage. We have refrained from a logically well-ordered 
deductive approach; rather we have tried to pass from examples and special 
situations to the general theory. We did so at the cost of occasionally being 
somewhat incoherent, for instance when applying the theory with a degree 
of generality that has not yet been formally developed. A typical example is 
the discussion of the Bachelier and Black-Scholes models in Chapter 4, which 
is introduced before the formal development of the continuous time theory. 
This approach corresponds to our experience that the human mind works 
inductively rather than by logical deduction. We decided therefore on several 
occasions, e.g., in the introductory chapter, to jump right into the subject 
in order to build up the motivation for the subsequent theory, which will be 
formally developed only in later chapters. 


In Part II we reproduce updated versions of the following papers. We have 
corrected a number of typographical errors and two mathematical inaccuracies 
(indicated by footnotes) pointed out to us over the past years by several 
colleagues. Here is the list of the papers. 


Chapter 9: [DS 94] A General Version of the Fundamental Theorem of Asset 
Pricing 

Chapter 10: [DS 98a] A Simple Counter-Example to Several Problems in the 
Theory of Asset Pricing 

Chapter 11: [DS 95b] The No-Arbitrage Property under a Change of Numé- 
raire 

Chapter 12: [DS 95a] The Existence of Absolutely Continuous Local Martin- 
gale Measures 

Chapter 13: [DS 97] The Banach Space of Workable Contingent Claims in 
Arbitrage Theory 

Chapter 14: [DS 98] The Fundamental Theorem of Asset Pricing for Un- 
bounded Stochastic Processes 

Chapter 15: [DS 99] A Compactness Principle for Bounded Sequences of Mar- 
tingales with Applications 


Our sincere thanks go to Catriona Byrne from Springer-Verlag, who en- 
couraged us to undertake the venture of this book and provided the logistic 
background. We also thank Sandra Trenovatz from TU Vienna for her infinite 
patience in typing and organising the text. 
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This book owes much to many: in particular, we are deeply indebted to our 
many friends in the functional analysis, the probability, as well as the mathe- 
matical finance communities, from whom we have learned and benefitted over 
the years. 


Zurich, November 2005, Freddy Delbaen 
Vienna, November 2005 Walter Schachermayer 
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Part I 


A Guided Tour to Arbitrage Theory 


1 
The Story in a Nutshell 


1.1 Arbitrage 


The notion of arbitrage is crucial to the modern theory of Finance. It is the 
corner-stone of the option pricing theory due to F. Black, R. Merton and 
M. Scholes [BS 73], [M 73] (published in 1973, honoured by the Nobel prize in 
Economics 1997). 

The idea of arbitrage is best explained by telling a little joke: a professor 
working in Mathematical Finance and a normal person go on a walk and the 
normal person sees a 100€ bill lying on the street. When the normal person 
wants to pick it up, the professor says: don’t try to do that. It is absolutely 
impossible that there is a 100 € bill lying on the street. Indeed, if it were lying 
on the street, somebody else would have picked it up before you. (end of joke) 


How about financial markets? There it is already much more reasonable to 
assume that there are no arbitrage possibilities, i.e., that there are no 100€ 
bills lying around and waiting to be picked up. Let us illustrate this with an 
easy example. 

Consider the trading of $ versus € that takes place simultaneously at two 
exchanges, say in New York and Frankfurt. Assume for simplicity that in 
New York the $/€ rate is 1 : 1. Then it is quite obvious that in Frankfurt 
the exchange rate (at the same moment of time) also is 1 : 1. Let us have a 
closer look why this is the case. Suppose to the contrary that you can buy in 
Frankfurt a $ for 0.999€. Then, indeed, the so-called “arbitrageurs” (these 
are people with two telephones in their hands and three screens in front of 
them) would quickly act to buy $ in Frankfurt and simultaneously sell the same 
amount of $ in New York, keeping the margin in their (or their bank’s) pocket. 
Note that there is no normalising factor in front of the exchanged amount and 
the arbitrageur would try to do this on a scale as large as possible. 

It is rather obvious that in the situation described above the market can- 
not be in equilibrium. A moment’s reflection reveals that the market forces 
triggered by the arbitrageurs will make the § rise in Frankfurt and fall in 
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New York. The arbitrage possibility will disappear when the two prices be- 
come equal. Of course, “equality” here is to be understood as an approximate 
identity where — even for arbitrageurs with very low transaction costs — the 
above scheme is not profitable any more. 

This brings us to a first — informal and intuitive — definition of arbitrage: 
an arbitrage opportunity is the possibility to make a profit in a financial 
market without risk and without net investment of capital. The principle of 
no-arbitrage states that a mathematical model of a financial market should 
not allow for arbitrage possibilities. 


1.2 An Easy Model of a Financial Market 


To apply this principle to less trivial cases than the Euro/Dollar example 
above, we consider a still extremely simple mathematical model of a financial 
market: there are two assets, called the bond and the stock. The bond is 
riskless, hence by definition we know what it is worth tomorrow. For (mainly 
notational) simplicity we neglect interest rates and assume that the price of 
a bond equals 1€ today as well as tomorrow, i.e., 


Bo=B,=1 


The more interesting feature of the model is the stock which is risky: we 
know its value today, say (w.l.o.g.) 


So =1, 


but we don’t know its value tomorrow. We model this uncertainty stochasti- 
cally by defining S; to be a random variable depending on the random element 
w € Q. To keep things as simple as possible, we let Q consist of two elements 
only, g for “good” and b for “bad”, with probability P[g] = P[b] = 4. We 
define S\(w) by 


2 forw=g 


$ for w = b. 


Si(w) = { 


Now we introduce a third financial instrument in our model, an option on 
the stock with strike price K: the buyer of the option has the right — but 
not the obligation — to buy one stock at time t = 1 at a predefined price K. 
To fix ideas let K = 1. A moment’s reflexion reveals that the price C; of the 
option at time t = 1 (where C stands for “call” ) equals 


Cy = ($1 — K)+, 


i.e., in our simple example 


_ Jil forw=g 
ce) = {9 for w = b. 
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Hence we know the value of the option at time t = 1, contingent on the 
value of the stock. But what is the price of the option today? 


The classical approach, used by actuaries for centuries, is to price con- 
tingent claims by taking expectations. In our example this gives the value 
Co := E[C;] = 4. Although this simple approach is very successful in many 
actuarial applications, it is not at all satisfactory in the present context. In- 
deed, the rationale behind taking the expected value is the following argument 
based on the law of large numbers: in the long run the buyer of an option will 
neither gain nor lose in the average. We rephrase this fact in a more finan- 
cial lingo: the performance of an investment into the option would in average 
equal the performance of the bond (for which we have assumed an interest rate 
equal to zero). However, a basic feature of finance is that an investment into 
a risky asset should in average yield a better performance than an investment 
into the bond (for the sceptical reader: at least, these two values should not 
necessarily coincide). In our “toy example” we have chosen the numbers such 
that E[S;] = 1.25 > 1 = Spo, so that in average the stock performs better than 
the bond. This indicates that the option (which clearly is a risky investment) 
should not necessarily have the same performance (in average) as the bond. 
It also shows that the old method of calculating prices via expectation is not 
directly applicable. It already fails for the stock and hence there is no reason 
why the price of the option should be given by its expectation E[C,]. 


1.3 Pricing by No-Arbitrage 


A different approach to the pricing of the option goes like this: we can buy at 
time t = 0 a portfolio IT consisting of 2 of stock and —; of bond. The reader 
might be puzzled about the negative sign: investing a negative amount into a 
bond — “going short” in the financial lingo — means borrowing money. 

Note that — although normal people like most of us may not be able to 
do so — the “big players” can go “long” as well as “short”. In fact they can 
do so not only with respect to the bond (i.e. to invest or borrow money at a 
fixed rate of interest) but can also go “long” as well as “short” in other assets 
like shares. In addition, they can do so at (relatively) low transaction costs, 
which is reflected by completely neglecting transaction costs in our present 
basic modelling. 


Turning back to our portfolio IT one verifies that the value IJ, of the 
portfolio at time t = 1 equals 


_ Jl forw=g 
Tw) = {4 for w = b. 


The portfolio “replicates” the option, i.e., 


C, =1h, (1.1) 
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or, written more explicitly, 


Ci(g) = Ih(g), (1.2) 
C1(b) = 11(0). (1.3) 


We are confident that the reader now sees why we have chosen the above 
weights 2 and —t: the mathematical complexity of determining these weights 
such that (1.2) and (1.3) hold true, amounts to solving two linear equations 
in two variables. 

The portfolio IT has a well-defined price at time t = 0, namely Ip = 
20 = + Bo = z. Now comes the “pricing by no-arbitrage” argument: equality 
(1.1) implies that we also must have 


Co = Ip (1.4) 


whence Co = z Indeed, suppose that (1.4) does not hold true; to fix ideas, 
1 


suppose we have Co = 5 as we had proposed above. This would allow an 
arbitrage by buying (“going long in”) the portfolio IT and simultaneously 
selling (“going short in”) the option C. The difference Co — Ip = 7 remains 
as arbitrage profit at time t = 0, while at time t = 1 the two positions cancel 
out independently of whether the random element w equals g or b. 

Of course, the above considered size of the arbitrage profit by applying 
the above scheme to one option was only chosen for expository reasons: it is 
important to note that you may multiply the size of the above portfolios with 
your favourite power of ten, thus multiplying also your arbitrage profit. 

At this stage we see that the story with the 100€ bill at the beginning 
of this chapter did not fully describe the idea of an arbitrage: The correct 
analogue would be to find instead of a single 100 € bill a “money pump”, i-e., 
something like a box from which you can take one 100€ bill after another. 
While it might have happened to some of us, to occasionally find a 100 € bill 
lying around, we are confident that nobody ever found such a “money pump”. 

Another aspect where the little story at the beginning of this chapter did 
not fully describe the idea of arbitrage is the question of information. We shall 
assume throughout this book that all agents have the same information (there 
are no “insiders” ). The theory changes completely when different agents have 
different information (which would correspond to the situation in the above 
joke). We will not address these extensions. 

These arguments should convince the reader that the “no-arbitrage princt- 
ple” is economically very appealing: in a liquid financial market there should 
be no arbitrage opportunities. Hence a mathematical model of a financial 
market should be designed in such a way that it does not permit arbitrage. 

It is remarkable that this rather obvious principle yielded a unique price 
for the option considered in the above model. 
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1.4 Variations of the Example 


Although the preceding “toy example” is extremely simple and, of course, far 
from reality, it contains the heart of the matter: the possibility of replicating 
a contingent claim, e.g. an option, by trading on the existing assets and to 
apply the no-arbitrage principle. 

It is straightforward to generalise the example by passing from the time 
index set {0,1} to an arbitrary finite discrete time set {0,...,7}, and by 
considering 7’ independent Bernoulli random variables. This binomial model 
is called the Cox-Ross-Rubinstein model in finance (see Chap. 3 below). 

It is also relatively simple — at least with the technology of stochastic 
calculus, which is available today — to pass to the (properly normalised) 
limit as T’ tends to infinity, thus ending up with a stochastic process driven 
by Brownian motion (see Chap. 4 below). The so-called geometric Brownian 
motion, i.e., Brownian motion on an exponential scale, is the celebrated Black- 
Scholes model which was proposed in 1965 by P. Samuelson, see [S 65]. In fact, 
already in 1900 L. Bachelier [B00] used Brownian motion to price options in 
his remarkable thesis “Théorie de la spéculation” (a member of the jury and 
rapporteur was H. Poincaré). 


In order to apply the above no-arbitrage arguments to more complex mod- 
els we still need one additional, crucial concept. 


1.5 Martingale Measures 


To explain this notion let us turn back to our “toy example”, where we have 
seen that the unique arbitrage free price of our option equals Cp = z. We also 
have seen that, by taking expectations, we obtained E[C,] = $ as the price of 
the option, which was a “wrong price” as it allowed for arbitrage opportunities. 
The economic rationale for this discrepancy was that the expected return of 
the stock was higher than that of the bond. 

Now make the following mind experiment: suppose that the world were 
governed by a different probability than P which assigns different weights to 
g and b, such that under this new probability, let’s call it Q, the expected 
return of the stock equals that of the bond. An elementary calculation reveals 
that the probability measure defined by Q[g] = $ and Q[b] = 3 is the unique 
solution satisfying E@[S1] = So = 1. Mathematically speaking, the process S$ 
is a martingale under Q, and Q is a martingale measure for S. 

Speaking again economically, it is not unreasonable to expect that in a 
world governed by Q, the recipe of taking expected values should indeed give 
a price for the option which is compatible with the no-arbitrage principle. 
After all, our original objection, that the average performance of the stock 
and the bond differ, now has disappeared. A direct calculation reveals that in 
our “toy example” these two prices for the option indeed coincide as 
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EqQ[Ci] = §- 


Clearly we suspect that this numerical match is not just a coincidence. 
At this stage it is, of course, the reflex of every mathematician to ask: what 
is precisely going on behind this phenomenon? A preliminary answer is that 
the expectation under the new measure Q defines a linear function of the 
span of B, and S;. The price of an element in this span should therefore 
be the corresponding linear combination of the prices at time 0. Thus, using 
simple linear algebra, we get Co = 2So - +Bo and moreover we identify this 
as EQ[C\]. 


1.6 The Fundamental Theorem of Asset Pricing 


To make a long story very short: for a general stochastic process (S;)o<i<T, 
modelled on a filtered probability space (Q,(Fi)o<i<r,P), the following 
statement essentially holds true. For any “contingent claim” Cy, i.e. an 
Fr-measurable random variable, the formula 


Co := Ea[Cr] (1.5) 


yields precisely the arbitrage-free prices for Cr, when Q runs through the 
probability measures on Fr, which are equivalent to P and under which the 
process S$ is a martingale ( “equivalent martingale measures”). In particular, 
when there is precisely one equivalent martingale measure (as it is the case in 
the Cox-Ross-Rubinstein, the Black-Scholes and the Bachelier model), formula 
(1.5) gives the unique arbitrage free price Co for Cr. In this case we may 
“replicate” the contingent claim C'r as 


T 
Cr= c+ f HidSi, (1.6) 
0 


where (H;)o<i<r is a predictable process (a “trading strategy”) and where H; 
models the holding in the stock S during the infinitesimal interval [t,t + dé]. 

Of course, the stochastic integral appearing in (1.6) needs some care; fortu- 
nately people like K. It6 and P.A. Meyer’s school of probability in Strasbourg 
told us very precisely how to interpret such an integral. 

The mathematical challenge of the above story consists of getting rid of 
the word “essentially” and to turn this program into precise theorems. 

The central piece of the theory relating the no-arbitrage arguments with 
martingale theory is the so-called Fundamental Theorem of Asset Pricing. We 
quote a general version of this theorem, which is proved in Chap. 14. 


Theorem 1.6.1 (Fundamental Theorem of Asset Pricing). For an R4- 
valued semi-martingale S = (Si)o<t<r tf.a.e.: 
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(i) There exists a probability measure Q equivalent to P under which S is a 
sigma-martingale. 
(ii) S does not permit a free lunch with vanishing risk. 


This theorem was proved for the case of a probability space 2 consisting 
of finitely many elements by Harrison and Pliska [HP 81]. In this case one 
may equivalently write no-arbitrage instead of no free lunch with vanishing 
risk and martingale instead of sigma-martingale. 

In the general case it is unavoidable to speak about more technical con- 
cepts, such as sigma-martingales (which is a generalisation of the notion of 
a local martingale) and free lunches. A free lunch (a notion introduced by 
D. Kreps [K 81]) is something like an arbitrage, where — roughly speaking — 
agents are allowed to form integrals as in (1.6), to subsequently “throw away 
money” (if they want do so), and finally to pass to the limit in an appropriate 
topology. It was the — somewhat surprising — insight of [DS 94] (reprinted 
in Chap. 9) that one may take the topology of uniform convergence (which 
allows for an economic interpretation to which the term “with vanishing risk” 
alludes) and still get a valid theorem. 

The remainder of this book is devoted to the development of this theme, 
as well as to its remarkable scope of applications in Finance. 


2 


Models of Financial Markets 
on Finite Probability Spaces 


2.1 Description of the Model 


In this section we shall develop the theory of pricing and hedging of derivative 
securities in financial markets. 

In order to reduce the technical difficulties of the theory of option pricing 
to a minimum, we assume throughout this chapter that the probability space 
Q underlying our model will be finite, say, Q = {w1,we,...,wn} equipped 
with a probability measure P such that Plw,] = pn > 0, for n = 1,...,N. 
This assumption implies that all functional-analytic delicacies pertaining to 
different topologies on L~(Q, F,P), L'(Q,F,P), L°(Q,F,P) etc. evaporate, 
as all these spaces are simply R% (we assume w.l.o.g. that the o-algebra F 
is the power set of Q). Hence all the functional analysis, which we shall need 
in later chapters for the case of more general processes, reduces in the setting 
of the present chapter to simple linear algebra. For example, the use of the 
Hahn-Banach theorem is replaced by the use of the separating hyperplane 
theorem in finite dimensional spaces. 

Nevertheless we shall write L°(Q,F,P), L1(Q,F,P) etc. (knowing very 
well that in the present setting these spaces are all isomorphic to R%) to 
indicate, which function spaces we shall encounter in the setting of the general 
theory. It also helps to see if an element of R% is a contingent claim or an 
element of the dual space, i.e. a price vector. 

In addition to the probability space (Q,F7,P) we fix a natural number 
T > 1 and a filtration (F;)7_9 on Q, i-e., an increasing sequence of o-algebras. 
To avoid trivialities, we shall always assume that Fr = F; on the other hand, 
we shall not assume that Fo is trivial, i.e. Fp = {0,0}, although this will 
be the case in most applications. But for technical reasons it will be more 
convenient to allow for general o-algebras Fo. 

We now introduce a model of a financial market in not necessarily dis- 
counted terms. The rest of Sect. 2.1 will be devoted to reducing this situation 
to a model in discounted terms which, as we shall see, will make life much 
easier. 
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Readers who are not so enthusiastic about this mainly formal and elemen- 
tary reduction might proceed directly to Definition 2.1.4. On the other hand, 
we know from sad experience that often there is a lot of myth and confusion 
arising in this operation of discounting; for this reason we decided to devote 
this section to the clarification of this issue. 


Definition 2.1.1. A model of a financial market is an R¢+!-valued stochastic 
process § = (S,)?_) = (8°, S!,..., $#)7_9, based on and adapted to the filtered 
stochastic base (Q,F,(Fi)f.9,P). We shall assume that the zero coordinate 
S° satisfies S° > 0 for allt =0,...,T and So =1. 


The interpretation is the following. The prices of the assets 0,...,d are 
measured in a fixed money unit, say Euros. For 1 < 7 < d they are not 
necessarily non-negative (think, e.g., of forward contracts). The asset 0 plays 
a special role. It is supposed to be strictly positive and will be used as a nu- 
méraire. It allows us to compare money (e.g., Euros) at time 0 to money at 
time t > 0. In many elementary models, $° is simply a bank account which 
in case of constant interest rate r is then defined as S? = e™’. However, it 
might also be more complicated, e.g. S° = exp(roh +rih+-+-+7r~1h) where 
h > 0 is the length of the time interval between ¢ — 1 and t (here kept fixed) 
and where r;_, is the stochastic interest rate valid between t — 1 and t. Other 
models are also possible and to prepare the reader for more general situations, 
we only require So to be strictly positive. Notice that we only require that 
go to be F;-measurable and that it is not necessarily 7;_1-measurable. In 
other words, we assume that the process $° = ($°)2_, is adapted, but not 
necessarily predictable. 

An economic agent is able to buy and sell financial assets. The decision 
taken at time ¢ can only use information available at time ¢ which is modelled 
by the o-algebra F;. 


Definition 2.1.2. A trading strategy (H,)2, = (4°, H}, hace ADT, is an 
Ré+1 y 


-valued process which is predictable, i.e. H, is F,_1-measurable. 


The interpretation is that between time t — 1 and time ¢, the agent holds 
a quantity equal to Hj of asset j. The decision is taken at time ¢ — 1 and 
therefore, H; is required to be F;_;-measurable. 


Definition 2.1.3. A strategy (f)E, is called self financing if for every t = 
1,...,7 —1, we have 


(fi, 5.) = (fiir, 5:) (2.1) 
or, written more explicitly, 


d d 
DHS} = D0 iS. (2.2) 


The initial investment required for a strategy is Vo = (fh, So) = yee Hig. 
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The interpretation goes as follows. By changing the portfolio from He 
to A; there is no input/outflow of money. We remark that we assume that 
changing a portfolio does not trigger transaction costs. Also note that H} may 
assume negative values, which corresponds to short selling asset 7 during the 
time interval ]t;—1, t,]. 

The F;-measurable random variable defined in (2.1) is interpreted as the 
value V; of the portfolio at time t defined by the trading strategy H: 


Vi = (He St) = (Hear, St). 


The way in which the value (H;,.$;) evolves can be described much easier 
when we use discounted prices using the asset $° as numéraire. Discounting 
allows us to compare money at time t to money at time 0. For instance we 
could say that so units of money at time t are the “same” as 1 unit of money, 
e.g., Euros, at time 0. So let us see ae happens if we replace prices S by 


Ss \ _. f8°.s? 
discounted prices (3) = (S. Ba Be =). We will use the notation 
; 93 
St = a for’ 7 = 1,...,d and f= 0,...;T- (2:3) 


There is no need to include the coordinate 0, since obviously S? = 1. Let us 
now consider (H;)7_, = (HP, H},.. ., AYE _, to be a self financing strategy 
with initial investment Vo; we then jaye 


since by definition S° = 1. 


We now write (H,)., = (H},..., HL, for the R@-valued process ob- 
tained by discarding the 0’th coordinate of the R¢+!-valued process (H;)7_, = 
(4°, H},...,H2)2_,, ie., H} = H) for j =1,...,d. The reason for dropping 
the 0’th coordinate is, as we shall discover in a Sonica: that the holdings 
H° in the numéraire asset $° will be no longer of importance when we do the 
book-keeping in terms of the numéraire asset, i.e., in discounted terms. 


One can make the following easy, but crucial observation: for every R¢- 
valued, predictable process (H;)?_, = (H},..., H#)7_, there exists a unique 
self financing R?+1_valued predictable process (AE, = =(8°,H},...,H)2, 
such that (H?)Z_, = = (HD)E , for j = 1,...,d and H® = 0. Indeed, one de- 
termines the values of H° 41, for t = 1,...,7 —1, by inductively applying 
(2.2). The strict positivity of (S255 felis that there is precisely one func- 
tion H° ’., Such that equality (2.2) folds true. Clearly such a function H° ‘41 is 
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F,-measurable. In economic terms the above argument is rather obvious: for 
any given trading strategy (H;)7_, = (H},..., H#)£, in the “risky” assets 
j =1,...,d, we may always add a trading Galas (Hi! pyr, in the numé- 
raire ae 0 such that the total strategy becomes self financing. Moreover, 
by normalising Ho = 0, this trading strategy becomes unique. This can be 
particularly well adalived when interpreting the asset 0 as a cash account, 
into which at all times t = 1,...,7’— 1, the gains and losses occurring from 
the investments in the d risky assets are absorbed and from which the in- 
vestments in the risky assets are financed. If we normalise this procedure by 
requiring fan = 0, ie., by starting with an empty cash account, then clearly 
the shibecetient evolution of the holdings in the cash account is uniquely de- 
termined by the holdings in the “risky” assets 1,...,d. From now on we fix 
two processes (H;)2_, = (H°, H},...,H2)Z, sue (HE. Pats treme: farmer 
corresponding uniquely one to each ener in the above described way. 

__ Now one can make a second straightforward observation: the investment 
(H?)F , in the numéraire asset does not change the discounted value (V;)}_9 
of the portfolio. Indeed, by definition — and rather trivially — the numéraire 
asset remains constant in discounted terms (i.e., expressed in units of itself). 

Hence the discounted value V; of the portfolio 


depends only on the R¢-dimensional process (Hi) i— 1= = (Hy... eaouchh yas 
More precisely, in view of the normalisation So = = 1 and H?° ? = 0 we have 


d 
Vo = Vo = S_ HY S§. 
j=l 


For the increment AVi;1 = Vi4i — V; we find, using (2.2), 


Viz V; 
AVinn = Vier “Vi a - 
t+1 Si 

S c o 

= iB - Rag 

= feet 2 

j=0 SPiy j=0 SF 

d ‘ 
= H),,(1-1)+ ie Hat Si. - 5) 


=1 
= HES asi,,), 


where (., .) now denotes the inner product in R¢. 
In particular, the final value Vp of the portfolio becomes (in discounted 
units) 
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Ras. (H;, AS;) =Vo + (H- S)r, 


t=1 


where (H- S)r = sae (H;, AS) is the notation for a stochastic integral 
familiar from the theory of stochastic integration. In our discrete time frame- 
work the “stochastic integral” is simply a finite Riemann sum. 

In order to know the value Vr of the portfolio in_real money, we still 
would have to multiply by So, i.e., we have w= = Vr83.. This, however, is 
rarely needed. 

We can therefore replace Definition 2.1.2 by the following definition in 
discounted terms, which will turn out to be much easier to handle. 


Definition 2.1.4. Let S = (S',...,S¢) be a model of a financial market 
in discounted terms. A trading strategy is an R¢-valued process (H;)}_, = 
(H}, H?,...,H®)7., which is predictable, i.e., each Hy is F,-1-measurable. 
We denote by H the set of all such trading strategies. 

We then define the stochastic integral H - S as the R-valued process ((H - 
S)i)io given by 


t 


Hes (Hy AS). t HOt, D, (2.4) 


u=1 
where (., .) denotes the inner product in R¢. The random variable 


t 


(H-S): = 5 >(Hu, ASu) 


u=1 


models — when following the trading strategy H — the gain or loss occurred 
up to tume t in discounted terms. 


Summing up: by following the good old actuarial tradition of discounting, 
i.e. by passing from the process S$, denoted in units of money, to the process S, 
denoted in terms of the numéraire asset (e.g., the cash account), things become 
considerably simpler and more transparent. In particular the value process V 
of an agent starting with initial wealth Vo = 0 and subsequently applying the 
trading strategy H, is given by the stochastic integral V. = (H - S); defined 
n (2.4). 

We still emphasize that the choice of the numéraire is not unique; only 
for notational convenience we have fixed it to be the asset indexed by 0. But 
it may be chosen as any traded asset, provided only that it always remains 
strictly positive. We shall deal with this topic in more detail in Sect. 2.5 below. 

From now on we shall work in terms of the discounted R¢-valued process, 
denoted by S. 
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2.2 No-Arbitrage and the Fundamental Theorem 
of Asset Pricing 


Definition 2.2.1. We call the subspace K of L°(Q,F,P) defined by 
K ={(H-S)r| HEH}, 
the set of contingent claims attainable at price 0. 


We leave it to the reader to check that K is indeed a vector space. 

The economic interpretation is the following: the random variables f = 
(H - S)r are precisely those contingent claims, i.e., the pay-off functions at 
time T, depending on w € Q, that an economic agent may replicate with zero 
initial investment by pursuing some predictable trading strategy H. 


For a € R, we call the set of contingent claims attainable at price a the 
affine space K, = a+ K, obtained by shifting kK by the constant function a, 
in other words, the space of all the random variables of the form a+ (H-S)r, 
for some trading strategy H. Again the economic interpretation is that these 
are precisely the contingent claims that an economic agent may replicate with 
an initial investment of a by pursuing some predictable trading strategy H. 


Definition 2.2.2. We call the convex cone C in L®(Q,F,P) defined by 
C= {ge L*(Q,F,P) | there exists f ¢ K with f > g}. 
the set of contingent claims super-replicable at price 0. 


Economically speaking, a contingent claim g € L™(Q,F,P) is super- 
replicable at price 0, if we can achieve it with zero net investment by pursuing 
some predictable trading strategy H. Thus we arrive at some contingent claim 
f and if necessary we “throw away money” to arrive at g. This operation of 
“throwing away money” or “free disposal” may seem awkward at this stage, 
but we shall see later that the set C’ plays an important role in the develop- 
ment of the theory. Observe that C’ is a convex cone containing the negative 
orthant D°(Q,F,P). Again we may define C, = a+C as the contingent 
claims super-replicable at price a, if we shift C' by the constant function a. 


Definition 2.2.3. A financial market S satisfies the no-arbitrage condition 
(NA) if 
FE (OF, Py 10} 


or, equivalently, 


CN L®(Q,F,P) = {0} 


where 0 denotes the function identically equal to zero. 
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Recall that L°(Q, F,P) denotes the space of all F-measurable real-valued 
functions and L9 (Q, F,P) its positive orthant. 

We now have formalised the concept of an arbitrage possibility: it means 
the existence of a trading strategy H such that — starting from an initial in- 
vestment zero — the resulting contingent claim f = (H - S')r is non-negative 
and not identically equal to zero. Such an opportunity is of course the dream 
of every arbitrageur. If a financial market does not allow for arbitrage oppor- 
tunities, we say it satisfies the no-arbitrage condition (NA). 


Proposition 2.2.4. Assume S' satisfies (NA) then 
Cn(-C)=K. 


Proof. Let g € CM (—C) then g = fi; — hi with f; € K, hy € LY and 
g=fethe with fe € K and hg € LS. Then fi — fe H=h+h€ LS and 
hence fi — fo € KN LS = {0}. It follows that f; = fz and hi +h =0, hence 
hy = hg = 0. This means that g = fy = fo € K. 


Definition 2.2.5. A probability measure Q on (Q,F) is called an equivalent 
martingale measure for S, if Q ~ P and S is a martingale under Q, i.e., 
EQ[Si+1|Fi] = Si for t= 0, oe iL —1. 


We denote by M°£(S') the set of equivalent martingale measures and by 
M®*(S) the set of all (not necessarily equivalent) martingale probability mea- 
sures. The letter a stands for “absolutely continuous with respect to P” which 
in the present setting (finite Q and P having full support) automatically holds 
true, but which will be of relevance for general probability spaces (Q, 7, P) 
later. Note that in the present setting of a finite probability space Q with 
P[w] > 0 for each w € 2, we have that Q ~ P iff Q[w] > 0, for each w € 1. We 
shall often identify a measure Q on (Q, F) with its Radon-Nikodym derivative 
ae: € L'(0,F,P). In the present setting of finite Q, this simply means 


AQ, _ lel 
dP Plu] 


In statistics this quantity is also called the likelihood ratio. 


Lemma 2.2.6. For a probability measure Q on (Q,F) the following are equiv- 
alent: 

(i) Qe M*%(S), 

(ii) Ea|f] =90, for all f eK, 

(iii) Ea[g] <0, for allg EC. 


Proof. The equivalences are rather trivial. (ii) is tantamount to the very defi- 
nition of S being a martingale under Q, i.e., to the validity of 


EaQ[Si | Fi-1| = Se_1, for t= 1, dive fa sal, (2.5) 


18 2 Models of Financial Markets on Finite Probability Spaces 


Indeed, (2.5) holds true iff for each F;_1-measurable set A we have Ea[xy 4(S:— 
S:-1)] =0 € R4, in other words Ea[(xy.4, AS;)] = 0, for each x. By linearity 
this relation extends to K which shows (ii). 

The equivalence of (ii) and (iii) is straightforward. 


After having fixed these formalities we may formulate and prove the central 
result of the theory of pricing and hedging by no-arbitrage, sometimes called 
the “Fundamental Theorem of Asset Pricing”, which in its present form (i.e., 
finite Q) is due to M. Harrison and S.R. Pliska [HP 81]. 


Theorem 2.2.7 (Fundamental Theorem of Asset Pricing). For a fi- 
nancial market S modelled on a finite stochastic base (Q,F,(Fi)¢9,P), the 
following are equivalent: 


(i) S satisfies (NA), 
(ii) Me(S) 4 0. 


Proof. (ii) = (i): This is the obvious implication. If there is some Q € M°(S) 
then by Lemma 2.2.6 we have that 


Ealg] <0, forg EC. 


On the other hand, if there were g € COL’, g 4 0, then, using the assumption 
that Q is equivalent to P, we would have 


Ealg] > 0, 


a contradiction. 


(i) > (ii) This implication is the important message of the theorem which 
will allow us to link the no-arbitrage arguments with martingale theory. We 
give a functional analytic existence proof, which will be extendable — in spirit 
— to more general situations. 

By assumption the space K intersects LSS only at 0. We want to separate 
the disjoint convex sets L5° \ {0} and K by a hyperplane induced by a linear 
functional Q € L1(Q,F,P). In order to get a strict separation of K and 
LS \ {0} we have to be a little careful since the standard separation theorems 
do not directly apply. 

One way to overcome this difficulty (in finite dimension) is to consider the 


Nin L®(Q,F,P) ice. 


n=1 


N 
fn 20,9 om =f. 


n=1 


convex hull of the unit vectors (14..,,}) 


N 
P:= PS Prt tu,} 


n=1 


This is a convex, compact subset of L3°(Q, F, P) and, by the (NA) assump- 
tion, disjoint from kK. Hence we may strictly separate the convex compact set 
P from the convex closed set K by a linear functional Q € L©(Q,F,P)* = 
L1(Q,F,P), ie., find a < 6 such that 
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(Q,f)<a, for fek, 
(Q,h)>B, forheP. 


Since K is a linear space, we have a > 0 and may replace a by 0. Hence 
3 > 0. Defining by I the constant vector J = (1,...,1), we have (Q, I) > 0, 
where J denotes the constant function equal to one, and we may normalise 
Q such that (Q, J) = 1. As Q is strictly positive on each 1,,,,}, we therefore 
have found a probability measure Q on (Q, F) equivalent to P such that con- 
dition (ii) of Lemma 2.2.6 holds true. In other words, we found an equivalent 
martingale measure Q for the process S. 


The name “Fundamental Theorem of Asset Pricing” was, as far as we are 
aware, first used in [DR 87]. We shall see that it plays a truly fundamental role 
in the theory of pricing and hedging of derivative securities (or, synonymously, 
contingent claims, i.e., elements of L°(Q,F,P)) by no-arbitrage arguments. 

It seems worthwhile to discuss the intuitive interpretation of this basic 
result: a martingale S' (say, under the original measure P) is a mathematical 
model for a perfectly fair game. Applying any strategy H € H we always have 
E|(H - S)r]| = 0, i.e., an investor can neither win nor lose in expectation. 

On the other hand, a process S allowing for arbitrage, is a model for an 
utterly unfair game: choosing a good strategy H € H, an investor can make 
“something out of nothing”. Applying H, the investor is sure not to lose, but 
has strictly positive probability to gain something. 

In reality, there are many processes S which do not belong to either of 
these two extreme classes. Nevertheless, the above theorem tells us that there 
is a sharp dichotomy by allowing to change the odds. Either a process S is 
utterly unfair, in the sense that it allows for arbitrage. In this case there is 
no remedy to make the process fair by changing the odds: it never becomes 
a martingale. In fact, the possibility of making an arbitrage is not affected 
by changing the odds, i.e., by passing to an equivalent probability Q. On the 
other hand, discarding this extreme case of processes allowing for arbitrage, 
we can always pass from P to an equivalent measure Q under which S is a 
martingale, i.e., a perfectly fair game. Note that the passage from P to Q 
may change the probabilities (the “odds” ) but not the impossible events (i.e. 
the null sets). 

We believe that this dichotomy is a remarkable fact, also from a purely 
intuitive point of view. 


Corollary 2.2.8. Let S satisfy (NA) and let f € L~(Q,F,P) be an attain- 
able contingent claim. In other words f is of the form 


f=a+(H-S)r, (2.6) 


for some a € R and some trading strategy H. Then the constant a and the 
process (H - S); are uniquely determined by (2.6) and satisfy, for every Q € 
MS), 
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a=Eglf], and a+(H-S):=Ee@lf| Fil, for 0<t<T. (2.7) 


Proof. As regards the uniqueness of the constant a € R, suppose that there are 
two representations f = a1 +(H!-S9)r and f =a? +(H?-S)r with a! 4 a?. 
Assuming w.l.o.g. that a! > a? we find an obvious arbitrage possibility by 
considering the trading strategy Hz—H,. We have at —a? = ((H?—H")-S)r, 
ie. the trading strategy H? — H' produces a strictly positive result at time 
T, a contradiction to (NA). 

As regards the uniqueness of the process H - S$, we simply apply a condi- 
tional version of the previous argument: assume that f = a+ (H1'-S)r and 
f =a+(H?-S)r and suppose that the processes H!- S$ and H?-S are not 
identical. Then there is 0 < t < T such that (H!- S$), 4 (H?- S), and with- 
out loss of generality we may suppose that A := {(H!-S), > (H?-S),} 
is a non-empty event, which clearly is in F;. Hence, using the fact hat 
(H' . S)r = (H? -S)r, the trading strategy H := (H? — H')1,4 - 1jt,74 is 
a predictable process producing an arbitrage, as (H-S)p = 0 outside A, while 
(H-S)r = (H'-S), —(H?-S), > 0 0n A, which again contradicts (NA). 

Finally, the equations in (2.7) result from the fact that, for every pre- 
dictable process H and every Q € M®(S), the process H- S is a Q- 
martingale. 


We denote by cone(M°(S)) and cone(M“%(S)) the cones generated by the 
convex sets M°(S) and M®°(S') respectively. The subsequent Proposition 2.2.9 
clarifies the polar relation between these cones and the cone C. 

Let (E, E’) be two vector spaces in separating duality. This means that 
there is a bilinear form (.,.): Ex E’ > R, so that if (x, x’) = 0 for all x € E, 
we must have x’ = 0. Similarly if (z,2’) = 0 for all x’ € E’, we must have 
x = 0. Recall (see, e.g., [Sch 99]) that, for a pair (E, E’) of vector spaces in 
separating duality via the scalar product (., .), the polar C° of a set C in E 
is defined by 


C°={ge E'| (f,9) <1 for all f EC}. 


In the case when C is closed under multiplication by positive scalars (e.g., if 
C is a convex cone) the polar C° may equivalently be defined as 


C°={ge E'| (f,9) <0 for all f EC}. 


The bipolar theorem (see, e.g., [Sch 99]) states that the bipolar C°° := (C°)° 
of a set C in E is the o(E, E’)-closed convex hull of C. 


In the present, finite dimensional case, E = L°(Q,Fr,P) = R™ and 
E’ = L'(Q, Fr, P) = R% the bipolar theorem is easier. In this case there is 
only one topology on R% compatible with its vector space structure, so that 
we don’t have to speak about different topologies such as o(F, E’). However, 
the proof of the bipolar theorem is in the finite dimensional case and in the 
infinite dimensional case almost the same and follows from the separating 
hyperplane resp. the Hahn-Banach theorem. 
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After these general observations we pass to the concrete setting of the 
cone CC L°(Q,F,P) of contingent claims super-replicable at price 0. Note 
that in our finite dimensional setting this convex cone is closed as it is the 
algebraic sum of the closed linear space K (a linear space in R™ is always 
closed) and the closed polyhedral cone L&°(Q, F, P) (the verification, that the 
algebraic sum of a space and a polyhedral cone in R% is closed, is an easy, but 
not completely trivial exercise). We deduce from the bipolar theorem, that C’ 
equals its bipolar C®. 


Proposition 2.2.9. Suppose that S satisfies (NA). Then the polar of C is 
equal to cone(M“(S)), the cone generated by M%(S), and M°(S) is dense 
in M*(S'). Hence the following assertions are equivalent for an element g € 
L“(Q,F,P): 


Gi) gee, 
(ii) Eal[g] <9, for all Q € M*%(S), 
(iii) Ea[g] <0, for all Q € M°(S). 


Proof. The fact that the polar C° and the set cone(M*(S)) coincide, follows 
from Lemma 2.2.6 and the observation that C D L&(Q,F,P) and C® C 
Li (Q,F,P). Hence the equivalence of (i) and (ii) follows from the bipolar 
theorem. 

As regards the density of M°(S) in M“(S) we first deduce from Theorem 
2.2.7 that there is at least one Q* € M°(S). For any Q € M*%(S) and0<w< 
1 we have that 1Q* + (1 — 1)Q € M°(S), which clearly implies the density 
of M°(S) in M*%(S'). The equivalence of (ii) and (iii) is now obvious. 


Similarly we can show the following: 


Proposition 2.2.10. Suppose S satisfies (NA). Then for f € L™, the fol- 
lowing assertions are equivalent 


(i) fek,ie. f=(A-S)r for some strategy H €H. 
(ii) For all Qe M°(S) we have Eq|f] = 0. 
(iii) For all Qe M*(S) we have EQ[f] = 0. 


Proof. By Proposition 2.2.4 we have that f € K iff f ¢ CN (—C). Hence the 
result follows from the preceding Proposition 2.2.9. 


Corollary 2.2.11. Assume that S satisfies (NA) and that f € L™ satisfies 
Eal[f] =a for all Q € M°(S), then f =a+(H-S)r for some strategy H. 


Corollary 2.2.12 (complete financial markets). For a financial market 
S satisfying the no-arbitrage condition (NA), the following are equivalent: 


(i) M&(S) consists of a single element Q. 
(ii) Each f € L°(Q,F,P) may be represented as 


f=a4+(H-S)r for someaeRandH EH. 
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In this case a = Eg|f], the stochastic integral H - S' is unique and we have 
that 


Ealf | Fi] = Ee[f]+(H4-S):, t=0,...,T. 


The Fundamental Theorem of Asset Pricing 2.2.7 allows us to prove the 
following proposition, which we shall need soon. 


Proposition 2.2.13. Assume that S satisfies (NA) and let H-S be the process 
obtained from S by means of a fixed strategy H € H. Fix a € R and define 
the R-valued process S¢+! = (S¢*1)?_, by S4+! =a+H-S. Then the process 
S = (S',S?,...,$%, 94+) also satisfies the (NA) property and the sets M°(S) 
and M°(S) (as well as M*(S) and M%(S)) coincide. 


Proof. If Q € M°(S) then H - S is a Q-martingale. Consequently S satisfies 
(NA). 


2.3 Equivalence of Single-period 
with Multiperiod Arbitrage 


The aim of this section is to describe the relation between one-period no- 
arbitrage and multiperiod no-arbitrage. At the same time we will be able to 
give somewhat more detailed information on the set of risk neutral measures 
(this term is often used in the finance literature in a synonymous way for 
martingale measures). We start off with the following observation. Recall that 
we did not assume that Fo is trivial. 


Proposition 2.3.1. If S satisfies the no-arbitrage condition, Q © M&(S) is 
an equivalent martingale measure, and Z, = Ep Es | Fi] denotes the density 
process associated with Q, then the process Ly = # defines the density process 


of an equivalent measure Q’ such that aq’ = Lr, Q'’ € M°*S) and Q'|F, = 
Plz,- 


Proof. This is rather straightforward. Since Q € M°(S) we have that SZ 
is a P-martingale. Since Z > 0 and since it is Fo-measurable the process 
S a is still a P-martingale. Since SL is now a P-martingale and since the 
density Lr > 0, we necessarily have Q’ € M°(S). As Lo = 1 we obtain 
Q'| 5, = Plz,. 


Theorem 2.3.2. Let S = (S;)/-9 be a price process. Then the following are 
equivalent: 


(i) S satisfies the no-arbitrage property. 
(ii) For eachO <t < T, we have that the one-period market (Sz, S441) with 
respect to the filtration (Fi, F141) satisfies the no-arbitrage property. 
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Proof. Obviously (i) implies (ii), since there are less strategies in each single 
period market than in the multiperiod market. So let us show that (ii) implies 
(i). By the fundamental theorem applied to (S;, 5:41), we have that for each t 
there is a probability measure Q; on F;41 equivalent to P, so that under Q; 
the process (S;, 5:41) is a Qy-martingale. This means that Eq, [Si41 | Fi] = 
S,. By the previous proposition we may take Q:|7, = Plz,. Let fi4i = ue 
and define L; = fi... fr_if; and Lo = 1. Clearly (Lz)}_o is the density process 
of an equivalent measure Q defined by a = Lr. One can easily check that, 
for allt =0,...,T — 1 we have Eq[St+1 | Ft] = St, ie, Q € M°(S). 


Remark 2.8.8. The equivalence between one-period no-arbitrage and multi- 
period no-arbitrage can also be checked directly by the definition of no- 
arbitrage. We invite the reader to give a direct proof of the following: if H 
is a strategy so that (H -S)r > 0 and P[(H- S)r > 0] > 0 then there is 
al<t< Tas well as A € F,_1, P[A] > 0 so that 14(H;, AS;) > 0 and 
P[14(H;, AS;) > 0] > 0 (compare Lemma 5.1.5 below). 


Remark 2.8.4. We give one more indication, why there is little difference be- 
tween the one-period and the T period situation; this discussion also reveals a 
nice economic interpretation. Given S = (S;)/.5 as above, we may associate a 
one-period process S = (9;)!_9, adapted to the filtration (Fy, F,) := (Fo, Fr) 
in the following way: choose any collection (f1,..., fm) in the finite dimen- 
sional linear space K defined in_2.2.1, which linearly spans K. Define the 
R™-valued process S by So = 0, $1 = (fi,.--, fm). 

Obviously the process S yields the same space K’ of stochastic integrals as 
S. Hence the set of equivalent martingale measures for the processes S and S$ 
coincide and therefore all assertions, depending only on the set of equivalent 
martingale measures coincide for S and S. In particular S$ and S yield the 
same arbitrage-free prices for derivatives, as we shall see in the next section. 

The economic interpretation of the transition from S to S reads as follows: 
if we fix the trading strategies H’ yielding f; = (H’-S)r, we may think of f; 
as a contingent claim at time t = T’ which may be bought at price 0 at time 
t = 0, by then applying the trading rules given by H’. By taking sufficiently 
many of these H/’s, in the sense that the corresponding f;’s linearly span K, 
we may represent the result f = (H-S)-r of any trading strategy H as a linear 
combination of the f;’s 

The bottom line of this discussion is that in the present framework (i.e. 2 
is finite) — from a mathematical as well as from an economic point of view 
— the T period situation can easily be reduced to the one-period situation. 


2.4 Pricing by No-Arbitrage 


The subsequent theorem will tell us what the principle of no-arbitrage implies 
about the possible prices for a contingent claim f. It goes back to the work 
of D. Kreps [K 81]. 
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For given f € L~(Q,F,P), we call a € R an arbitrage-free price, if in 
addition to the financial market 5, the introduction of the contingent claim f 
at price a does not create an arbitrage possibility. How can we mathematically 
formalise this economically intuitive idea? We enlarge the financial market S 
by introducing a new financial instrument which can be bought (or sold) at 
price a at time t = 0 and yields the random cash flow f(w) at time t = T. 
We don’t postulate anything about the price of this financial instrument at 
the intermediate times t = 1,...,7 — 1. The reader might think of an “over 
the counter” option where the two parties agree on certain payments at times 
t = 0 and t = T. So if we look at the linear space generated by K and the 
vector (f —a) we obtain an enlarged space K/:* of attainable claims. The price 
a should be such that arbitrage opportunities are inexistent. Mathematically 
speaking this means that we still should have K/* 1 L°° = {0}. In this case 
we say that a is an arbitrage free price for the contingent claim f. 


Theorem 2.4.1 (Pricing by no-arbitrage). Assume that S satisfies (NA) 
and let f € L°(Q,F,P). Define 

(f) = inf {EQ[f] | Qe M*(S)}, 

mf) = sup {EQ[f] | Qe M*(S)}, (2.8) 


Either x(f) = 7(f), in which case f is attainable at price n(f) := a(f) = 
Tf), we. f = w(f)+(H-S)r for some H € H and therefore r(f) is the 
unique arbitrage-free price for f. 

Or x(f) < 7(f), in which case 


la(f), TAF {Ealf] | Qe M(S)} 


and a is an arbitrage-free price for f iff a lies in the open interval |z(f), 7(f)[. 


IA 


Proof. The case 2(f) = 7(f) follows from corollary 2.2.11 and so we only have 
to concentrate on the case a(f) < 7(f). First observe that the set {Eg|f] | 
Q © M®*(S)} forms a bounded non-empty interval in R, which we denote by J. 

We claim that a number a is in J iff a is an arbitrage-free price for /f. 
Indeed, supposing that a € I we may find Q € M°(S) st. E@[f —a] = 0 and 
therefore K/* L2(Q,F,P) = {0}. 

Conversely suppose that K/*M L3° = {0}. Then exactly as in the proof 
of the Fundamental Theorem 2.2.7, we find a probability measure Q so that 
Ea[g| = 0 for all g € KS? and so that Q is equivalent to P. This, of course, 
implies that Q € M°(S) and that a = Eg[f\. 


Now we deal with the boundary case: suppose that a equals the right 
boundary of J, i.e., a = 7(f) € I, and consider the contingent claim f —7(f). 
By definition we have Ea|f — 7(f)] < 0, for all Q € M°(S), and therefore 
by Proposition 2.2.9, that f — 7(f) € C. We may find g € K such that 
g > f —7(f). If the sup in (2.8) is attained, i-e., if there is Q* € M®(S) such 
that Eg:«|f] = 7(f), then we have 0 = Eg: |g] > Eq-[f — 7(f)] = 0 which in 
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view of Q* ~ P implies that f — 7(f) = g; in other words f is attainable at 
price 7(f). This in turn implies that Eg[f] = 7(f) for all Q © M*(S), and 
therefore I is reduced to the singleton {7(f)}. 

Hence, if a(f) < 7(f), 7(f) cannot belong to the interval I, which is 
therefore open on the right hand side. Passing from f to —f, we obtain the 
analogous result for the left hand side of J, which is therefore equal to I = 


ja(f), TAL 


The argument in the proof of the preceding theorem can be recast to yield 
the following duality theorem. The reader familiar with the duality theory of 
linear programming will recognise the primal-dual relation. 


Theorem 2.4.2 (Superreplication). Assume that S satisfies (NA). Then, 
for f © L™, we have 


mf) = sup{EQ[f] | Q « M*(S)} 
= max{Eag[f] | Qe M°(S)} 
= min{a| there exists k € K,a+k > f}. 


Proof. As shown in the previous proof we have f — 7(f) € C and hence 


f=7f)+4, for some g EC 
=7(f)+k—h, for some k € K andhe LY 
<7(f)+k, for some k € Kk. 


This shows that 7(f) > inf{a | there exists k € K,a+k> f}. 


Let now a < 7(f). We will show that there is no element & € K with 
a+k> f. This shows that 7(f) = inf{a | there exists k €e K,a+k > f} and 
moreover establishes that the infimum is a minimum. Since a < 7(f) there is 
Qe M°(S) with Ea|[f] > a. But this implies that for all k € K we have that 
Eg[a+ k] = a < Eg[f], in contradiction to the relation a+k > f. 


Remark 2.4.3. Theorem 2.4.2 may be rephrased in economic terms: in order 
to superreplicate f, iec., to finda € Rand H€Hst.a+(H-S)r > f, we 
need at least an initial investment a equal to 7(f). 


We now give a conditional version of the duality theorem that allows us 
to use initial investments that are not constant and to possibly use the infor- 
mation Fo available at time t = 0. This is relevant when the initial o-algebra 
Fo is not trivial. 


Theorem 2.4.4. Let us assume that S satisfies (NA). Denote by M°(S, Fo) 
the set of equivalent martingale measures Q € M°(S') so that Q|y, = P. 
Then, for f € L*®, we have 


sup {Ea|f | Fo] | QE M“(S;, Fo)} 
=min{h|h is Fo-measurable and there exists g € K such that h+g> fy}. 
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') 


Remark 2.4.5. Before we prove the theorem let us remark that the “sup” and 
the “min” are taken in the space L°(Q,Fo,P) of Fo-measurable functions. 
Both sets are lattice ordered. Indeed, if Ea,[f | Fo] and E@,|[f | Fo] are 
given, where Q), Q2 € M°(S, Fo), then there is an element Q3 € M°(S, Fo) 
so that Ea,[f | Fo] = max{Ea,[f | Fo],E@.[f | Fol}. The construction is 
rather straightforward. Let A = {Eq,|f | Fo] > Ea, [f | Fol} € Fo and let 
Q3[B] = Qi[AN B] + Q2[A°N B]. Because Qi|-, = Q2|x, = P we get that 
Q3 is a probability and that Q3 € M°(S, Fo). Also Ea,[f | Fo] = Ea, |f | 
Fo] V Eq, |f | Fol. 

Similarly, the set on the right is stable for the “min” operation. Indeed, 
let hi +g > f and hg + go > f. For A = {hi < ho}, an Fo-measurable 
set, we define h = hil4 + holye and gi14 + golae = g. The function h is 
Fo-measurable and g € K (because A € Fo). Clearly h+g > f. 

Proof of Theorem 2.4.4. If f <h+ 9, where h is Fo-measurable and g € Kk, 
then for Q € M°(S, Fo) we have Eg|f | Fo] <h+0=h. This shows that 


a, = sup {EQ|f | Fo] | Q € M°(S, Fo)} 
< inf {h | h Fo-measurable,h +g > f, for some g € K} 
=: QQ. 
To prove the converse inequality, we show that there is g € K with a1+g > 
f. If this were not be true then (a; + K)M(f + LY) =9@ and we could find, 
using the separating hyperplane theorem, a linear functional y and ¢ > 0, so 
that Vg € K, Vl > 0 we have e+ y(ai +g) < y(f +1). This implies that 
yp > 0 and y(g) = 0 for all g € K. Of course we can normalise y so that 
it comes from a probability measure Q. So we get Eq|ai] +’ < Eg|[f] and 
Qe M“(S), where e’ > 0. 
By the density of M°(S) in M“(S) we may perturb Q a little bit to make 
it an element of M°(S). We still get Eg[ai] + ¢ < Ea[f], but this time for 


a measure Q € M°(S). Let now Z; = oe gf, and set Ly = He. The process 
(Li)? defines a measure Q® € M°(S, Fo) via dQ’ = Lr. Furthermore 


Ego[f | Fo] = Ep[fLr | Fo] 


= Se Balt | Fl 


Therefore E@[f | Fo] < ai and hence Eg[f] < Eg|[ai], contradicting the 
choice of Q. 


Corollary 2.4.6. Under the assumptions of Theorem 2.4.4 we have 
{Ealf | Fo]| QE M°(S)} = {Ealf | Fo]| QE MS, Fo)}. 
Hence, for f € LE(Q,F,P), we have supge me(s) EQlf] = ||@1|]00 where 
a, = sup { Ea|f | Fo] | QE MS, Fo)}. 
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Proof. As observed in the proof of Theorem 2.3.2 and Proposition 2.3.1, every 
0 

Q € M*(S) can be written as a = fo where Q°|¢, = Plz, Q° € 

M&(S, Fo) and where fo is Fo-measurable, strictly positive and Ep|[fo] = 1. 

But otherwise fo is arbitrary. Now for Q © M°(S) we have ae = fost and 

hence 


Ea(f] = Eq [Eqolf | Fol] 
< Eg|ai] = Ep|as fo]. 
Thus supge me(s) Eq[f] < ||@1|lo0- 

To prove the converse inequality we need some more approximations. First 
for given ¢ > 0, we choose fo, Fo-measurable, fo > 0, Ep[fo| = 1 and so 
that Ep[foai] > ||ai||.. — €. Given fo we may take Q! € M°(S,Fo) so that 
E|[fo(a1—E@:[f | Fo])] < e. This is possible since the family {Ea[f | Fo] | Q € 
M°(S, Fo)} is a lattice and since all these functions are in the L™-ball with 


0) 1 
radius || f||0. Now take Q® defined by “2 = fo“2. Clearly Q° € M°(S) 
and we have 


1 
Eqo[f] = Ep oe 


= Ep [foEq:[f | Fo]] since Q'|r, =P 
> Ep [foa1] — € by the choice of Q! 
> |la1 loo. — 2e by the choice of fo. 


2.5 Change of Numéraire 


In the previous sections we have developed the basic tools for the pricing and 
hedging of derivative securities. Recall that we did our analysis in a discounted 
model where we did choose one of the traded assets as numeéraire. 

How do these things change, when we pass to a new numéraire, i.e., a new 
unit in which we denote the values of the stocks? Of course, the arbitrage 
free prices should remain unchanged (after denominating things in the new 
numéraire), as the notion of arbitrage should not depend on whether we do 
the book-keeping in € or in $. On the other hand, we shall see that the risk- 
neutral measures Q do depend on the choice of numéraire. We will also show 
how, conversely, a change of risk neutral measures corresponds to a change of 
numeéraire. 


Let us analyse the situation in the appropriate degree of generality: the 
model of a financial market S = ($?, S},..., S#)7_9 is defined as in 2.1 above. 


Recall that we assumed that the traded asset $° serves as numeéraire, i.e., we 
have passed from the value cH of the j’th asset at time t to its value S? = =, 
t 


expressed in units of $9, This led us in (2.3) to the introduction of the process 
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G1 Gd 
S =(S1,S?,...,8S) = (SB). 
S90 


Before we prove the theorem, let us first see what assets can be used as nu- 
méraire. The crucial requirement on a numéraire is that it is a traded asset. We 
could of course use one of the assets 1,...,d but we want to be more general 
and also want to accept, e.g., baskets as new numéraires. So we might use 
the value (V;)7_, of a portfolio as a numéraire. Of course, we need to assume 
V, > 0 for all t. Indeed, if the numéraire becomes zero or even negative, then 
we obviously have a problem in calculating the value of an asset in terms of 
V. Further, for normalisation reasons, it is convenient to assume that Vo = 1, 
exactly as we did for $°. So we start with a value process V = 1+ (H®- S) 
satisfying V; > 0 a.s. for all t, where H° is a fixed element of H. Observe that 
the processes V and S' are denoted in terms of our originally chosen numéraire 
asset $9, 

As we have seen above (Proposition 2.2.13), the extended market 


SO = (97 97),9594,1,V) (2.9) 
is still arbitrage free and M°(S) = M°(S**). In real money terms this process 
is described by the process 

SPS (SO ey S200 VIP 
= (8, ache OO vs") 


If we now use the last coordinate as numéraire, we obtain the process 
gt St 1 
X=|—,...,—,<5,1}. 2.10 
(So Dp) (2.10) 


In order to keep the notation more symmetric we will drop the dummy entry 
1 and use (d+ 1)-dimensional predictable processes as strategies. Similarly we 
shall also drop in (2.9) the dummy entry 1 for St. This allows us to pass 
more easily from S°** to X. 

The next lemma shows the economically rather obvious fact that when 
passing from S to S°*t, the space K of claims attainable at price 0 does not 
change. 


Lemma 2.5.1. Using the above notation we have 


K(S°*) = {((H -S%*)p | H (d+ 1)-dimensional predictable} 
= K(S) ={(H'-S)r | H’ d-dimensional predictable}. 


Proof. The process V is given by the stochastic integral (H® - S) with respect 
to S, so we expect that nothing new can be created by using the additional 
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V. It suffices to show that, for a one-dimensional predictable process L, the 
quantities L;AV; are in K(S'). This is easy, since 


LAV; = L; (H?, AS;) = (LHP, AS;) € K(S) 


by definition of K(S). This shows that K(S°*) = K(S). 


Lemma 2.5.2. Fir0 <t <T, and let f € K(S) = K(S**) be F,-measurable. 
Then the random variable a is of the form is where f' € K(S). 


Proof. Clearly 


T 
o-b-5 (MS )-5 d eum. 


Vi Vr Ver V; MG it 
We see that f” = y72_ Ae «4 L(V, —Vz_1) belongs to K(S®*) because e is 
F;-measurable and the summation is on s > t. Hence f’ = f” + f does the 
job. 


Proposition 2.5.3. Assume that X is defined as in (2.10). Then 


Kay={ el rex}. 


Proof. We have that g € K(X) if and only if there is a (d+1)-dimensional pre- 
dictable process H, with g = 7/_,(M:, AX:) = SL, ae H} AX. Clearly, 
for j =1,...,dandt=1,...,T, 


_ AS! Si Av, 
Yo Via Vi 


~ ' (Asi 7 xi,Avi) 


So we get that H/AX? = ¢ (1 As} = (ads) AN), which is of the 
form ¢ for some f € K(S°') = K(S). For j =d+1andt=1,...,T the 
same argument applies by replacing Ss! and Si by 1. 

By the previous lemma we have < = o for some f’ € K(S). This shows 
that K(X) C 7 K(S). 
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The converse inclusion follows by symmetry. In the financial market mod- 
elled by X we can choose W; = r as numéraire. The passage from X to S°*t 
is then done by using W as a new numéraire and the inclusion we just proved 
then yields 

K(S) Cc 1 K(x) =VrK(X). 
Wr 


This shows that K(S) = Vp K(X) as required. 


Theorem 2.5.4 (change of numéraire). Let S satisfy the no-arbitrage 
condition, let V = 1+ H°-S be such that Vi > O for all t, and let 


x= ae ae, ae t). Then X satisfies the no-arbitrage condition too and 


Q belongs to M®(S) if and only if the measure Q’ defined by dQ’ = VrdQ 
belongs to M°(X). 


Proof. Since K(X) = wk (S) we have that X satisfies the no-arbitrage prop- 
erty by directly verifying Definition 2.2.3. By Proposition 2.2.10 an equivalent 
probability measure Q is in M°(S) if and only if, for all f € K(S), we have 
Ea[f] = 0. But this is the same as 


Ea aa =0, for all f € K(S), 
Vr 


which is equivalent to Ea[Vrg] = 0 for all g € K(X). This happens if and 
only if the probability measure Q’, defined as dQ’ = VrdQ, is in M°(X). 
(Note that by the martingale property we have Eq[Vr] = Vo = 1.) 


Remark 2.5.5. The process (V;)/-9 is a Q-martingale for every Q € M°(S). 
Now if dQ’ = VrdQ, then we have the following so-called Bayes’ rule for 
f € L@(Q,F,P): 


— Ea([fVr| Fi] — Eq(fVr | Ft] 
Bey (f |) = Gola Fa _ Bal 7 


-aal 
The previous equality can also be written as 
ViEQ[f | Fi] = EQlfVr | Fi]. 
From this it follows that (Z;)/.) is a Q'-martingale if and only if (Z;V;)/.9 is a 


Q-martingale. This statement can also be seen as the martingale formulation 
of Theorem 2.5.4 above. 
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2.6 Kramkov’s Optional Decomposition Theorem 
p p 


We now present a dynamic version of Theorem 2.4.2 (superreplication), due to 
D. Kramkov, who actually proved this theorem in a much more general version 
(see [K 96a], [FK 98], and Chap. 15 below). An earlier version of this theorem 
is due to N. El Karoui and M.-C. Quenez [EQ 95]. We refer to Chap. 15 for 
more detailed references. 


Theorem 2.6.1 (Optional Decomposition). Assume that S satisfies (NA) 
and let V = (V;)}_9 be an adapted process. 
The following assertions are equivalent: 


(i) V is a super-martingale for each Q € M®(S). 

(i) V is a super-martingale for each Q © M*(S) 

(ii) V may be decomposed into V = YO+H-S—C, where H € H and 
C = (C;)f9 is an increasing adapted process starting at Co = 0. 


Remark 2.6.2. To clarify the terminology “optional decomposition” let us com- 
pare this theorem with Doob’s celebrated decomposition theorem for non- 
negative super-martingales (V;)/_, (see, e.g., [P 90]): this theorem asserts that, 
for a non-negative (adapted, cadlag) process V defined on a general filtered 
probability space we have the equivalence of the following two statements: 


(i) V is a super-martingale (with respect to the fixed measure P), 

(ii) V may be decomposed in a unique way into V = Vo + M—C, where M is 
a local martingale (with respect to P) and C is an increasing predictable 
process s.t. Mp = Co = 0. 


We immediately recognise the similarity in spirit. However, there are sig- 
nificant differences. As to condition (i) the difference is that, in the setting of 
the optional decomposition theorem, the super-martingale property pertains 
to all martingale measures Q for the process S. As to condition (ii), the role of 
the local martingale M in Doob’s theorem is taken by the stochastic integral 
H.-S. 

A decisive difference between the two theorems is that in Theorem 2.6.1, 
the decomposition is no longer unique and one cannot choose, in general, C 
to be predictable. The process C' can only be chosen to be optional, which in 
the present setting is the same as adapted. 


The economic interpretation of the optional decomposition theorem reads 
as follows: a process of the form V = Vo+ H-S'—C describes the wealth process 
of an economic agent. Starting at an initial wealth Vo, subsequently investing 
in the financial market according to the trading strategy H, and consuming 
as described by the process C' where the random variable C; models the ac- 
cumulated consumption during the time period {1,...,¢}, the agent clearly 
obtains the wealth V; at time t. The message of the optional decomposition 
theorem is that these wealth processes are characterised by condition (i) (or, 
equivalently, (i’)). 
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Proof of Theorem 2.6.1. First assume that T = 1, i.e., we have a one-period 
model S$ = (So, $1). In this case the present theorem is just a reformulation 
of Theorem 2.4.2: if V is a super-martingale under each Q € M°(S), then 


EalYi _ Vo] <0, forallQe MS). 


Hence there is a predictable trading strategy H (i.e., an Fyo-measurable R¢- 
valued function - in the present case T = 1) such that (H- S); > Vi — Vo. 
Letting Co = 0 and writing AC, = C) = —V, + (Vo + (H- S)1) we get the 
desired decomposition. This completes the construction for the case T = 1. 

For general T > 1 we may apply, for each fixed t € {1,...,T}, the same 
argument as above to the one-period financial market (S;~1,.5;) based on 
(Q,F,P) and adapted to the filtration (7,1, 7). We thus obtain an F,_1- 
measurable, R¢-valued function H; anda non-negative F;-measurable function 
AC; such that 

AV, = (Hi, AS;) — AC;, 


where again (., .) denotes the inner product in R¢. This will finish the con- 
struction of the optional decomposition: define the predictable process H as 
(H;)2_, and the adapted increasing process C by C; = Y7‘_, AC,. This 
proves the implication (i) => (ii). 

The implications (ii) > (i?) = (i) are trivial. 


3 


Utility Maximisation 
on Finite Probability Spaces 


In addition to the model S of a financial market, we now consider a function 
U(«), modelling the utility of an agent’s wealth x at the terminal time T. 

We make the classical assumptions that U : R —- RU {—oo} is increasing 
on R, continuous on {U > —oo}, differentiable and strictly concave on the 
interior of {U > —oo}, and that the marginal utility tends to zero when wealth 
tends to infinity, i.e., 

U'(oo) := lim U’(x) = 0. 
H ina @,@) 


These assumptions make perfect sense economically. Regarding the be- 
haviour of the (marginal) utility at the other end of the wealth scale we shall 
distinguish two cases. 


Case 1 (negative wealth not allowed): in this setting we assume that U 
satisfies the conditions U(x) = —oo, for x < 0, while U(x) > —oo, for x > 0, 
and the so-called Inada condition 


(0) := i ‘(a) =o. 
U"(0) am U'(x) =o 
Case 2 (negative wealth allowed): in this case we assume that U(x) > 
—oo, for all x € R, and that 
U'(—o00) := as UV) A: 


Typical examples for case 1 are 


or 


U(2)=—, a€ (—00,1)\ {0}, 2>0, 
whereas a typical example for case 2 is 


U(r) =—-e 7”, y>0, ceER. 
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We note that it is natural from an economic point of view to require that 
the marginal utility tends to zero, when wealth x tends to infinity, and to 
infinity when the wealth x tends to the infimum of its allowed values. The 
infimum of the allowed values, i.e., of the domain {U > —co} of U, may 
be finite or equal to —oo. In the former case we have assumed w.l.g. the 
normalisation that this infimum equals zero. 


We can now give a precise meaning to the problem of maximising expected 
utility of terminal wealth. Define the value function 
u(x) := sup Ep [U(a+(H-S)r)|, x € dom(U), (3.1) 
HEH 
where H runs through the family 1 of trading strategies. 

The optimisation of expected utility of wealth at a fixed terminal date 
T is a typical example of a larger family of portfolio optimisation problems, 
where one can also include utility of intermediate consumption and many 
other features. We only consider the prototypical optimisation problem (3.1) 
above. The duality techniques developed for this case can easily be adapted 
to variants of it. 

The value function u(x) is called the indirect utility function. Economically 
speaking it indicates the expected utility of an economic agent at time T for 
given initial endowment x, provided she invests optimally in the financial 
market S. 

We shall analyze the problem of finding, for given initial wealth x, the 
optimiser H(z) € H in (3.1) at two levels of difficulty: first we consider the 
case of an arbitrage-free complete financial market S. In a second step, we 
generalise to arbitrage-free markets S', which are not necessarily complete. 


3.1 The Complete Case 


We assume that the set M°(S) of equivalent probability measures under which 
S is a martingale, is reduced to a singleton {Q}. In this setting consider the 
Arrow-Debreu assets 1,,,,}, which pay 1 unit of the numéraire at time T, 
when w, turns out to be the true state of the world and pay out 0 otherwise. 
In view of our normalisation of the numéraire S$? = 1, we get the following 
relation for the price of the Arrow-Debreu assets at time t = 0: 


Eq [14.3] = Q[un] =: an; 


and by Corollary 2.2.12 each such asset 1,,,,} may be represented as 1,,,} = 
Q[w,] + (H” - S)r, for some predictable trading strategy H” € H. 

Hence, for fixed initial endowment x € dom(U), the utility maximisation 
problem (3.1) above may simply be written as 


N 
Ep [U(Xr)] = 55 pnU (En) > max! (3.2) 


n=1 
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under the constraint 
N 
n=1 


To verify that (3.2) and (3.3) are indeed equivalent to the original problem 
(3.1) above (in the present finite, complete case), note that by Theorem 2.4.2 
a random variable (X7(wn))N_, = (€n)4_, can be dominated by a random 
variable of the form «+(H-S)7 = G4 HAS; iff Ea[Xr] = Sa, dnén < 
xz. This basic relation has a particularly evident interpretation in the present 
setting, as qn is simply the price of the asset 1,,,,}. 

We have written €, for Xr(w,) to stress that (3.2) is simply a concave 
maximisation problem in R% with one linear constraint which is a rather 
elementary problem. To solve it, we form the Lagrangian 


N N 
LG,---.€0,y) = >> pa (En) — 9 & ann -*) (3.4) 


I 
Me=z 


Pn (U(En) — yen) + ye (3.5) 


We have used the letter y > 0 instead of the usual A > 0 for the Lagrange 
multiplier; the reason is the dual relation between x and y which will become 
apparent in a moment. 


Write 
(E1, sees En) = inf L(6, es EN, y); En € dom(U), (3.6) 
and 
PU ee LSiyesrs§niy)i 92 0. (3.7) 


Note that we have 


N 
sup G&,..,€v)= sup >) ppU (En) = (2). (3.8) 
1y+5$N Ey sxx EN n=1 


ee anén Se 


Indeed, if (€1,...,€N) is in the admissible region es dnén < ch, then 


P(E1,...,€n) = L(E1,...,€n,0) = S2*_, pnU (En). On the other hand, if 
(f1,..-,€n) satisfies Sa Qnfn > x, then by letting y — oo in (3.6) we 
note that ®(£1,...,€) = —o0. 

Regarding the function Y(y) we make the following pleasant observation, 
which is the basic reason for the efficiency of the duality approach: using the 
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form (3.5) of the Lagrangian and fixing y > 0, the optimisation problem over 
RY appearing in (3.7) splits into N independent optimisation problems over R 


U(En) — yr En —max!, €, ER. 


In fact, these one-dimensional optimisation problems are of a very conve- 
nient form: recall (see, e.g., [R70], [ET 76] or [KLSX 91]) that, for a concave 
function U : R + RU{—co}, the conjugate function V of U (which is just the 
Legendre-transform of «++ —U(—2)) is defined by 


V(n) = sup[U(g) — nf], 1 > 0. (3.9) 
€E€R 
Definition 3.1.1. We say that the function V : R — R, conjugate to the 
function U, satisfies the usual regularity assumptions, if V is finitely valued, 
differentiable, strictly convex on ]0, ool, and satisfies 


Vio tt, V'(y) = —o0. (3.10) 


Regarding the behaviour of V at infinity, we have to distinguish between case 1 
and case 2 above: 


case 1: lim V(y) = lim U(r) and lim V’(y) =0 (3.11) 
yoo «2 yoo 

case 2: lim V(y) =00 and lim V'(y) =00 (3.12) 
yoo yoo 


We have the following well-known fact (see [R 70] or [ET 76]): 


Proposition 3.1.2. If U satisfies the assumptions made at the beginning of 
this section, then its conjugate function V satisfies the inversion formula 


U(§) = inf [V(n) + ng], § € dom(V) (3.13) 


and it satisfies the regularity assumptions in Definition 3.1.1. In addition, 
—V'(y) is the inverse function of U'(x). 

Conversely, if V satisfies the regularity assumptions of Definition 3.1.1, 
then U defined by (3.13) satisfies the regularity assumptions made at the be- 
ginning of this section. 


Following [KLS 87] we write —V’ = I (for “inverse” function). We then 
have I = (U’)~'. Naturally, U’ has a nice economic interpretation as the 
marginal utility of an economic agent modelled by the utility function U. 

Here are some concrete examples of pairs of conjugate functions: 


U(x) =In(z), «>0, V(y)= 


U(z) =-<~,reER, V(y) = £dn(y)—1), y>0 
U(2) ==, x>0, Viy)= aA yan, a@ € (—oo, 1) \ {0}. 
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We now apply these general facts about the Legendre transform to calcu- 
late W(y). Using definition (3.9) of the conjugate function V and (3.5), formula 
(3.7) becomes: 


N 


Uy) = opm (yt) + ye 


n=1 


=e |v (13)] +42 


Denoting by u(y) the dual value function 


u(y) = Ep lv (ve )| = Sony (y+) , y>0, (3.14) 


the function v has the same qualitative properties as the function V listed in 
Definition 3.1.1, since it is a convex combination of V calculated on linearly 
scaled arguments. 

Hence by (3.10), (3.11), and (3.12) we find, for fixed 7 € dom(U), a unique 
y = y(x) > Osuch that v’(y(x)) = —2x, which is therefore the unique minimiser 
to the dual problem 


W(y) =Ep lv 3)| + yx = min! 


Fixing the critical value y(a), the concave function 


(Sigacey Gm) > D(&1,..+,En, y(e)) 


defined in (3.5) assumes its unique maximum at the point (&, ae ei N) satis- 
fying 


U' (En) = g(x) & or, equivalently, é, =f ((e) +) , 


so that we have 


inf W(y) = inf (v(y) + cy) (3.15) 
= v(y(x)) + 2y(x) 
= L(G,...,€v, (2). 


Note that the a are in the interior of dom(U), for 1 < n < N, so 
that DL is continuously differentiable at (&, set & N,Y(x)), which implies that 
the gradient of L vanishes at (&,...,En, 9(2)) and, in particular, that 
ZL(h, Hd EN WIE, éy.a()) = O- Hence we infer from (3.4) and y(x) > 0, 


easy 


that the constraint (3.3) is binding, i.e., 


38 3 Utility Maximisation on Finite Probability Spaces 


IN, —~ 
Sie =o) (3.16) 
n=1 
and 
Eb —~ —~ —~ 
n=1 
In particular, we obtain that 
x —~ 
u(x) = S~ pnU (En): (3.18) 
n=1 


Indeed, the inequality u(x) > ar PnU (En) follows from (3.16) and (3.8), 
while the reverse inequality follows from (3.17) and the fact that, for all 
&1,...,€n verifying the constraint (3.3), we have: 


N 
S~ pn (En) S LE, En, (a) < LG,...,En, Ga). 


n=1 


We shall write X7(x) € C(x) for the optimiser X7(x)(wn) = &,n=1,...,N. 
Combining (3.15), (3.17) and (3.18) we note that the value functions u 
and v are conjugate: 


inf (v(y) + 2y) = vGl@)) + 2{2) = ula), 2 € dom(U). 


Thus the relation v’(y(a)) = —ax, which was used to define #(x), translates 
into 
u(x) = Y(x), for x € dom(U). 
From Proposition 3.1.2 and the remarks after equation (3.14), we deduce 


that wu inherits the properties of U listed at the beginning of this chapter. 
Let us summarise what we have proved so far: 


Theorem 3.1.3 (finite 2, complete market). Let the financial market S = 
(S;)7_9 be defined over the finite filtered probability space (Q, F, (F)}_,P) and 
suppose M°(S) = {Q}. Let the utility function U satisfy the above assump- 
tions. 

Denote by u(x) and u(y) the value functions 


u(x) = SUP x7 EC(z) E|U(X7r)], x €dom(U), (3.19) 
oy) = B[V (va8)] y>0. : 
We then have: 


(i) The value functions u(x) and v(y) are conjugate and u inherits the qual- 
itative properties of U listed in the beginning of this chapter. 
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(ii) The optimiser X7(a) in (8.19) exists, is unique and satisfies 


“a d d “A 
X7(az)=1 (3) , or, equivalently, yo =U'(Xr7(x)), (3.20) 


where x € dom(U) and y > 0 are related via u'(x) = y or, equivalently, 
2 = —v'(y). 
(iii) The following formulae for u' and v’ hold true: 


w(a)=Bp[0'Rr(a))), o'W)=Ba|’(vB)| Gan 
cu'(x)=Ep [Xr(x)U" (Xr(e)) e'(u) =Be | y BV" Gol (3.22) 


Proof. Items (i) and (ii) have been shown in the preceding discussion, hence 
we only have to show (iii). The formula for v’(y) in (3.21) and immediately 
follows by differentiating the relation 


oy) = Be [Vv (vB) - Sony (ys). 


Of course, the formula for v’ in (3.22) is an obvious reformulation of the 
one in (3.21). But we present both of them to stress their symmetry with the 
formulae for u’(x). 

The formula for u’ in (3.21) translates via the relations exhibited in (ii) 
into the identity 


dQ 
= Ep |y— 
4 é E o 
while the formula for u’(x) in (3.22) translates into 


d d 
v' (y)y = Ep i 2) Z| 


which we just have verified to hold true. 


Remark 3.1.4. Let us recall the economic interpretation of (3.20) 
U’ (Xr(x)(en)) = ge n=1,...,N. 
Pn 


This equality means that in every possible state of the world wy, the marginal 
utility U'(Xr(x)(wn)) of the wealth of an optimally investing agent at time 
T is proportional to the ratio of the price qn of the corresponding Arrow se- 
curity 14,3 and the probability of its success pp = Pw»). This basic relation 
was analyzed in the fundamental work of K. Arrow and allows for a convinc- 
ing economic interpretation: consider for a moment the situation where this 
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proportionality relation fails to hold. Then one immediately deduces from a 
marginal variation argument that the investment of the agent cannot be opti- 
mal. Indeed, by investing a little more in the more favourable Arrow asset and 
a little less in the less favourable one, the economic agent can strictly increase 
her expected utility under the same budget constraint. Hence for the optimal 
investment the proportionality must hold true. The above result also identifies 
the proportionality factor as y = u’(a), where x is the initial endowment of 
the investor. This marginal utility of the indirect utility function u(«) also 
allows for a straightforward economic interpretation. 

Theorem 3.1.3 indicates an easy way to solve the utility maximisation 
problem at hand: calculate u(y) using (3.19), which reduces to a simple one- 
dimensional computation. Once we know v(y), the theorem provides easy 
formulae to calculate all the other quantities of interest, e.g., Xr7(c), u(x), 
u’(a) ete. 

Another message of the previous theorem is that the value function 2 +> 
u(x) may be viewed as a utility function as well, sharing all the qualitative 
features of the original utility function U. This makes sense economically, as 
the “indirect utility” function u(#) denotes the expected utility of an agent 
with initial endowment x, when optimally investing in the financial market S. 


Let us now give an economic interpretation of the formulae for u’(x) in item 
(iii) along these lines: suppose the initial endowment z is varied to « +h, for 
some small real number h. ‘The economic agent may use the additional endow- 
ment h to finance, in addition to the optimal pay-off function X7r(x), h units 
of the numéraire asset, thus ending up with the pay-off function X7(a) +h at 
time T’. Comparing this investment strategy to the optimal one corresponding 
to the initial endowment x +h, which is Xr(a +h), we obtain 


u(x + h) — u(z) B[U(Xr(a + h)) — U(X7(z))] 


a 3.29 
_ BlU(Xr(x) +h) — U(Xr(@))] 
> lim h (3.24) 


= E[U'(Xr(a))]. 


Using the fact that u is differentiable and that h may be positive as well 
as negative, we must have equality in (3.24) and have therefore found another 
proof of formula (3.21) for u’(a«); the economic interpretation of this proof 
is that the economic agent, who is optimally investing, is indifferent of first 
order towards a (small) additional investment into the numéraire asset. 

Playing the same game as above, but using the additional endowment 
h € R to finance an additional investment into the optimal portfolio X7(z) 
(assuming, for simplicity, « 4 0), we arrive at the pay-off function wth X7, (x). 
Comparing this investment with Xr(a +h), an analogous calculation as in 
(3.23) leads to the formula for u’(a) displayed in (3.22). The interpretation 
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now is, that the optimally investing economic agent is indifferent of first order 
towards a marginal variation of the investment into the portfolio X7(z). 

It now becomes clear that formulae (3.21) and (3.22) for u’(x) are just 
special cases of a more general principle: for each f € L~°(Q,F,P) we have 


Bol f]u (2) = lim BRU Arle) + hf) - U(Xr@))) 


2 
h-0 h (3 5) 


The proof of this formula again is along the lines of (3.23) and the in- 
terpretation is the following: by investing an additional endowment hEg[f] 
to finance the contingent claim hf, the increase in expected utility is of first 
order equal to hEg|[f]u’(z); hence again the economic agent is of first order 
indifferent towards an additional investment into the contingent claim f. 


3.2 The Incomplete Case 


We now drop the assumption that the set M°(S) of equivalent martingale 
measures is reduced to a singleton (but we still remain in the framework of a 
finite probability space Q) and replace it by M°(S) 4 @. 

It follows from Theorem 2.4.2 that a random variable Xr(wp) = €, may 
be dominated by a random variable of the form x + (H- S)r iff Ea[X7] = 
aan Qnén < x, for each Q = (m1 ...,gn) € M%(S) (or equivalently, for each 
Qe M*S)). 

In order to reduce these infinitely many constraints, where Q runs through 
M®*(S), to a finite number, make the easy observation that M“(S) is a 
bounded, closed, convex polytope in R%. Indeed, M*(S) is a subset of the 
probability measures on ( defined by imposing finitely many linear con- 
straints. Therefore M“%(S') equals the convex hull of its finitely many extreme 
points {Q!,...,Q™}. For 1 <m < M, we identify Q” with the probabilities 
(qi. - +, nt): 

Fixing the initial endowment « € dom(U), we therefore may write the util- 
ity maximisation problem (3.1) similarly as in (3.2) as a concave optimisation 
problem over R” with finitely many linear constraints: 


N 
Ep [U(Xr)] = S— pnU (En) > max! 


n=1 
N 
Ea» [Xr] = yore, < «a, for m=1,...,M. 
n=1 
Writing again 


C(x) = {Xr € L°(0,F,P) | Eq[X7] < 2, for all Qe M%(S)} 


we define the value function, for « € dom(U), 
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u(x) = sup E[U(a#+(H-S)r)|= sup ElU(Xr)). 
HEH XpEC(ax) 


The Lagrangian now is given by 


Live GEN iges 9M) 


n= m=1 n=1 
N M n qm 
= > "pn (ui) - 5 Beat ae cx) + 
n= m=1 Pn 
where (£,...,€w) €dom(U)%, (m,...,nm) € RY. 
Writing y =m +--+ + 7M lm = 2, w= (¢1,---, 4m) and 
M 
QY = So tmQ”, 
m=1 


note that, when (m1,..., 7.) runs trough R¥/, the pairs (y, Q”) run through 
Rx M*%(S). Hence we may write the Lagrangian as 


N 
o _ Yn 7 


where €, € dom(U), y > 0, Q = (qm,.--,¢aw) € M“(S). 

This expression is entirely analogous to (3.5), the only difference now be- 
ing that Q runs through the set M°(S) instead of being a fixed probability 
measure. Defining again 


P(E1,.--5€n) = L(&,.--,€n, y, Q), 


y>0, oats 
and 


Wy, Q) _ é a ECE, vas ,ENsY; Q), 


Lee EN 


we obtain, just as in the complete case, 


sup @(£,,...,€En) = u(x), x €dom(U), 


and 


Hu.) = mov (HE) tye y>0, QEM*%S), 
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where (q1,.--,gn) denotes the probability vector of Q © M*%(S). The min- 
imisation of Y will be done in two steps: first we fix y > 0 and minimise over 
M°*(S), ie., 


W(y):= inf W(y,Q), y>0. 
(y) Pere (¥,Q), y 


For fixed y > 0, the continuous function Q > W(y, Q) attains its minimum 
on the compact set M*(S) and the minimiser Q(y) is unique by the strict 
convexity of V. Writing Q(y) = (G@(y),---, Gv (y)) for the minimiser, it follows 
from V’(0) = —oo that G,(y) > 0, for each n = 1,..., N. Indeed, suppose that 
@n(y) = 0 for some 1 < n < N and fix any equivalent martingale measure 
Qe M25). Letting Q = «Q + (1 —<)Q we have that Q° € M°(S), for 0 < 
e <1, and Wy, Q*) < Wy, Q) for ¢ > 0 sufficiently small - a contradiction. 
In other words, Q(y) is an equivalent martingale measure for 9. 

Defining the dual value function u(y) by 


N 
: dn 
v(y) = — inf nV | y— 
= gels 2? (v=) 


we find ourselves in an analogous situation as in the complete case above: 
defining again y(a) by v'(y(x)) = —a and 


f= 1(a2) 22), 


Pn 


similar arguments as above apply to show that (&, — ,En, y(2), Q(y)) is the 
unique saddle-point of the Lagrangian (3.26) and that the value functions u 
and v are conjugate. 

Let us summarise what we have found in the incomplete case: 


Theorem 3.2.1 (finite 2, incomplete market). Let the financial market 

S = (St)E, be defined over the finite filtered probability space (Q,F, (F)t_9, P) 

and let M°(S') 4 @. Let the utility function U satisfy the above assumptions. 
Denote by u(x) and u(y) the value functions 


u(x) = supx,ec(x) B|U(Xr)], x €dom(U), (3.27) 
u(y) = infgeme(sy E lv (v58)| ,  y>0. (3.28) 
We then have: 


(i) The value functions u(x) and v(y) are conjugate and u shares the quali- 
tative properties of U listed in the above assumptions. 
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(ii) The optimisers X7(a) and Q(y) in (8.27) and (3.28) exist, are unique, 


o~ 


Q(y) € M°(S) and satisfy 


Rad (2) . yO — rz, (3.29) 


where x € dom(U) and y > 0 are related via u'(x) = y or, equivalently, 
2 = —v'(y). 
(iii) The following formulae for u' and v' hold true: 


ul(x) = Ep[U'(Xr(2))], v'(y) = Ea [V' (v'Se)] (3.30) 
vu! (x)=Ep[Xr(x)U"(Xr(e))], yoy) =Bp| ySPv'(y SW )] (3.31) 


Remark 3.2.2. Let us again interpret the formulae (3.30), (3.31) for u’ (a) sim- 
ilarly as in Remark 3.1.4 above. In fact, the interpretations of these formulae 
as well as their derivation remain exactly the same in the incomplete case . 
But a new and interesting phenomenon arises when we pass to the variation 
of the optimal pay-off function X7(a) by a small unit of an arbitrary pay-off 
function f € L°(Q,F,P). Similarly as in (3.25) we have the formula 
z)+hf)-U(X 


the only difference being that Q has been replaced by Q(y) (recall that 2 and 
y are related via u/(x) = y). 

The remarkable feature of this formula is that it does not only pertain to 
variations of the form f = «+ (H-S)r, i.e, contingent claims attainable at 
price xz, but to arbitrary contingent claims f, for which — in general — we 
cannot derive the price from no-arbitrage considerations. 

The economic interpretation of formula (3.32) is the following: the pricing 
rule f +> Eq, [f] yields precisely those prices at which an economic agent 
with initial endowment x, utility function U and investing optimally, is indif- 
ferent of first order towards adding a (small) unit of the contingent claim f 
to her portfolio Xr(z). 

In fact, one may turn this around: this was done by M. Davis [D 97] (com- 
pare also the work of Sir J.R. Hicks [H 86] and L. Foldes [F 90]): one may define 
Q(y) by (3.32), verify that this is indeed an equivalent martingale measure 
for S and interpret this pricing rule as “pricing by marginal utility” , which is, 
of course, a classical and basic paradigm in economics. 

Let us give a proof for (3.32) (under the hypotheses of Theorem 3.2.1). 
One possible strategy for the proof, which also has the advantage of providing 
a nice economic interpretation, is the idea of introducing “fictitious securities” 
as developed in [KLSX 91]: fix 2 € dom(U) and y = u'(z) and let (f1,..., f*) 
be finitely many elements of L~(Q,F,P) such that the space K = {(H-S)r | 
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H € H}, the constant function 1, and (f!,..., f”) linearly span L°(Q, F,P). 
Define the k processes 


So = Beil il). oS ge ta O ge (3.33) 


Now extend the R¢+1-valued process $ = (S°,.$1,...,.9%) to the R¢+*+1- 
valued process 5 = (9°, 91,...,5%,S¢+1,..., 54+") by adding these new co- 
ordinates. By (3.33) we still have that S is a martingale under Q(y), which, by 
our choice of (f!,..., f*) and Corollary 2.2.8, is now the unique probability 
under which § is a martingale, by our choice of (f!,..., f*) and Corollary 
2.2.8. 

Hence we find ourselves in the situation of Theorem 3.1.3. By comparing 
(3.20) and (3.29) we observe that the optimal pay-off function X7(a) has not 
changed. Economically speaking this means that in the “completed” market 
S the optimal investment may still be achieved by trading only in the first 
d+ 1 assets and without touching the “fictitious” securities S¢*!,...,S¢+*, 

In particular, we now may apply formula (3.25) to Q = Q(y) to obtain 
(3.32). 

Finally we remark that the pricing rule induced by Q(y) is precisely such 
that the interpretation of the optimal investment X7(a) defined in (3.29) 
(given in Remark 3.1.4 in terms of marginal utility and the ratio of Arrow 
prices G,(y) and probabilities p,,) carries over to the present incomplete set- 
ting. The above completion of the market by introducing “fictitious securities” 
allows for an economic interpretation of this fact. 
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Example 3.3.1 (The binomial model (one-period)). To illustrate the 
theory we apply the results to the (very) easy case of a one-period binomial 
model, as encountered in Chap. 1. The probability measure P assigns P[g] = 
P[b] = 4 to the two states g and b of Q = {g, b}. In order to make the constants 
obtained below more easily comparable to the usual notation in the literature 
(e.g. [LL 96]), we refrain for a moment from our usual condition that we are 


working with a model in discounted terms. Let 
So =1, So =1+tr, 


Re i 1+u,forw=g 
1 1 
and Sg =1, rea 


where r > —1 denotes the riskless rate of interest and u > r stands for “up” 
and —1 <d<_r stands for “down”. In discounted terms (see Sect. 2.1 above) 
the model then becomes 


s8=1,59=1 
and $3 =1, S} = { 


14+ 4, forw=g, 
1+d, forw = 8, 


where 1+%@= 4“ >1and1+d= 44 <1. 


1+r br 
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We assume w.l.o.g. that u > —d; we do so — mainly for notational conve- 
nience — in order to ensure that Ep[S}] > $3, so that the optimal portfolios 
calculated below always have a long position in the stock $+. If u < —d we 
obtain analogous results, but the position in the stock will be short. 

Letting q = —4 = rad and defining Q[g] = ¢ and Q[b] = 1—¢q a 
“— we obtain the unique martingale measure Q for the process S. 

Consider the utility function U(x) = = for a €] — 00, 1[\{0} with con- 
jugate function V(y) = -4, where a—1 = (G—1)71, ie, 6 = 4. We 
note that the case of logarithmic and exponential utility (which correspond 
— after proper renormalisation — to a = 0 and to a = —oo) are similar (see 
3.3.2 and 3.3.3 below). 

Fixing the initial endowment x > 0 we want to solve the utility maximi- 
sation problem (3.1) by applying the duality theory developed above. Well, 
this is shooting with canons on pigeons, but we find it instructive to do some 
explicit calculations exemplifying the abstract formulae. 

The dual value function 


vy) =E lv 3)| , y>O, 


equals 


v(y) = 5 Viv2a) + 5 V(ya(d — 9) 
=cy V(y), 
where i 
ev = 5 (29)? + (21 - 9))*) 


For 3 < 0 (which corresponds to a €]0,1[) we have, for g # 5, that cy > 1 
by Jensen and the strict convexity of y > y®%. Similarly, for @ €]0,1[ (which 
corresponds to a < 0) we have cy < 1 (or cy = 1 in the case gq = 4). In any 
case u(y) > V(y), as this must hold. 


To calculate the primal value function u(x”) we use the well-known and 
easily verified fact that, given a constant c > 0 and two conjugate functions 
U(x) and V(y), the function c U (#) is conjugate to cV(y). Hence 


u(x) =cy U (=) = cy * U(2) = eyU (2), (3.34) 
where se 
cy =e = (5 ((2q)8 + (2(1 — )")) (3.35) 


For fixed x > 0, we obtain as critical Lagrange multiplier y(x) = u’(a) = 
cy U'(x) so that 
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Xa) = -v' (a0) B) 


Let us explicitly verify that Xy(x) is indeed of the form 
Xi(«) =2+hAsi, (3.36) 


for some h € R, or, equivalently, that E@[X1(2)] = «. Indeed: 


To calculate h explicitly we may apply (3.36), e.g., for w = g to obtain 
a+hu= acy, (2q) wT 
which yields 


h=a [ev (2a) —1)a*. (3.37) 
In the special case of @ = $ (so that 6 = aa = ~land B-1= 
ee; 
— = —2) the constants become somewhat nicer: (2q) 7 = + (54) : 
cv =4 (44 + 1-4) =— “9 so that 
~ dtd 1(u—d)? 
=7 ~ ae Ae (u ) | ut 
(a—d)? 4 @ 
u+d 
= 
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Coming back to the case of general a € | — 0, 1[ \{O}, we obtain from 
(3.37) that the optimal investment in the stock equals h = kx where the 
constant k = k(u, d,a) given by (3.37) satisfies 0 < k < oo. It may be seen 
as a very elementary version of Merton’s result (see [M90] and example 3.3.5 
below), that for the Black-Scholes model and power utility, it is optimal to 
always invest a constant proportion of your wealth, where the constant may 
be calculated explicitly as a function of the parameters of the model and the 
utility function. Observe that this constant may very well be bigger than one, 
in which case one goes short in the bond. 


We now specialise to the case that u = oAt? +vAt and d = —cAt? +vAt 
for some At > 0, which corresponds to the notation in the Black-Scholes model 
below (Sect. 4.4). We determine the different quantities up to the relevant 
terms of powers of At: 


Za oAt? —vAt 1 V4 
= == ———,— = ~(1-— At? ], 3.38 
iy u—d 20 At? 2 ( or ) ( ) 
u oAt? +vAt 1 V4 
> u—d 20 At? 2 ( or ) 
1 
ev = 5 ((24)* + (201 —9))?) (3.39) 
1 4, AB- Vv 
= 1— G—At? + 5 zAt 
= 2 
aaa Boat de a eat) 
2 or 
< pep See 
=1+ Sy At + ofA), 
ee B(B — 1)v? = 
cHo = (: + 552 At + o(At) 
2 
Vy 
For the optimal investment h we obtain 
h=e [ev (2a) z= 1| a} (3.41) 
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In the special case a = 5, @ = —1, this yields 


a 
2 
2xuv 


h= =F +0 (a0). 


2 


We observe from (3.41) that, for fixed v > 0, 0 > 0, the factor 


(1— B)v 


o2 


k= (3.42) 


ranges between 0 and co as (3 runs through |] — oo, 1[ \ {0} (the case G = 0 
corresponding to the logarithmic utility U(x) = log(x)). 
For the optimal portfolio X1(a) we thus find 


a x{1l+ MB“D Ate + O(At), for w = g, 


X4(x) = Fi 3.43 
ue x 1 — MEDALS + O(At), for w = b. ee) 


Regarding the logarithmic and exponential utility we only report the re- 
sults and leave the derivation, which is entirely analogous to the above, as 
exercises. 


Example 3.3.2. Under the same assumptions on S as in 3.3.1, but with let- 
ting U(x) = In(x), we obtain V(y) = — In(y) — 1, 


v(y) = —In(y) det C1; 
where c; = —In2— 41n(q(1 — q)), so that 
u(x) = In(a) +c. 


For the optimal investment, we obtain 


a =, forw = gq, 
X(x) = = 4 


Mio for w = b, 


so that X, (a) =a+ RAS), where the optimal trading strategy his given by 


eT ae ie 8 
L=<—— = 
2qu —2du 


(3.44) 


Example 3.3.3. Using again the assumptions on S as in 3.3.1, but letting 
now U(x) = — exp(—2), we obtain V(y) = y(In(y) — 1) and 


o(y) =V(y) — cay, u(x) = — exp(—(# — ¢2)) 


where co = —[glIng+ (1 — gq) In(1 — g) + In2]. 
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For the optimal investment, we obtain 


S x + hu, for w= gq, 
x +hd, for w = 8, 


where the optimal trading strategy his given by 


en Ce (=) (3.45) 
a a—d 


Note that in this case h does not depend on the initial endowment z. 


Example 3.3.4 (The trinomial model (one-period)). We now analyze 
the simplest model of an incomplete market where we add to the possibilities 
“good” and “bad” a third possibility “neutral”. The probability space Q now 
consists of three points, 2 = {g,n,b} where P[n] = m, P{g] = Pb] = 4 
and m €]0, 1[ is a parameter still kept free. We define S (already in discounted 


terms and dropping the notation for the bond) by Sp = 1 and 


14+ 4, ifw=g, 
S,=<¢1, ifw=n, 
14d, ifw=b, 


where 1+%@>1>1+d> 0, similarly as above. Again we assume u > —d. 

This model may be viewed as an embryonic version of a stochastic volatil- 
ity model: the determination of the value of the random variable S; can be 
interpreted as the result of two consecutive steps (taking place, however, at 
the same time t = 1). First one performs an experiment describing an event 
which happens or not with probability m and 1 — m respectively. According 
to the outcome of this event the volatility is “low” or “high”. If it is “low” 
— in the present embryonic example simply zero — the stock price does not 
change; if it is “high”, a fair coin is tossed similarly as in the binomial model 
to determine whether the stock price moves to 1+ u or 1 +d. 

We now again consider power, logarithmic and exponential utility and 
want to apply theorem 3.2.1 to the present situation. One way to solve the 
portfolio optimisation problem is to proceed similarly as in the complete case 
above: first solve the dual problem and then derive the primal problem by 
using (3.29). This is possible but — in contrast to the complete situation 
— we now would have to solve an optimisation problem to obtain the dual 
solution. 

In our specific example, it will be more convenient to solve the primal 
problem directly and then to deduce the solution of the dual problem via 
(3.29). The solution Q(y) of the dual problem then allows for an interpretation 
as a pricing functional (see Remark 3.2.2). 


Here is the crucial observation to reduce the present example to the case of 
3.3.1 above: the optimal strategy h obtained in (3.37) (resp. (3.44) and (3.45) 
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in the case of logarithmic or exponential utility) for the binomial model is also 
optimal in the present example. Indeed, distinguish the two cases of “low” and 
“high” volatility: conditioning on the event that volatility is high, we are in the 
situation of the binomial model, so that the trading strategy h, as calculated 
in 3.3.1, is the unique optimiser. On the other hand, if volatility is low, the 
present example is designed such that the volatility vanishes, i.e., the stock 
price does not move. Hence in this case the choice of the investment h does not 
influence the result as h(S, — S2) is zero anyhow. Summing up, we conclude 
that the optimal strategy h obtained for the binomial model is optimal in 
the present trinomial model as well. Thus we conclude that h given by (3.37) 
defines the optimal investment also in the present situation 


h=x [ey (2g)? 1 — 1 at, 


which yields 
e dies 
h= gone +0 (at?) 
o 
if again, we let u = oAt? + vAt, d = —oAt? + vAt, and if cy is defined as 
in (3.39). 
For the optimal portfolio X(a) we find, similarly as in (3.43) 


wey (2q)r- =2 (1 + 2-8 Att) + O(At), for w = 4g, 
Xi(z) = 4 2, forw=n 
wey'(2(1 — q))°1 = 2 (1— ADAtt) + O(AL), for w=. 


oO 


Denoting by u'!(a) = supper E[U(x + h(Si — S2))] the value function for 


the present trinomial model, we still have u'(x) = c#!U(zx), for some constant 


citi > 0, by the scaling property of U(x) = . The explicit form is given by 
cf! — 1 = (1 — m) (ci — 1), where c}} is given by the constant cy in the 
binomial case above (3.34). Indeed, this relation between the constants of the 
binomial and trinomial model simply follows from the fact that, conditionally 
on the event {w 4 n}, which happens with probability (1 — m), the trinomial 
model coincides with the binomial one. 


tri 


Expanding c;;' in terms of At yields 


ri (1 —m)Bv? 
cf = 1 — SE At + of At), 


We now may calculate the dual measure Q(y) via formula (3.29). Fix the 
initial endowment x. Then 

u(r) = HU (2) 
so that 


= (u) @) = (1 SSP ar + ofa) a 


52 3 Utility Maximisation on Finite Probability Spaces 


Applying formula (3.29) from Theorem 3.2.1 we find, for w = n, that 


dQ(y) -lypyr 
in] = y!U"(Zi(a)(n)) 
=y'U"(2) 
(1 — m)6v? —(a—1),a-1 
= (1 + “og Att (a0) a (Dy 
ape0 ane At + o(At). 


As expected, the initial endowment x cancels out so that Q(y) [n] does not 
depend on y and we shall therefore denote it by Q[n]. We find 


x dQ = m(1 — m) Gv? 

Qin] = 7p” n|P[n] = m+ — 353 At + ofA?) 

which gives us a rather complete information how this value depends on the 
parameters of the model. In fact, Qin | determines already Q, also for w = g 
and w = b. Indeed, the two relations Qig ]+ Qin }+ Qib | = 1 as well as 
Ea[Si _ So] =0 yield 


Qlo] = (1-9) (1 cay =e at) + o(At) 
where gq is given by (3.38), which gives 
Olsl = 5 (a —m) (1-“at#) - ee o(Ad), 


Qi] = (a —m) (1 s ~Ai?) = eran) + o(At). 

Summing up, we have seen that also in the case of the one step trinomial 
model all relevant quantities may be calculated explicitly. The fact that we 
have chosen the parameterisation of the example such that, for w = n, the 
stock price simply does not move, made the determination of the primal so- 
lution particularly easy. However, one could also abandon this assumption, at 
the cost of somewhat more cumbersome calculations. 


Example 3.3.5 (The binomial model (N periods) ). This model is called 
the Cox-Ross-Rubinstein model [CRR79] and it is extremely popular in fi- 
nance, for numerical calculations as well as for pedagogical purposes. It is the 
discrete version of the Black-Scholes model. 

Using the notation of the one step model, example 3.3.1, above and fixing 
N > 1 we simply concatenate the one step model in a multiplicative way: 
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the increments are assumed to be independent. To be formal, let (€,)_, be 
iid. Bernoulli random variables defined on some (Q,F,P) so that Ple; = 
1] = Plex = —1] = §, for t=1,---, N. The reason why we now use the letter 
N instead of the previously used T will become apparent after (3.46) below. 
We denote by F; the o-algebra generated by (€,)!_,. Let So = 1 and, for 
t=1,---,N, define S; inductively by 


5 -f8A10+%) if e=1, 
VU Sti(l +d) if e = -1. 


Letting U(x) = x, for some fixed a €] — 00, 1[\{0}, we again want to 
determine the optimal investment strategy and other related quantities. 
Our aim is to maximise the expected utility of terminal wealth Xj (2), i.e. 


N 
U («+ d5%a5,) — max ! 


n=1 


E 


where (h,,)2_, runs through all predictable processes. 


To do so, we define, for t = 0,---, N, the conditional value functions 


N 
U (+ S- indy) | |} 
n=t4+l1 


where the supremum is taken over all collections (Rn)_441 of (Fn—1) ea 
measurable functions. In general uz(a) will depend on w € Q in an Fy- 
measurable way; but in the present easy example, the i.i.d. assumption on 


ut(x) = sup {e 


N 
the returns ( 2.) implies, that uz(x) does not depend on w € Q. 
—1/ t=1 


In fact, it is straightforward to calculate u;(x) by backward induction on 
t=N,---,0: for t = N, we obviously have 


and for t = N —1 we are just in the situation of the one step model 3.3.1, so 
that we find 
un—1(%) = cyU (a) 


l-a 

where cy = (4 ((24)? + (211 — @)")) , as we have computed in (3.35). 

Let us take a closer look why this is indeed the case: the reader might 
object, that in the present example the value Syj_ of the stock at time N — 1 
as well as the possible gain wSj_1 resp. loss dS N—1, depend on w € 2 in an 
Fn_—1-measurable way, while in the one step example 3.3.1 we had Sp = 1, 
and the possible gains u and losses d were also deterministic. But, of course, 
this difference is only superficial: if h € R denotes the optimal investment 
in the stock So in the one step example, we now have to choose the optimal 
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investment as the Fy _\-measurable function h n defined by h N= 9 aan . Eco- 
nomically speaking, the value h nSyn-1 Of the proportion of the investment in 
the stock is constant, while the number h n of stocks in the portfolio depends 
on the current stock price Sjy_,: it is simply inversely proportional to S'y_1. 

To compute uy —2(x), note that this step again is reduced to the analysis of 
the one step problem at times {N — 2, N — 1}, where we now have to replace 
the original utility function U(x) by the conditional utility function uy_1(2). 
This is just the principle of dynamic programming which reduces to an obvious 
fact in the present context. Hence 


un—2(x) = sup {E [un_-1(a@ + hASw_1)] | h € R} 
= cf, U(a). 
By induction we conclude that 
u(z) =cy “U(z), t=0,---,N, 
so that we obtain in particular for the value function u(x) = uo(x) 
u(x) = ch U(z). (3.46) 


In order to compute the parameters of the optimal investment strategy, 
we now assume that there is a fixed horizon T > 0 such that NAt = T and 
we let N — co, so that At = £ — 0. As above we define & = cAt? + vAt, 
d= —oAt? + At. We have found in (3.40) that 


p2 
cu = 1 — qg2 nt + o(At) 


so that : 
or T 
y= ee = exp ( ce ) + o(1). 


2G? 


s T 
The optimal investment strategy (x (x)) for initial wealth x > 0 is 
t=0 


given by ; 
X,(z) =xet+ Sou AS, 
where z fa 
ms 4-1(Z)~ 
he = =o 


and as in (3.42) 


n~ 


A h — 

k=—-+ O(At?) = ewe (3.47) 
x o 

is the ratio of the current wealth X4(2) invested into the stock. We thus 

find the discrete version of the well-known “Merton-line” investment strategy 

[M90]; the latter applies to the continuous time limit, i.e., the Black-Scholes 


model. 
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Let us have a closer look at the constant k: the leading term Gy is 


proportional to v and inversely proportional to o?, which is economically 
intuitive. As regards (1—3) = (1—a)~1 we observe that this quantity becomes 
arbitrary large when _a tends to 1. In particular, for a < 1 sufficiently close 
to 1, the proportion k of the wealth held in the stock is bigger than one, and 


theretare the position in the bond is negative (“short”). 


Regarding the constant ee & exp (- 2 ur) we observe that the right hand 


202 
side is bigger than one for 6 €] — 00, 0[, which corresponds to a €]0, 1[. This 
makes sense, as in this case U(x) = = takes positive values, so that the 


value function u(x) defined in (3.46) increases with N. If 6 €]0,1[, which 


corresponds to a €]| — 00, 0[, then exp (- oer) is less than 1. This too does 


make sense economically: for a €]— oo, 0[ the utility function U(x) = = takes 
negative values so that again we find that the utility function u(x = n (3. 46) 
increases with N. 

Looking at the constants appearing in exp (- oa) the roles of v?, a? 


and T are quite intuitive. Somewhat more puzzling is the role of 3, or rather 


—(: while it is intuitive that for a — 1 the factor exp (— ar) tends to 


infinity (3 = =) so that the problem degenerates for a — 1, the behaviour 


is less intuitive for a — 0: in this case G — 0 too so that exp (- But r) tends 


2a 
to 1, ie., in the limit there seems no difference between U(x) = ae and the 
corresponding value function u(x). On the other hand limg.9 —— = In(z) 
so that — after proper normalisation — the utility maximisation problem 
remains meaningful also as a tends to 0. The point is, that one has to be 
careful about these renormalisations in the limit, which involves also a term 
of order a7. 

A good way of dealing with these issues is to recall that the multiplicative 
term clY in (3.46) pertains to the utility scale of the investor. We shall trans- 
form it to the wealth scale of the investor. We follow B. de Finetti’s idea of 
“certainty equivalent”: consider the following two possibilities for an investor. 
Either she holds an initial endowment x > 0 and is allowed to invest in stock 
and bond in the above model up to time T = NAt; or she holds an initial en- 
dowment wh x, where the letter w stands for “wealth”, and is only allowed to 
invest into the bond (where its value simply remains constant) up to time T. 
If her goal ie to maximise expected utility at time T, what is the value of the 
constant wy for which the agent is indifferent Dereon these two possibilities. 
Using (3.46) this leads to the equation 


cp U(x) = U (wp 2) 


so that x cancels out (as expected) and we obtain 


QIR 
2 


(cv) = ey 
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so 


In this new scaling the factor nt makes perfect sense economically: when 
a — 1, ie., the investor is less and less risk averse, the factor w/Y becomes 
large: the investor then appreciates highly the possibility to invest in the 
financial market. If a — —oo, i.e., the investor is more and more risk averse 
and the factor wh tends to one: in this case the investor has little appreciation 
for the possibilities offered by investments into the risky stock. 

Note that the function a — exp (t=) is continuous for a €]—o0, 1[ so 
that the limiting behaviour as a tends to zero, is not a puzzle any more; in the 
case a = 0 one easily verifies that wy = exp (=) indeed yields the certainty 
equivalent in the case of the logarithmic utility function U(x) = log(z). 


Example 3.3.6 (The trinomial model (N periods)). We now extend the 
one-period trinomial model, example 3.3.4, to the N period setting similarly 
as we just have done for the binomial model. 

Let 0 < m < 1 and (m)N, iid. random variables, defined on some 
(Q,F,P) such that P[n, = —1) = 4, P[m =0] =m, P[m = 1] = +42. Let 
So = 1 and, for t=1,---,N define inductively 

Si1(1 Te u), if hm = 1, 
Sy = 0, if hm = 0, 
St1(1 +d), if m = -1. 


The analysis of the maximisation of expected utility of terminal wealth 
now is entirely analogous to the situation of the binomial model: using the 
notation from the preceding examples, the optimal investment strategy again 
consists in investing the constant proportion k = Gp + O(At?) of current 
wealth found in (3.47) into the stock. For the value function u"i(x) we find 


ul" (¢) = (et')%U(e) 


1- eG 
= exp Sees U(x) + o(1) 
20? 
and for the “certainty equivalent” (wft!)’, defined analogously as in the pre- 


ceding example, we obtain 


(wtti)’ = exp (cr) + o(1). 


The verifications are simply a combination of the arguments of Exam- 
ples 3.3.4. 


4 
Bachelier and Black-Scholes 


4.1 Introduction to Continuous Time Models 


In this chapter we illustrate the theory developed in the previous chapters 
by analyzing the most basic examples in continuous time. They still play an 
important role in practice. 

The binomial model (Example 3.3.1 and 3.3.5) was already analyzed in the 
previous Chap. 3. It fits perfectly into the framework developed in Chap. 2, 
i.e., it is based on a finite probability space Q. Therefore we could rigorously 
analyze it in Chap. 3. 

If we consider the binomial model on a grid in arithmetic progression and 
pass to the continuous time limit we arrive, similarly as L. Bachelier in 1900 
[B00] at Brownian motion. If we consider the binomial model on a grid in 
geometric progression (the “Cox-Ross-Rubinstein” model as in example 3.3.5) 
we arrive at geometric Brownian motion, similarly as P. Samuelson in 1965. 
The latter model now is often called the “Black-Scholes” model. 

We now pass to the continuous time setting. Strictly speaking, we jump 
already one step ahead, as we have not yet developed the theory for the case 
of processes in continuous time. But we believe that it is more important to 
see the theory in action using these important examples in order to build up 
some motivation for the formal treatment of the general theory which will be 
developed later. We shall therefore deliberately use some heuristic arguments 
which will be rigorously justified by the general theory developed later in this 
book. 


4.2 Models in Continuous Time 
To do so, we suppose from now on that the reader is familiar with the notion 


of Brownian motion and related concepts. We recall the martingale represen- 
tation theorem for Brownian motion, which is the continuous analogue to the 
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elementary considerations on the binomial model above (compare Corollary 
2.2.12). 


Theorem 4.2.1. (see, e.g., [RY 91] or Sect. 7.3). Let (W:)tejo,r) be a stan- 
dard Brownian motion modelled on (Q, (F:)tejo,r],P), where (F:)rejo,r) 18 the 
natural (right continuous saturated) filtration generated by W. 

Then P is the unique measure on Fr which is absolutely continuous with 
respect to itself, and under which W is a martingale. 

Correspondingly, for every function f € L'(Q,Fr,P) there is a unique 
predictable process H = (Ht)tejo,r) such that 


f=Elf]+(H-W)r, 


and 


Elf | Ail =Elf]+(H-W), 0<t<T, (4.1) 


which implies in particular that (H-W) is a uniformly integrable martingale. 


4.3 Bachelier’s Model 


We formulate Bachelier’s model in the framework of the formalism developed 
above. Let B, = 1 and S; = So +oW;, 0 < t < T, where So is the current 
stock price, 0 > 0 is a fixed constant, and W is standard Brownian motion 
on its natural base (Q, (F:)+e[0,r), P). 

Fixing the strike price K, we want to price and hedge the contingent claim 


f(w) = (Srv) — K)+ € L*(Q, Fr,P). (4.2) 


Using the martingale representation theorem we may find a trading strategy 
at, 


-W)r (4.3) 
S) 


where H = A. 

Interpreting Theorem 2.4.1 in a liberal way, i.e., transferring its message 
to the case where 2 is no longer finite and using Theorem 4.2.1 above, we 
conclude that C(S,7) = E[f] is the unique arbitrage free price for the call 
option defined in (4.2). 

Note that Sr is normally distributed with mean Sp and variance oT. 
Hence 


(5,7) = ff ie (a — (K — 5o))g(x)de, (4.4) 
where ; . 
g(x) = e 207F, (4.5) 
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It is straightforward to derive from (4.4) an “option pricing formula” by 
calculating the integral in (4.4) (compare, e.g., [Sh 99]): denoting the standard 
normal density function by y(z), i-e., p(x) equals (4.5) for ¢?T = 1, denoting 
the corresponding distribution function by &(x) and using the relation y’ (x) = 
—ay(x), an elementary calculation reveals that 


So- Kk So — Kk 
C(So,T) = Elf] = (So — K)& +oVT (2). 4.6 

By the same token we obtain, for every 0 < t < T, and conditionally on 
the stock price having the value S; at time t, 


C(S;;T 2) (4.7) 


Seah -K 
=E/f | Si] = (S:-K)@ +ovVvT — io(A 8 =). 
This solves the pricing es in Bachelier’s model, based on no-arbitrage 
arguments, as we have the “replication formula” (4.3). 
But what is the trading strategy H, in other words, the recipe to replicate 
the option by trading dynamically? Economic intuition suggests that we have 


O 
H(S,t) = a5C(8,T — t). 

Indeed, consider the following heuristic reasoning using infinitesimals: sup- 
pose that at time ¢ the stock price equals S;, so that the value of the option 
equals C(S;,T — t). During the infinitesimal interval (t,t + dt) the Brownian 
motion He will move by dW, = Witat— WwW, = = exvdt, where Ple, = = lj = Ple: = 
—1] = 5,80 that S; will move by dS; = Si4a:—S; = €.0\V/ dt. Hence the value of 
the Sotin C(S;, T—t) will move by dC; = C(St+az, T—(t+dt))—C(S;, T—t) & 
1. 9S(S,,T —t)ovVdt, where we neglect terms of smaller order than Jdt. In 
other words, the ratio between the up or down movement of the underlying 
stock S' and the option is 


CPE gir gee (4.8) 
dS, Os epoVdt 
OC 
= 9g (St T-— t). 


If we want to replicate the option by investing the proper quantity H of 
the underlying stock, formula (4.8) suggests that this quantity should equal 


2¢ (S;,T —t). 
After these motivating remarks, let us deduce the equation 


H (Sit) = (8,7 -1 (4.9) 


more formally. Consider the stochastic process 


C(S;,T — t) = C(Sp + oW;,T — t), 0<t<T, 
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of the value of the option. By Ité’s formula (see, e.g., [RY 91]) 


ac 10°C dt 
at | 20s2. }°” 


gots nS PC aces. ( 


- (4.10) 


where we have used dS; = odW;. One readily deduces from formula (4.7) that 
C verifies the heat equation with parameter ae displayed in (4.11) below (time 
is running into the negative direction in the present setting). In particular, 
for the process C' defined in (4.7), the drift term in (4.10) vanishes as it must 
be the case according to the general theory (the option price process is a 
martingale by (4.1)). Hence (4.10) reduces to the formula 


C(S;,T —t) = C(S0,T) + (AH-S):, 


where H is given by (4.9). Rephrasing this result once more we have shown 
that the trading strategy H, whose existence was guaranteed by the martin- 
gale representation (Theorem 4.2.1), is of the form (4.9). 

One more word on the fact that C(S,T — t) satisfies the heat equation 
(4.11) below, which was known to L. Bachelier in 1900 and may be verified by 
simply calculating the partial derivatives in (4.7). Admitting this calculation, 
we concluded above that the drift term in (4.10) vanishes. One may also turn 
the argument around to conclude from (4.1) that the drift term in (4.10) must 
vanish, which then implies that C(S,T — t) must satisfy the heat equation 
(time running inversely) 

Oc oO 

At ($,T —t) = 
Imposing the boundary condition C(S,T —T) = C(S,0) = (S— kK) one may 
derive by standard methods the solution (4.7) of this p.d.e.. This is, in fact, 
how F. Black and M. Scholes originally proceeded (in the framework of their 
model) to derive their option pricing formula, which we shall now analyze. 


(S,T —1). (4.11) 


4.4 The Black-Scholes Model 


This model of a stock market was proposed by the famous economist P. Samuel- 
son in 1965 ([S65]), who was aware of Bachelier’s work. In fact, triggered by 
a question of J. Savage, it was P. Samuelson who had rediscovered Bachelier’s 
work for the economic literature some years before 1965. 

The model is usually called the Black-Scholes model today and became 
the standard reference model in the context of option pricing: 

‘By = et. 
a 


SS Soe t 2 je se ae! ws (4.12) 


Again W is a standard Brownian motion with natural base (Q, (F;)+e[o,7), P). 
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The parameter r models the “riskless rate of interest”, while the parameter 
pt models the average increase of the stock price. Indeed using It6’s formula 
one may describe the model equivalently by the differential equations: 


dB 
— —= rat, 
B, 
dS 
St 


The numéraire in this model is just the relevant currency (say €). In order 
to remain consistent with the above theory, we shall rather follow our usual 
procedure of taking a traded asset as numéraire, namely the bond, to use 
discounted terms. We then have 


B=== (4.13) 


o2 
gp = Bea gee) 
t 

We shall write v for ys — r which is called the “excess return”. The only 
thing we have to keep in mind when passing to the bond as numéraire is that 
now quantities have to be expressed in terms of the bond: in particular, if K 
denotes the strike price of an option at time T (expressed in € at time T), we 
have to express it as Ke~’7 units of the bond. 

Contrary to Bachelier’s setting, the process 

o2 
Ss, = Spee) t 

is not a martingale under P (unless v = 0, which typically is not the case). 

The unique martingale measure Q for S (which is absolutely P-continuous) 
is given by Girsanov’s theorem (see [RY 91] or any introductory text to 
stochastic calculus) 


Ve ee7, 


=e Gaz 7 a1) (4.14) 
Let us price and hedge the contingent claim f(w) = (S7(w) — Bee) 
which is the pay-off function of the European call option with exercise time 
T and a strike price of K Euros (expressed in terms of the bond numéraire). 

Noting that (W; + vt)?29 is a standard Brownian motion under Q and 
applying Theorem 4.2.1 to the Q-martingale S, we may calculate, similarly 
as in (4.6) above. 


C(So,T) = Eg[f] = Ea (Cee = ners) a (4.15) 


o2T 


= SpE [e°/72- 8" x¢5n>x}] — Ke Q[Sr = K1, 


where Z = Se is a N(0,1)-distributed random variable under Q. 
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After an elementary calculation (see, e.g., [LL 96]) this yields the famous 
Black-Scholes formula 


C(So,T) = So® 4.16 
( 0 ) 0 oVT ( ) 
Si a? 
eee In ($2) +(r-$)T 
— Ke 
oVT 
and, by the same token, for 0 <t < T and S; > 0, 
In (S¢) + (r+) (T -2) 

C(S;,T — t) = Sof | — (4.17) 


Let us take some time to contemplate on this truly remarkable formula 
(for which R. Merton and M. Scholes received the Nobel prize in economics 
in 1997; F. Black unfortunately had passed away in 1995). 


1.) As a warm-up consider the limits as ¢ — 00 (which yields C(So, T) = So) 
and ¢ — 0 (which yields C(.$0,T) = (So — Ke~"?),). The reader should 
convince herself that this does make sense economically. For an extremely 
risky underlying S, an option on one unit of S is almost as valuable as one 
unit of S itself (think, for example, of a call option on a lottery ticket with 
strike price K = 100 and exercise time T, such that T is later than the drawing 
at which it is decided whether the ticket wins a million or nothing). Intuitively, 
it is quite obvious that the option on the lottery ticket is almost as valuable 
as the lottery ticket itself). On the other hand, if the underlying S' is (almost) 
riskless a similar consideration reveals that the value of an option is almost 
equal to its “inner value” (So — Ke7"") 4. 

This behaviour of the Black-Scholes formula should be contrasted to 
Bachelier’s formula (specialising to the case So = K and r = 0) 


Bachelier G 

C (So, T) ae (4.18) 

obtained in (4.6) above, which tends to infinity as 0 — oo; this limiting 

behaviour is economically absurd and contradicts an obvious no-arbitrage 

argument which — using the fact that Sr is non-negative — shows that the 

value of a call option always must be less than the value of the underlying 
stock. 

The reason for this difference in the behaviour of the Black-Scholes formula 

and Bachelier’s one, for large values of o, is that geometric Brownian motion 
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always remains positive, while Brownian motion may also attain negative 
values. This fact has strong effects for very large 0 or — what amounts roughly 
to the same — for very large T’. Nevertheless we shall presently see that — 
for reasonable values of o and T — the Black-Scholes formula and Bachelier’s 
formula (4.18) are very close. This seems to be the essential fact, keeping in 
mind Keynes’ famous dictum telling us, not to look at the limit T’7— oo: in 
the long run we are all dead. 


2.) Let us compare the Black-Scholes formula (4.16) and Bachelier’s formula 
(4.18) more systematically. To do so we specialise in the Black-Scholes formula 
to r = 0 and So = K, and we have to let the volatility in the Black-Scholes 
formula, which we now denote by aP°, correspond to the “parameter of ner- 
vousness” o (this wording was used by Bachelier) appearing in Bachelier’s for- 
mula, which we denote by a. As the former pertains to the relative standard 
deviation of stock prices and the latter to the absolute standard deviation, we 
roughly find the correspondence — at least for small values of T — 


oF ~ oBS gy 


In the subsequent calculations we therefore suppose that a? = oP So. In this 
case, the Black-Scholes and Bachelier option prices to be compared are 


OBS = g, * (=) aS (-") 


E 


2 


while 
Ss 


CB LVF x §) VE 
ge ag 


The difference of the two quantities is best understood by looking at the 


shaded area in the subsequent graph involving the density y(x) = yee > of 


the standard normal distribution, and noting that y(0) = = This shaded 
. oBS oBS oBS c 
area, let’s call it A, equals a - E (>) —@ (-=*)| which — up 


to the factor Sg — is just the difference between CP and CBS 


oR a 0 os VT 
2 


(fh) 


Fig. 4.1. Comparison of the Bachelier with the Black-Scholes formula. 
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Expanding y() into a Taylor series around zero and using y’’(0) = =e 
we get the asymptotic expression 


CB — CPS = 5, reer (0s T)'| +0 ((o T)’), 


which indicates a very small difference between the option values CP and CPS 
in the Bachelier and Black-Scholes model respectively, provided oP VT is 
small. Evaluating this expression for the empirical data reported by Bachelier 
(see [B00] or [S03, Chap. 1]), ie., 7PS ~ 2.4% on a yearly basis, and T ~ 
2months = é year (this is a generous upper bound for the periods considered 
by Bachelier which were ranging between 10 and 45 days) we find 


3 
1 
CP uC? = 95 ws (0. vay) = 1.56 « 1078 Sp. 


Hence for this data the difference between the option value obtained using 
Bachelier’s and the Black-Scholes model is of order 10~® times the value So 
of the underlying; pbsenyie that for Bachelier’s data, the price of an option 
was of the order of o we find that the difference is of the order 10~® of the 
price of the option. 

In view of all the uncertainties involved in option pricing, in particular 
regarding the estimation of g, one might be tempted to call this quantity 
“completely negligible, a priori” (this expression was used by Bachelier when 
discussing the drawbacks of the normal distribution giving positive probability 
to negative stock prices). 

For more information we refer to the introductory chapter of [S 03, Chap. 1] 
as well as to [ST 05]. 


3.) Let us now comment on the role of the riskless rate of interest 7, appearing 
in the Black-Scholes formula and on the reason why this variable does not show 
up in Bachelier’s formula: noting the obvious fact that 


So os So 
In (3) +rT =In (<r) ; 


one readily observes that this quantity only appears in the Black-Scholes for- 
mula (4.16) via the discounting of the strike price, i.e., transforming K units 
of €;-7 into Ke~"? units of €;29. When comparing the setting of Black- 
Scholes to that of Bachelier one should recall that the option premium in 
Bachelier’s days pertained to a payment at time T rather than at time 0. 
Under the assumption of a constant riskless interest rate — as is the case 
in the Black-Scholes model — this amounts to considering the present day 
quantities upcounted by e’™”. This was perfectly taken into account by Bache- 
lier, who stressed that the quantities appearing in his formulae have to be 
understood in terms of forward prices in modern terminology, which amounts 
to upcounting by e’” in the present setting. 
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The bottom line of these considerations on the role of r is: when we as- 
sumed that r = 0 in the above comparison of the Bachelier and Black-Scholes 
option pricing methodology, this assumption did not restrict the generality 
of the argument. It also applies to r # 0 as Bachelier denoted the relevant 
quantities in terms of “true prices”, i.e., forward prices. 


4.) What is the partial differential equation satisfied by the solution (4.17) 
of the Black-Scholes formula? Again we specialise to the case r = 0 in order 
to focus on the heart of the matter, but we note that now we do restrict the 
generality and refer to any introductory text to Mathematical Finance (e.g., 
[LL 96]) for the Black-Scholes partial differential equation in the case of a 
riskless rate of interest r 4 0. 

From the Martingale Representation Theorem 4.2.1 we know that the 
Black-Scholes option price process 


C(St,T — thtefo,r] 


is a martingale under the measure Q defined in (4.14). Hence, denoting by 
(W,)eeto, 7) a standard Brownian motion under Q, using dS; = oS,dWi, and 
working under the measure Q, we deduce from It6’s formula 
2 

We first observe, using again oS,dW, = dS;, that — similarly as in 
the context of Bachelier — the replicating trading strategy H; is given by 
22 (S,,T — t). In the lingo of finance this quantity is called the “Delta” of 
the option (which depends on S; and ¢) and the trading strategy H is called 
“delta-hedging” . 

Next we pass to the drift term: as C(.S;,T — t) is a Q-martingale we 


infer that it must vanish, which yields the “Black-Scholes partial differential 
equation” 


aC 


— — aay 2 
Grepec®s Sar 


<~(S,T—t), forS>0,t>0. (4.19) 
This is the multiplicative analogue of the heat equation (4.11) and may, in 
fact, easily be reduced to a heat equation (with drift) by passing to logarithmic 
coordinates x = In(S). 
Exactly as in Bachelier’s case we may proceed by solving the partial dif- 
ferential equation (4.19) for the boundary condition C(S,T —T) = C(S,0) = 
(S — kK) and C(0,t) = 0 to obtain the Black-Scholes formula. 


In the rpc of finance, the quantity —9¢ is called the “Theta” and the 


quantity 2 ee the “Gamma” of the option. Hence the p.d.e. (4.19) allows for 
the following economic interpretation: when time to maturity T — t decreases 
(and S remains fixed), the loss of value of the option is equal to the “convexity” 
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or the “Gamma” of the option price (as a function of $') at time t, normalised 
by x5? (in the case of the Bachelier model the normalisation was simply 


x), This has a nice economic interpretation and today’s option traders think 
in these terms. They speak about “selling or buying convexity” or rather 
“voing gamma-short or gamma-long” which amounts to the same thing. The 
interpretation of (4.19) is that, for the buyer of an option, the convexity of the 
function C(.S,T — t) in the variable S corresponds to a kind of insurance with 
respect to price movements of S. As there is no such thing as a free lunch, 
this insurance costs (proportional to the second derivative) and a positive 

wee is reflected by a negative partial derivative ge of C(S,T — t) with 
peapeet to time f. 

Let us illustrate this fact by reasoning once more heuristically with in- 
finitesimal movements of Brownian motion: we want to explain the infinitesi- 
mal change of the option price when “time increases by an infinitesimal while 
the stock price S remains constant”. To do so we apply the heuristic ana- 
logue of the Brownian bridge: consider the infinitesimal interval [t,t + 2dt] 
and assume that the driving Q-Brownian motion W moves in the first half 
[t,t + dt] from W, to W, + e,Vdt, where <; is a random variable with 
Qler = 1] = Qe: = —1] = §, while in the second half [¢ + dt, t + 2dt] it moves 
back to W;. What should happen during this time interval to a “hedger” 
who proceeds according to the Black-Scholes trading strategy H described 
above, which replicates the option? At time t she holds SC (S1,T —t) units 
of the stock. Following first the scenario ¢, = +1, the stock has a price of 
S, + oS,Vdt at time t + dt. Apart from being happy about this up move- 
ment, the hedger now (i.e., at time t + dt) adjusts the portfolio to hold 


ge s (Ss eS Vio — (€+ dt)) units of stock, which results in a net buy of 


g re © (S;,T — t)oS;V/dt units of stock, where we neglect terms of smaller order 
than Vdt. In the next half [t+dt, t+ 2dt] of the interval the stock price S' drops 
again to the value S:+2q = S; and the hedger readjusts at time t + 2dt the 
portfolio by selling again the FC (St, T — t)oS,Vdt units of stock (neglecting 
again terms of smaller order than Vdt). It seems at first glance that the gains 
made in the first half are precisely compensated by the losses in the second 
half, but a closer pepecion shows that the hedger did “buy high” and “sell 
low”: the quantity oe f(5,,T —t)oS;VJdt was bought at price S; + oS,Vdt at 
time t + dt, and sold at price S; at time t + 2dt, resulting in a total loss of 


(Ss (S;,.T -1)o8,.vat) (os:vat) = gigas 


ar Page (Su —tdt. (4.20) 


Going through the scenario ¢, = —1, one finds that the hedger did first 
“sell low” and then “buy high” resulting in the same loss (where again we 
neglect infinitesimals resulting in effects (with respect to the final result) of 
smaller order than dt). 
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Keeping in mind that this was achieved abet an interval of total length 
2dt (which corresponds to the passage from o? in (4.20) to ce in (4.19)) 
we have found a heuristic explanation for the Black-Scholes equation (4.19). 
We also note that the same argument applied to Bachelier’s model, yields a 
heuristic explanation of the heat equation (4.11). The general phenomenon 
behind this fact is that, in the case of convexity, the “wobbling” of Brownian 
motion, which is of order Vd in an interval of length dt, causes the hedger 


to have systematic losses, which are proportional to ae as well as to the 


increment d(S); of the quadratic variation process (S); = fe o?S?du of the 
stock price process S. 
5.) When deriving the Black-Scholes formula (4.16) we did not go through the 
(elementary but tedious) trouble of explicitly calculating (4.15). We shall now 
provide an explicit derivation of the formula which has the merit of yielding 
an interpretation of the two probabilities appearing in (4.16). It also allows 
for a better understanding of the formula (for example, for the remarkable 
fact, that the parameter ys has disappeared) and dispenses us of cumbersome 
calculation. 

As observed in (4.15), the contingent claim f(w) = (Sr(w) — Ke7""), 
(expressed in terms of the numéraire B;) splits into 


(Sr ae ie ee ie = STX{Sp>Ke-"T} = Ke Vy g9>Ke-"T} 
= fi fe. 


We have to calculate Eq[fi] and E@[f2] under the risk-neutral measure Q 
defined in (4.14). This is easy for f2 and we do not have to use the explicit form 
of the density (4.14) provided by Girsanov’s theorem. It suffices to observe 


that Sp = Sp exp(oWr — eT) where W is a Brownian motion under Q. So 


N(0,1) under Q, 


whence 


eo" | (4.21) 


which yields the second term of the Black-Scholes formula. 
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Why was the calculation of E@[f2] so easy? Simply because the factor 
Ke-"™ appearing in f2 is a constant (expressed in terms of the present numé- 
raire, namely the bond); hence the calculation of the expectation was reduced 
to the calculation of the probability of an event, namely the probability that 
the option will be exercised, with respect to the probability measure Q. 


To proceed similarly with the calculation of E@[fi] we make a change of 


numéraire, now choosing the risky asset S' in the Black-Scholes model (4.12) 
as numeéraire. Under this numéraire the model reads 


By 1 gale Wet (rot) 


) 
| 


St S; 
5. =1 
St 


where W is a standard Brownian motion under P. The reader has certainly 
noticed the symmetry with (4.13). But what is the probability measure Q 


under which the process 3 = x becomes a martingale? Using Girsanov we 
t 


can explicitly calculate the density aq. but, in fact, we don’t really need this 
information. All we need is to observe that we may write 


1 


ra o2 

5, See 
where W is a standard Brownian motion under Q (the reader worried by the 
minus sign in front of cW, may note that —W is also a standard Brownian 
motion under Q). We now apply the change of numéraire theorem (in the 
form of Theorem 2.5.4) to calculate Eg[fi]. In fact, we have only proved this 
theorem for the case of finite 2, but we rely on the reader’s faith that it also 
applies to the present case (for a thorough investigation for the validity of 
this theorem for general locally bounded semi-martingale models we refer to 
Chap. 11 below). Applying this theorem we obtain 


Ealfil = Eg [Srx{sp>e-r7 K}] 


Noting that an is N(0,1)-distributed under Q, this expression is completely 
analogous to the one appearing in (4.21), with the exception of the plus in 
front of the term eT. Hence we get 
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In ($2) + (r+ =) - 


Eal fi] = So® aE : 


which is the first term appearing in the Black-Scholes formula. We now may 
4 In(52)+(rt 5) 7 
interpret & = a 
ercised, with respect to the probability measure Q, under which = is a mar- 


tingale. 


) as the probability, that the option will be ex- 


5 
The Kreps- Yan Theorem 


Let us turn back to the no-arbitrage theory developed in Chap. 2 to raise again 
the question: what can we deduce from applying the no-arbitrage principle 
with respect to pricing and hedging of derivative securities? 

While we obtained satisfactory and mathematically rigorous answers to 
these questions in the case of a finite underlying probability space Q in 
Chap. 2, we saw in Chap. 4, that the basic examples for this theory, the 
Bachelier and the Black-Scholes model, do not fit into this easy setting, as 
they involve Brownian motion. 

In Chap. 4 we overcame this difficulty either by using well-known results 
from stochastic analysis (e.g., the martingale representation Theorem 4.2.1 
for the Brownian filtration), or by appealing to the faith of the reader, that 
the results obtained in the finite case also carry over — mutatis mutandis — 
to more general situations, as we did when applying the change of numéraire 
theorem to the calculation of the Black-Scholes model. 


5.1 A General Framework 


We now want to develop a “théorie générale of no-arbitrage” applying to a 
general framework of stochastic processes. Forced by the relatively poor fit 
of the Black-Scholes model (as well as Bachelier’s model) to empirical data 
(especially with respect to extreme behaviour, i.e., large changes in prices), 
Mathematical Finance developed towards more general models. In some cases 
these models still have continuous paths, but processes (in continuous time) 
with jumps are increasingly gaining importance. 

We adopt the following general framework (for more details on the tech- 
nicalities of stochastic integration we refer to Chap. 7): let S = (S;)i>0 be an 
R¢+1_valued stochastic process based on and adapted to the filtered proba- 
bility space (Q, F,(F)t>0,P). Again we assume that the zero coordinate $°, 
called the bond, is normalised to $? = 1. 
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We first will make a technical assumption, namely that the process S' is 
locally bounded, i.e., that there exists a sequence (T,)°2, of stopping times, 
increasing a.s. to +00, such that the stopped processes Sj" = Siz, are uni- 
formly bounded, for each n € N (We refer to Sect. 7.2 below for unexplained 
notation). Note that continuous processes — or, more generally, cadlag pro- 
cesses with uniformly bounded jumps — are locally bounded. This assumption 
will be very convenient for technical reasons. At the end of Chap. 8 we shall 
indicate, how to extend this to the general case of processes, which are not 
necessarily locally bounded. 

We have chosen T = [0,00[ for the time index set in order to assume full 
generality; of course this also covers the case of a compact interval T = [0,7], 
which is relevant in most applications, when assuming that S; is constant, for 
t > T. The use of T = [0, o0[ as time index set also covers the case of discrete 
time (either in its finite version T = {0,1,...,7'}, or in its infinite version 
T = N). Indeed, it suffices to restrict to processes S which are constant on 
[rn — 1,n[, for each natural number n and only jump at times n € T. 

We shall always assume that the filtration (F;)?2, satisfies the usual condi- 
tions i.e. it is right continuous and Fo contains all null sets of F,.. Furthermore 
the process S has a.s. cadlag trajectories. 

How to define the trading strategies H, which played a crucial role in the 
preceding sections? A very elementary approach, corresponding to the role of 
step functions in integration theory, is formalised by the subsequent concept. 

The reader will notice that the definitions in this chapter are variants of 
a more general situation to be handled in Chap. 7 and later. 


Definition 5.1.1. (compare, e.g., [P 90]) For a locally bounded stochastic pro- 
cess S we call an R¢-valued process H = (H;)%» a simple trading strategy 
(or, speaking more mathematically, a simple integrand), if H is of the form 


H= y hiX]ri—1,7e]> 


i=l 


where 0 = 7] <7 <... < Tm < © are finite stopping times and h; are 
F,,_,-measurable, R¢-valued functions. We then may define, similarly as in 


7 


Definition 2.1.4, the stochastic integral H.-S as the stochastic process 


(H . S); = (hi, Sr At ~~ Se 4nt) 


uM: 


Il 
un 


iw 


Se (Shae- ue ina 0<t<oo, 


i=1 j=l 


and its terminal value as the random variable 


ae —,,,). 


i=l 
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Throughout this chapter we call H admissible if, in addition, the stopped 
process S™ and the functions hi,...,hn are uniformly bounded. 


This definition is a well-known building block for developing a stochastic 
integration theory (see, e.g., [P 90]). It has a clear economic interpretation in 
the present context: at time 7;_1 an investor decides to adjust her portfolio in 
the assets $1,...,57,...,S¢ by fixing her investment in asset SJ to be h?(w) 
units; we allow h! to have arbitrary sign (holding a negative quantity means 
borrowing or “going short”), and to depend on the random element w in an 
F,,_,-measurable way, i.e., using the information available at time 7;_1. The 
funds for adjusting the portfolio in this way are simply financed by taking the 
appropriate amount from (or putting into) the “cash box”, modelled by the 
numéraire S° = 1 (compare Sect. 2.1). The investor holds this portfolio fixed 
up to time 7;. During this period the value of the risky stocks $7, 7 =1,...,d, 
changed from S!,_,(w) to SZ, (w) resulting in a total gain (or loss) given by the 
random variable (h;,S;, —S;,_,). At time 7;, for i < n, the investor readjusts 
the portfolio and at time 7, she liquidates the portfolio, i.e., converts all her 
positions into the numéraire. Hence the random variable (H-S'),,, = (H-S)a 
models the total gain (in units of the numéraire So) which she finally, i-e., at 
time 7,, obtained by adhering to the strategy H; the process (H - S'), models 
the gains accumulated up to time t. 

The concept of a simple trading strategy is designed in a purely algebraic 
way, avoiding limiting procedures in order to be on safe grounds. 


The next crucial ingredient in developing the theory is the proper gener- 
alisation of the notion of an equivalent martingale measure. 


Definition 5.1.2. A probability measure Q on F which is equivalent (resp. 
absolutely continuous with respect) to P is called an equivalent (resp. abso- 
lutely continuous) local martingale measure, if S is a local martingale under 
Q. 

We denote by M°(S) (resp. M%(S)) the family of all such measures, and 
say that S satisfies the condition of the existence of an equivalent local mar- 
tingale measure (EMM) if M¢(S) #0. 


Note that, by our assumption of local boundedness of S', we have that S$ 
is a local Q-martingale iff S7 is a Q-martingale for each stopping time 7 such 
that $7 is uniformly bounded (compare Chap. 7). 

Why did we use the notion of a local martingale instead of the more famil- 
iar notion of a martingale? This is simply the natural degree of generality. The 
subsequent straightforward lemma (whose proof is an obvious consequence of 
the chosen concepts and left to the reader) shows that this notion does the 
job just as well as the notion of a martingale for the present purpose of no- 
arbitrage theory. Last but not least, the restriction to the notion of martingale 
measures would lead to a different version of the general version of the funda- 
mental theorem of asset pricing (Theorem 2.2.7 above), as may be seen from 
easy examples (see [DS 94a], compare also [Y 05]). 
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Lemma 5.1.3. Let Q be a probability measure on F which is absolutely con- 
tinuous w.r. to P. A locally bounded stochastic process S is a local martingale 
under a probability measure Q iff 


EQ [(H- 5)ac] = 0, (5.1) 
for each admissible simple trading strategy H. 


Proof. Let (T))°21 be a sequence of finitely valued stopping times increasing 
P-a.s. to infinity such that each S™ is bounded. 

Supposing that (5.1) holds true for each simple admissible integrand we 
have to show that each S™ is a Q-martingale. In other words, for each n > 1 
and each pair of stopping times 0 < a, < a2 < T, we have to show that 


EQ[So, | Fai = Soy: 


This is tantamount to the requirement that for each R@-valued F,,- 
measurable, bounded function h we have 


Ea|(h, So» _ So, )} = 0, 


which holds true by assumption (5.1). Hence S is a local Q-martingale. 

The proof of the converse implication, i.e., that the local Q-martingale 
property of S implies (5.1) for each admissible integrand is straightforward 
(compare Lemma 2.2.6). 


For later use we note that the “=” in (5.1) may equivalently be replaced 
by “<” (or “>”), as H is an admissible simple trading strategy iff —H is so. 

We define the subspace K*'™P!* of L°(Q, F, P) of contingent claims, avail- 
able at price zero via an admissible simple trading strategy, by 


Ksimple — {(H . §),, | H simple, admissible} 


and by C%™P!€ the convex cone in L®(Q, F, P) of contingent claims dominated 
by some f €¢ kK 


Csimple = Kesimple Le — AF k | 7 Keotmple. f € bs k > oO} . 


Definition 5.1.4. 9 satisfies the no-arbitrage condition (NA*™P!*) with re- 
spect to simple integrands, if Ksimple 4 [° (0, F,P) = {0} (or, equivalently, 
CPR Le OF Py =O}: 


As the following lemma shows there is no difference between an arbitrage 
opportunity for simple admissible strategies and arbitrage opportunities for 
admissible “buy and hold” strategies. 


Lemma 5.1.5. Let the process H be a simple admissible strategy defined as 
ye ey hiX]r—1,riy and yielding an arbitrage opportunity. In other words 
we have (H-S)x. > 0 a.s. and P[(H- SS). > 0] > 0. Then there is a buy 
and hold strategy K = h1jo,,¢,) such that K is admissible and K yields an 
arbitrage opportunity. 
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Proof. The proof proceeds by induction on n and yields additionally that the 
stopping times a, and o2 can be chosen as 0, = 7-1 and og = 7;, for some 
i <n. For n = 1 the statement is obvious since H = Kk will do the job. 
So we only check the inductive step. If P [(H -S);,_, <0] > 0 then we put 
01 = Tn—1, 02 = Tn and h = An-1X{(H-8),,_, <0} The strategy kK = hX]Jo1,09] 
is an arbitrage opportunity since (H-S),, > 0a.s. and hence (K-S),, > 0on 
{(H-S),,_, < O}. If (A -S),,_, =0a.s. then K = hn_1X]7,_,,7,] Must give 
an arbitrage opportunity. The only remaining case is (H-S),,_, >0a.s. and 
P |(H-S)-,_, >0] > 0. It is here that we apply the inductive hypothesis. 


Remark 5.1.6. If there is an arbitrage strategy, can we reduce the strategy 
even further, e.g. can we take k of the form ax 4Xjo,,02] where A € F,, and 
a is a constant? The following example shows that, for d > 2, this is not the 
case. 

Let J and 7 be independent random variables which are uniformly dis- 
tributed on [0, 1[ and [0, $[ respectively. Define the R?-valued process (So, $1) 
by So = 0 and S; = e?7(°+), where we identify R? with C. The o-algebra 
Fo is generated by J and F; is generated by V? and 7. This market allows 
for arbitrage: indeed let h be the Fo-measurable R?-valued random variable 
h = e2"(9+7) (identifying R? with C once more) so that 


(h, S1- So) pz >0, a.s., 


where (-,-)g2 now is the usual inner product on R?. On the other hand, it is 
easy to verify that for each h of the form ay,4, where a € R? is a constant 
and A € Fo, P[A] > 0 we have 


Pl(h, Si - So) pz < 0] > 0. 


We want to prove a version of the fundamental theorem of asset pricing 
analogous to Theorem 2.2.7 above. However, things are now more delicate and 
the notion of (NA%™P!©) defined above is not sufficiently strong to imply the 
existence of an equivalent local martingale measure: 


Proposition 5.1.7. The condition (EMM) of existence of an equivalent lo- 
cal martingale measure implies the condition (NA*™P!*) of no-arbitrage with 
respect to simple integrands, but not vice versa. 


Proof. (EMM) = (NA‘™P!©): this is an immediate consequence of Lemma 
5.1.3, noting that for Q ~ P and a non-negative function f > 0, which does 
not vanish almost surely, we have Eg[f] > 0. 

(NAsimple ) 4 (EMM): we give an easy counter-example which is just an 
infinite random walk. 

Let t, = 1— —/ and define the R-valued process S$ to start at So = 1, 


n+1 
and to be constant except for jumps at the points t,, which are defined as 


ASi,, = 3°" en, nmr > 1 
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such that (€,)°2, are independent random variables taking the values +1 or 


—1 with probabilities 


_ 1+ an 
ED 


1— n 
’ Ple, = —l]= au 


Ple, = 1] 5 


where (a,)°2, is a sequence in ] — 1,+1[ to be specified below. 

Clearly this defines a bounded process S,, for which there is a unique mea- 
sure Q on (Q,F) = ({-1, 1}5, B ({-1,1}%)), under which S' is a martingale 
in its own filtration (F;)?2; this measure is given by 


1 
2’ 


Qlen = 1] = Qlen = -1) 


and (€,,)°2, are independent under Q. 

By a result of Kakutani (see, e.g. [W91]) we know that Q is either 
equivalent to P, or P and Q are mutually singular, depending on whether 
ye, a2 < cw or not. 

Taking, for example, a, = 4, for all n € N, we have constructed a process 
S on (Q,F,P), for which there is no equivalent (local) martingale measure 
Q. On the other hand, it is an easy and instructive exercise to show that, 
for simple trading strategies, there are no arbitrage opportunities for the pro- 
cess S. 

By Lemma 5.1.5 we only need to check for strategies of the form H = 
h1jo,,c2]: Such a strategy gives the outcome h(S,, — So,) and h is Fo,- 
measurable. Suppose that (H-S'),, > 0. Of course we may replace h by sign(h). 
The choice of 3~” also yields that on the set {or =1- 1} ‘a {a2 >1- =} the 
sign of S,, — Sz, is the same as the sign of ¢,. We get that sign (h( Sc. —So,)) 
is on that same set equal to the sign of he,. The independence of ¢, from 
F,_1 then gives that h =0 on {or =1- i\ a {o2 >1- aa}: Combining 
all these facts gives that h(S,, —S,,) =0as.. 


The example in the above proof shows, why the no-arbitrage condition 
(NAs™PIe ) defined in 5.1.4 is too weak: it is intuitively rather obvious that by 
a sequence of properly scaled bets on a (sufficiently, i.e., 0°, a2, = co) biased 
coin one can “produce something like an arbitrage”, while a finite number of 
bets (as formalised by Definition 5.1.1) does not suffice to do so. 

But here we are starting to move on thin ice, and it will be the crucial 
issue to find a mathematically precise framework, in which the above intuitive 


insight can be properly formalised. 


5.2 No Free Lunch 


A decisive step in this direction was done in the work of D. Kreps [K 81], 
who realised that the purely algebraic notion of no-arbitrage with respect to 
simple integrands has to be complemented with a topological notion: 


5.2 No Free Lunch 77 


Definition 5.2.1. (compare [K 81]) S satisfies the condition of no free lunch 
(NFL) if the closure C of C*™!*, taken with respect to the weak-star topology 
of L*(Q,F,P), satisfies 


COLES (OF PP) = 40h 


This strengthening of the condition of no-arbitrage is tailor-made so that 
the subsequent version of the fundamental theorem of asset pricing holds. 


Theorem 5.2.2 (Kreps-Yan). A locally bounded stochastic process S satis- 
fies the condition of no free lunch (NFL), iff condition (EMM) of the existence 
of an equivalent local martingale measure is satisfied: 


(NFL) <> (EMM). 


Proof. (EMM) = (NFL): This is still the easy part. By Lemma 5.1.3 we have 
Ea[f] < 0, for each Q € M°(S) and f € C%™Ple, and this inequality also 
extends to the weak-star-closure C as f +> Ea|[/] is a weak-star continuous 
functional. On the other hand, if (EMM) were true and (NFL) were violated, 
there would exist a Q € M°(S) and f € C, f > 0 not vanishing almost surely, 
whence Eg[f] > 0, which yields a contradiction. 

(NFL) > (EMM): We follow the strategy of the proof for the case of finite 
Q, but have to refine the argument: 

Step 1 (Hahn-Banach argument): We claim that, for fixed f € LS, f #0, 
there is g € dit which, viewed as a linear functional on L®™, is less than or 
equal to zero on C, and such that (f,g) > 0. To see this, apply the separation 
theorem (e.g., [Sch 99, Theorem II, 9.2]) to the o*-closed convex set C and the 
compact set {f} to find g € Lt and a < f such that gla < a and (f,g) > f. 
Since 0 € C we have a > 0. As Cis a cone, we have that g is zero or negative 
on C and, in particular, non-negative on LS, ie. g € Li. Noting that @ > 0 
we have proved step 1. 

Step 2 (Exhaustion argument): Denote by G the set of all g € LL, g <0 
on C. Since 0 € G (or by step 1), G is non-empty. 

Let S be the family of (equivalence classes of) subsets of 2 formed by the 
supports {g > 0} of the elements g € G. Note that S is closed under countable 
unions, as for a sequence (gn)°, € G, we may find strictly positive scalars 
(Qn)°1, such that pa Qngn © G. Hence there is go € G such that, for 


n=1? 


{go > 0}, we have 


Pl{go > O}] = sup{Plig > Of] 19 € Gt. 


We now claim that P[{go > 0}] = 1, which readily shows that go is strictly 
positive almost surely. Indeed, if P[{go > 0}] < 1, then we could apply step 1 
to f = X{go=0} to find g: € G with 


Elfal = (hn) = | gu(w)dP(w) > 0 


{go=0} 
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Hence, go +g would be an element of G whose support has P-measure strictly 
bigger than P[{go > 0}], a contradiction. 

Normalise go so that ||gol||1 = 1 and let Q be the measure on F with 
Radon-Nikodym derivative ae = go. We conclude from Lemma 5.1.3 that Q 
is a local martingale measure for S, so that M°(S) £0. 


Some comments on the Kreps-Yan theorem seem in order: this theorem was 
obtained by D. Kreps [K 81] in a more abstract setting and under a — rather 
mild — additional separability assumption; the reason for the need of this 
assumption was that D. Kreps did not use the above exhaustion argument, but 
rather some sequential procedure relying on the separability of L'(Q,F,P). 
Independently and at about the same time, Ji-An Yan [Y 80] proved in a 
different context, namely the characterisation of semi-martingales as good 
integrators (which is the theme of the Bichteler-Dellacherie theorem), and 
without a direct relation to finance, a general theorem which is similar in 
spirit to Theorem 5.2.2. Ch. Stricker [Str 90] observed that Yan’s theorem 
may be applied to quickly prove the theorem of Kreps without any separability 
assumption. We therefore took the liberty to give Theorem 5.2.2 the name of 
these two authors. 

The message of the theorem is, that the assertion of the “fundamental 
theorem of asset pricing” 2.2.7 is valid for general processes, if one is willing to 
interpret the notion of “no-arbitrage” in a somewhat liberal way, crystallised 
in the notion of “no free lunch” above. 

What is the economic interpretation of a “free lunch”? By definition S 
violates the assumption (NFL) if there is a function go € L3S°(Q,F,P), go 4 0, 
and nets (ga)aer, (fa)aer in LD? (OQ, F,P), such that fo = (H®-S)oo for some 
admissible, simple integrand H®, ga < fa, and limgerga = go, the limit 
converging with respect to the weak-star topology of L~(0, F, P). Speaking 
economically: an arbitrage opportunity would be the existence of a trading 
strategy H such that (H-S). > 0, almost surely, and P[(H-S). > 0] > 0. Of 
course, this is the dream of each arbitrageur, but we have seen, that — for the 
purpose of the fundamental theorem to hold true — this is asking for too much 
(at least, if we only allow for simple admissible trading strategies). Instead, a 
free lunch is the existence of a contingent claim go > 0, go 4 0, which may, in 
general, not be written as (or dominated by) a stochastic integral (H - S)oo 
with respect to a simple admissible integrand H; but there are contingent 
claims gq “close to go”, which can be obtained via the trading strategy H%, 
and subsequently “throwing away” the amount of money fa — ga- 

This triggers the question whether we can do somewhat better than the 
above — admittedly complicated — procedure. Can we find a requirement 
sharpening the notion of “no free lunch”, i.e., being closer to the original 
notion of “no-arbitrage” and such that a — properly formulated — version of 
the “fundamental theorem” still holds true? 


Here are some questions related to our attempt to make the process of 
taking the weak-star-closure more understandable: 
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(i) Is it possible, in general, to replace the net (ga)aer above by a sequence 
(9n)n=o? 

(ii) Can we choose the net (ga)aer (or, hopefully, the sequence (gn)?~) 
such that (ga)aer remains bounded in L*(P) (or at least such that the 
negative parts ((ga)—)aer remain bounded)? 

Note that this latter issue is crucial from an economic point of view, as 
it pertains to the question whether the approximation of f by (ga)aer 
can be done respecting a finite credit line. 

(iii) Is it really necessary to allow for the “throwing away of money”, i.e., to 
pass from Kem!’ go Cumple? 


It turns out that questions (i) and (ii) are intimately related and, in gen- 
eral, the answer to these questions is no. In fact, the study of the pathologies 
of the operation of taking the weak-star-closure is an old theme of functional 
analysis. On the very last pages of S. Banach’s original book ({B 32]) the fol- 
lowing example is given: there is a separable Banach space X such that, for 
every given fixed number n > 1 (say n = 147), there is a convex cone C' in 
the dual space X*, such that C¢ CM ¢ C@ ¢...¢ CM =CPt =C, 
where C(*) denotes the sequential weak-star-closure of C(*—-), ive., the limits 
of weak-star convergent sequences (x;)%2o, with x; € C-), and C denotes 
the weak-star-closure of C’. In other words, by taking the limits of weak-star 
convergent sequences in C we do not obtain the weak-star-closure of C' imme- 
diately, but we have to repeat this operation precisely n times, when finally 
this process stabilises to arrive at the weak-star-closure C. 

In Banach’s book this construction is done for X = cg and X* = ¢! while 
our present context is X = L'(P) and X* = L®(P). Adapting the ideas 
from Banach’s book, it is possible to construct a semi-martingale S such that 
the corresponding convex cone C*'™P!* has the following property: taking the 
weak-star sequential closure (C*™P!°)(), the resulting set intersects L%(P) 
only in {0}; but doing the operation twice, we obtain the weak-star-closure 
C?) = C and C intersects L°°(P) in a non-trivial way (see Example 9.7.8 
below). Hence we cannot — in general — reduce to sequences (g,,)°2, in the 
definition of (NFL). The construction of this example uses a process with 
jumps; for continuous processes the situation is, in fact, nicer, and in this 
case it is possible to give positive answers to questions (i) and (ii) above (see 
[Str 90], [D 92], and Chap. 9 below). 


Regarding question (iii), the dividing line again is the continuity of the 
process S' (see [Str 90] and [D 92] for positive results for continuous processes, 
and [S$ 94] and [S 04a] for counter-examples). 


Summing up the above discussion: the theorem of Kreps and Yan is a 
beautiful and mathematically precise extension of the fundamental theorem of 
asset pricing 2.2.7 to a general framework of stochastic processes in continuous 
time. However, in general, the concept of passing to the weak-star-closure does 
not allow for a clear-cut economic interpretation. It is therefore desirable to 
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prove versions of the theorem, where the closure with respect to the weak- 
star topology is replaced by the closure with respect to some finer topology 
(ideally the topology of uniform convergence, which allows for an obvious and 
convincing economic interpretation). 

To do so, let us contemplate once more, where the above encountered diffi- 
culties related to the weak-star topology originated from: they are essentially 
caused by our restriction to consider only simple, admissible trading strategies. 
These nice and simple objects can be defined without any limiting procedure, 
but we should not forget, that — except for the case of finite discrete time — 
they are only auxiliary gimmicks, playing the same role as step functions in in- 
tegration theory. The concrete examples of trading strategies (e.g., replicating 
a European call option) encountered in Chap. 4 for the case of the Bachelier 
and the Black-Scholes model led us already out of this class: of course, they 
are not simple trading strategies. This is similar to the situation in classi- 
cal integration theory, where the most basic examples, such as polynomials, 
trigonometric functions etc, of course fail to be step functions. 

Hence we have to pass to a suitable class of more general trading strategies 
then just the simple, admissible ones. Among other pleasant and important 
features, this will have the following effects on the corresponding sets C’ and 
K: these sets will turn out to be “closer to their closures” (ideally they will 
already be closed in the relevant topology, see Theorem 6.9.2 and 8.2.2 below), 
than the above considered sets C%™P'© and K*™P!*, The reason is that the 
passage from simple to more general integrands involves already a limiting 
procedure. 

We shall take up the theme of developing a no-arbitrage theory based on 
general (i.e., not necessarily simple) integrands in Chap. 8 below. But before 
doing so we shall investigate in Chap. 6 in more detail, the situation of a 
finite time index set T = {0,1,...,7}, where — as opposed to Chap. 2 — we 
drop the assumption that (Q, 7, P) is finite. This is the theme of the Dalang- 
Morton-Willinger theorem. In this setting the simple integrands are already 
the general concept. It turns out that the assumption of (NA) (without any 
strengthening of “no free lunch” type) implies already that the cone C*'™P!* is 
closed w.r.t. the relevant topologies which will allow us to directly apply the 
Kreps- Yan theorem. 


In order to prove the Dalang-Morton-Willinger theorem in full generality 
it will be convenient to state a slightly more general version of the Kreps- Yan 
theorem. While in Theorem 5.2.2 above we considered the duality between 
L® and L' only, we now state the theorem for the duality between L? and 
L4, for arbitrary 1 < p < oo and 4+ 4 = 1. We observe that this is still a 
more restricted degree of generality then the one considered by D. Kreps in 
his original paper [K 81], who worked with an abstract dual pair (E, E’) of 
vector lattices. 

We use the occasion to give a slightly different proof than in Theorem 
5.2.2 above, replacing the exhaustion argument by a somewhat more direct 
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reasoning. However, both arguments amount to the same, and the difference 
is only superficial. 

Fix 1 < p < w, and 1 < q < © such that ste, and let EF = 
L?(Q,F,P), ope UO. e denote by Fi, = {f © L? | f > 0as.} 
(resp. FE. = {f € L? | f < Oas.}) the cone of non-negative (resp. non- 
positive) random variables in L?. 


Theorem 5.2.3. With the above notation let C C E be a o(E, E’)-closed 
convex cone containing E_ and suppose that CN Ey = {0}. Then there is 
a probability measure Q on F, which is equivalent to P, satisfying a € E’, 
and so that, for all f € C, we have Eg|[f] < 0. 

Conversely, given a probability measure Q on F, equivalent to P and sat- 
isfying a € E’, the cone C={f € E | Eq[f] < 0} is o(E, E’)-closed and 
satisfies CN Ey = {0}. 


Proof. For 1 > 6 > 0, let Bs be the convex set in EF 
By={fekE|O<f <1, Elf] > 4}. 


Clearly Bs is o(£, E’)-compact and CN Bs = 0. The Hahn-Banach The- 
orem in its version as separating hyperplane (see, e.g., [Sch 99]) gives the 
existence of an element gs € E’ so that 


E in Elgshl. » 
ae lgsf] < min [gsh] (5.2) 


Because C is a cone this means that for all f € C we must have Eg; f] <0. 
This implies that the sup on the left hand side of (5.2) equals 0, so that the 
min on the right hand side must be strictly positive. Since C contains E_ 
we must have gs > 0 almost surely. Now gs cannot be identically zero since 
Te Bs and hence Elgs 1] > 0. We may normalise gs to have E[gs] = 1. 

For each n > 1 we consider 6, = 2~” and let Q, be the probability 
measure defined as we = go-n. For later use let us denote by a, the sari 
An = |\9go-- lle € (1, ei Also remark that for A € F with P[A] > 27”, 
must have Q,,[A] = E[l4go-»] > 0. 

The element Q is now defined as 


Q — ye Bn Qn, 
n=1 
where we choose the weights 3,, > 0 such that 7°, 8, = land a 1 Onn 


oo. For instance we could take 3, = 2— where c = >>, 2 
The probability measure Q satisfies 


(i) for all A, P[A] > 0 we have Q[A] = 77~, BnQn[A] > 0 


(ii) n € E’ since <3]. = adn oe! 
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(iii) For all f € C we have Eg[f] = >>, BnEg, [f] < 9. 


The final assertion is obvious. 


We now turn to the question how to characterise the o(L?, L7)-closedness 
of a cone C C L?(0,F,P) as considered in the preceding Theorem 5.2.3 and 
whether this is possible by only considering sequences rather than nets. In the 
case 1 < p< o this is quite obvious: by the Hahn-Banach theorem a convex 
set C C L? is o(L?, L%)-closed, where ar = 1, iff C is closed w.r. to the norm 
|| . ||p of L?. Hence in this case the closedness of C can be characterised by using 
sequences. The price to pay for this comfortable situation is that — reading 
Theorem 5.2.3 as an “if and only if” result — we only obtain a probability 
measure Q with the additional requirement “ € LY(Q,F,P), i.e., Q must 
have a finite g-th moment, for some 1 < q < oo. This additional requirement 
on Q is not natural in most applications to finance: for example passing from 
P to an equivalent probability measure P; (an operation, which we very 
often apply) the requirement “ € L4(P) does not imply cae € L9(P,), if 
1<q<o. Only for the case g = 1 this difficulty disappears, as for equivalent 
probability measures Q and P we always have || | Lp) = 1. This is why, in 
general, the case p = oo, gq = 1 is of prime importance and there is no “cheap” 
way to make the subtleties of the weak-star topology on L® disappear. 

There is, however, a notable exception to these considerations: we shall 
see in the next chapter that, for finite discrete time T = {0,..., 7}, we obtain 
a version of the Fundamental Theorem of Asset Pricing, due to R. Dalang, 
A. Morton, W. Willinger, where we get the additional requirement a € 
L®(P) for the desired equivalent martingale measure Q “for free”. In this 
case we therefore shall use Theorem 5.2.3 for the case p = 1 and q= o~. 


The case p = oo in the above Theorem 5.2.3 is more subtle (and more 
interesting). The subsequent result, which is essentially based on the Krein- 
Smulian theorem, goes back to A. Grothendieck [G54]. We only formulate it 
for the case of convex cones, but it can be extended to general convex sets in 
an obvious way. 


Proposition 5.2.4. Let C be a convex cone in L™®(Q,F,P). Denote by 
o(L&,L*) (resp. t(L%,L+)) the weak-star (resp. the Mackey) topology on 
L® and, for0 <p<o, by ||.||p the norm topology induced by (L”, ||. ||p) on 
L® (for0<p<1||.||p is only a quasi-norm). We denote by ball. the unit 
ball of L°(Q,F,P). 


The following assertions are equivalent 


(i) C is o(L®, L1)-closed. 

(i) C is r(L©, L")-closed. 

(ii) CN ball. is o(L®, L')-closed. 

(ii?) CN ball. is T(L®, L1)-closed. 

(iii) CM ball. is ||. ||p-closed, for every 0 < p<. 
(iii?) CN ball. is || . ||p-closed, for some 0 < p< ov. 
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(iv) CfMball.. is closed with respect to the topology of convergence in measure. 


Proof. (ii) = (i): This is the crucial implication. It is a direct consequence of 
Krein-Smulian theorem ([S 94, Theorem IV 6.4]). 

(i) => (ii) trivial. 

(i) = (i’) and (ii) © (ii’): this is the assertion of the Mackey-Arens theorem 
((S 94, Theorem IV 3.2]). 

(ii) > (iv): Let (fn)?1 be a Cauchy sequence in CM ball. with respect 
to convergence in measure. By passing to a subsequence we may assume that 
(fn)o21 converges a.s. to some fo € ball. We have to show that fo € C. 

This follows from Lebesgue’s theorem on dominated convergence, which 
implies that, for each g € L1(Q,F,P), we have limp. E[fng| = El fog]. 
Hence (f,)°2, converges to fo in the o(L®, L+)-topology so that by hypoth- 
esis (ii) we have that fo € C. 

(iv) (iii’) (iii) (ii’): trivial, noting that the Mackey topology 
7(L®, L*) is finer than the topology induced by ||. ||p, for any 0 < p < oo. 
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The Dalang-Morton-Willinger Theorem 


6.1 Statement of the Theorem 


In Chap. 2 we only dealt with finite probability spaces. This was mainly done 
because of technical difficulties. As soon as the probability space (Q, Fr, P) 
is no longer finite, the corresponding function spaces such as L'(Q, Fr, P) or 
L©(Q, Fr, P) are infinite dimensional and we have to fall back on functional 
analysis. In this chapter we will present a proof of the Fundamental Theorem 
of Asset Pricing, Theorem 2.2.7, in the case of general (Q., Fr, P), but still in 
finite discrete time. Since discounting does not present any difficulty, we will 
suppose that the d-dimensional price process S' has already been discounted as 
in Sect. 2.1. Also the notion of the class H of trading strategies does not present 
any difficulties and we may adopt Definition 2.1.4 verbatim also for general 
(Q, Fr, P) as long as we are working in finite discrete time. In this setting 
we can state the following beautiful version of the Fundamental Theorem of 
Asset Pricing, due to Dalang, Morton and Willinger [DMW 90]. 


Theorem 6.1.1. Let (Q,Fr,P) be a probability space and let (S;)F_, be an 
R¢-valued stochastic process adapted to the discrete time filtration Casares 
Suppose further that the no-arbitrage (NA) condition holds: 


KN LS(Q,Fr,P) = {0}, (6.1) 


nen 


Then there exists an equivalent probability measure Q, Q ~ P so that 
G) Spel (Fa, P), f=0.573 


(ii) (S,)2.9 is a Q-martingale, i.e., E[S;|F:-1] = St_-1, fort =1,... 
(iii) “ is bounded, i.e. “a € L*@(Q,Fr,P). 


where 


T 
K= SH, AS:) 


t=1 
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The proof of the theorem is not a trivial extension of the case of finite Q 
(we remark, however, that, in the case d = 1, the verification of the theorem 
is indeed almost a triviality). Besides the original proof (see [DMW 90]) based 
on a measurable selection theorem, many authors have tried to give other and 
perhaps easier proofs. Below we repeat some of these proofs. 

We first prove the theorem for T = 1. This seemingly easy case contains 
already the essential difficulties of the proof. We shall develop some abstract 
notions, which will be convenient for the proof, but which shall also turn out 
to be of independent interest: the concept of the predictable range of a process 
and the concept of a random subsequence (f;,)%2, of a sequence (fn), of 
random variables. We also give a different proof, due to C. Rogers [R94], 
based on the idea of utility maximisation. 

To pass from the case T = 1 to the general case T > 1 we shall again 
offer two alternative proofs. The first will follow the original argument of 
[DMW 90] by considering, for each t = 1,..., 7, the one-step process (S;_1, S;) 
to which the previous result applies. The equivalent martingale measure Q 
for (So,..., Sr) is then obtained by concatenating the densities of the corre- 
sponding one step measures, i.e., by multiplicatively composing them (com- 
pare Sect. 2.3 above). The second proof will proceed by directly generalising 
the arguments for the case T = 1 to the general case. 

We elaborate on these proofs because each of them gives different — and 
important — insights into the problem: the argument relying on concatenation 
in particular makes clear that the process (So,..., S77) is free of arbitrage iff 
each of the one step processes (S;~1, S:) is so (see also Theorem 2.3.2 and 
Lemma 5.1.5 above); the direct argument shows the closedness of the cone C 
of super-replicable claims in L°(Q,Fr,P), a result which will play a central 
role in the further development of the theory. 

The proofs we present below are a mixture of the proofs in [S 92], [D 92], 
[R94], [St 97] and [KS 01). 


The proof of the Dalang-Morton-Willinger Theorem for the one-period 
case S' = ($9, $1) uses several ingredients that will be explained in the follow- 
ing sections. The first problem we have to solve is the problem of redundancy. 
The d given assets may have redundancy in the sense that some of them are lin- 
ear combinations of others. This linear dependence, given the information Fo, 
may, however, depend on w € 2. We have to find a way to describe this math- 
ematically. We will do this in Sect. 6.2 where we will introduce the notion of 
“the predictable range”. It is a coordinate-free approach to describe in an Fo- 
measurable way, the conditional linear (in-)dependence between Si,..., 9%. 
The second ingredient we need is the selection principle. 


6.2 The Predictable Range 


Let us fix two o-algebras Fo C Fi on 2 and a probability measure P on Fy. 
For an F\-measurable mapping X : Q — R? we will try to find the smallest 
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Fo-measurably parameterised subspace of R? where X takes its values. This 
idea was used in [S 92]. The problem is twofold. First we want to describe, in 
an easy way, how subspaces depend on w € 2 in a measurable way. Second 
we have to find in some sense the smallest subspace where X takes its values. 

The first problem can be solved in the following way. With each subspace 
of R¢ we associate the orthogonal projection onto it and then we simply have 
to ask that the matrices describing these projections (with respect to a fixed 
orthonormal basis of R?) depend on w in an Fo-measurable way. There is a 
more elegant way of describing subspaces using Grassmannian manifolds but 
this would bring us too far from our goal. 


We start with a measure theoretic result. 


Lemma 6.2.1. Let (Q,F,P) be a probability space and E Cc L°(Q, F, P; R®) 
a subspace closed with respect to convergence in probability. We suppose that 
E satisfies the following stability property. If f,g € E and A © F, then 
flatglac € E. 

Under these assumptions there exists an F-measurable mapping Po tak- 
ing values in the orthogonal projections in R*, so that f € E if and only if 
Pof =f. 

Given any F-measurable projection-valued mapping P so that Pf = f for 
all f € E, we have that Po = PoP = PPo, meaning that the range of Po is a 
subspace of the range of P. 


The proof is rather a formality but requires a lot of technical verifications. 
We start with a sublemma. 


Sublemma 6.2.2. Under the assumptions of Lemma 6.2.1 we have, for f € E 
and a real-valued F-measurable function h, that hf € E. 


Proof. We first prove the statement for elementary functions h. So let h = 
ae apl1a, where aj,...,@, are real numbers and Aj,...,A, form an F- 
measurable partition of Q. Since the stability assumption on FE implies that 
fla, € E for each k, we obviously have that hf € FE as well. 

The general case follows by approximation. If h is real-valued and F- 
measurable we take a sequence (h,)°, of elementary F-measurable random 
variables so that h, — h in probability. Clearly the closedness of E’ together 
with h, f € E for each n, implies hf € E. 


Proof of Lemma 6.2.1. The construction of the projection-valued mapping 
Py will be done through the construction of appropriate orthogonal random 
vectors having maximal support. The construction is done recursively and we 
first take EF, = E. We then look at the family of F-measurable sets 


{{f AO} | fe Fi}. 


Since F is closed this system of sets is stable for countable unions and hence 
there is an element A, with maximal probability P[A,] and with correspond- 
ing function f € £1, meaning {f 4 0} = Aj. By the sublemma the function 
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yi = Fl A, is still in Ey and it has maximal support among all elements of 
E\. 
We now look at the subspace E2 of Ey 


Ey = {f € Ey | (f,¥1) =0 a.s.}. 


Clearly EF is closed and satisfies the same stability property as E,. We can 
therefore find ya € E2, such that |y2| = 1 or 0 and such that yo has maxi- 
mal support among all elements of £2. Continuing this way we find random 
variables 1, Y2,...,¢a so that (yi,~;) = 0,7 # Jj, |pi| = lor 0 and y; 
has maximal support among all elements of E;. We claim that the procedure 
necessarily stops after at most d steps. So we have to show that, for g © E 
and (g,y;) = 0 for all i = 1,...,d, we have g = 0. Obviously we have by 
the maximality of y, that {g 4 0} C {yi 4 0}. Also one verifies inductively 
g € E; and by the maximality of y; we have {g 4 0} Cc {y; 4 0}. This implies 
that almost surely we have that g(w) # 0 implies that yi(w),...,~a(w) are 
all different from zero. But then yi (w),...,a(w) form an orthogonal basis of 
R? and g(w) cannot be orthogonal to v1 (w),..., ga(w). 
We now claim that 


d 
B= S- AkYPk 
k=1 


Indeed, denoting by F the right hand side of (6.2) we obviously have F Cc E 
by the sublemma. Conversely if f € E we compare f with ad Pk) Yk- 
Since g = f — ames pr) Yr Satisfies g € E and (g,y;) = 0 for all i < d, we 
must have that g = 0. We now define Pox = (2, yi)yi. This is clearly 
a projection map. Obviously f € EF implies Po f = f and conversely we have 
that Pof = f implies f = S>(f,~.:)y; which means that f € E. 

It remains to check the last statement. So let P be a projection-valued 
mapping so that Pf = f for all f €¢ EB. Then Py; = y; for all 7 and hence 
PP, =P, =P Ps 


@1,...,@q are Fasc] . (6.2) 


Remark 6.2.3. The reader might wonder why we gave so many details on these 
rather obvious facts from linear algebra. The reason is that we had to check 
the measurability. One way of doing this is to give explicit constructions. 


Let us now return to the problem described in the beginning of this section. 
If X :Q— R¢ is F,-measurable let us look at the space 


EX ={H|H:0Q—R*%, Fo-measurable and (H, X)pa =Oas.}. (6.3) 


Clearly E* satisfies the assumption of lemma 6.2.1 and hence E* can be 
described by a projection-valued mapping P’. The projection-valued mapping 
P =Id— P’ defines the “orthogonal complement” of E*. Let us define: 
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= {f:Q5 R? | f is Fo-measurable and Pf = f} (6.4) 


By construction we have for g € E* and f € H* that (f,g)pa = 0 almost 
surely. Therefore we could say that f is “orthogonal” to E* a.s.. The space 
P(R®) is a subspace of R¢@ which is dependent on w € 2 in an Fo-measurable 
way. In some sense (see below for a precise statement) P(R%) is the best 
Fo-measurable prediction of the space spanned by X. 

More precisely: 


Lemma 6.2.4. Let X € L°(Q,F,,P;R%) and let H* be defined as above. If 
h € L°(Q, Fi, P;R) is Fo-measurable and hX € L1(Q,F1,P;R“) then E[hX | 
Fo| EH*. 


Proof. For a € EX we have 
(a,AX)pa = h(a,X)pa =0, as... 


Therefore we have for bounded a € E* that E[(a,hX)pa | Fo] = (a, E[hX 
Fo])ga = 0 almost surely. In other words E[hX | Fo] € H*. 


We shall apply the above results to the situation where X = AS) = S,—So 
for a one-step financial market (S;) adapted to the filtration (F;)/_9. For 
H € L°(Q, Fo, P; RR“) the random variable (H, X)ga then equals the stochas- 
tic integral (H - S$). In general the integration map I : L°(Q, Fo, P; R¢) — 
L°(Q,F1,P) mapping H to (H - S$), is not injective; this was precisely the 
theme of the above considerations. We have to restrict the integration map I 
to the space H* in order to make it injective. This is done in the subsequent 
Definition 6.2.5 and in Lemma 6.2.6. 


Definition 6.2.5. We say that H € L°(Q, Fo, P; R®) is in canonical form for 
(So,.51) if H © H* where H* is defined in (6.8) and (6.4) with X = S,—Sp. 


Lemma 6.2.6. The kernel of the mapping I : L°(Q, Fo, P, R¢) = L°(Q, Fi, P) 
equals E*. The restriction of I to H* is injective, linear and has full range. 


Proof. Let H and H’ be in L°(Q, Fo, P;R¢) such that I(H) = I(H’). Then 


(H — H’,X) = 0 as. and hence (H — H’) € E*. Since H — H’ € H* we 
necessarily have H — H’ © H* m EX = {0}. 


6.3 The Selection Principle 


In this section we consider a probability space (0,7, P) and a compact met- 
ric space (K,d). In the applications below (K,d) will typically be the one- 
point compactification R? U {oo} of R¢. The Bolzano-Weierstrass Theorem 
states that, for a sequence (x,)°°, in K, we may find a convergent subse- 
quence (%p,)%2.,. We want to generalise this theorem to a sequence (f;,)°21 
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in L°(Q, F,P;K), ie., a sequence of K-valued functions depending on w € Q 
in a measurable way. Here (K,d) is equipped with its Borel o-algebra. 

We would like to find a subsequence (nx)? so that (fn, (w))%2, converges 
for each w (or at least for almost each w). If 9 is finite, this is clearly possible. 
But considering a sequence (f,)°2, of independent Bernoulli variables i.e., 

Plfn = 1] = Plfn = —1] = 4, we see that in general this wish is asling 
for too much. For each subsequence (nx)? the sequence (fp, )72, still forms 
an independent sequence of Bernoulli eatiables and therefore diverges almost 
surely. On the other hand, for each fixed w € 2, we may of course extract a 
subsequence (nz(w))?2, such that (fn,(w))P2, converges. The crux is, that 
the choice of the subsequence depends on w, as we just have seen. The idea of 
the subsequent notion of a measurably parameterised subsequence is that this 
subsequence (n;(w))?2, may be chosen to depend measurably on w € 2. This 
nice and simple idea was observed by H.-J. Engelbert and H. v. Weizsacker 
and was successfully applied by Y.M. Kabanov and Ch. Stricker ([KS 01]) in 
the present context. 


Definition 6.3.1. An N-valued, F-measurable function is called a random 
time. A strictly increasing sequence (Tr)? of random times is called a mea- 
surably parameterised subsequence or simply a measurable subsequence. 


Before stating the actual result we first mention the following lemma on 
random times. 


Lemma 6.3.2. Let (fn)o2 1 be a sequence of F-measurable functions fr: Q—> 
K. Lett: Q => {1,2,3,...} be an F-measurable random time, then g(w) = 
fr(w)(w) is F-measurable. 


Proof. Let B be a Borel set in K. Then 


CO 


= dr=n}n{fr eB) eF 


n=1 


Proposition 6.3.3. For a sequence (fn)2@1 € L°(Q,F,P;K) we may find a 
measurably parameterised subsequence (T,)¢2, such that (f;,)%2, converges 


for allw EQ. 


Proof. It suffices to check that the procedure of finding a convergent subse- 
quence in the proof of the Bolzano-Weierstrass Theorem may be done in a 
measurable way. 

For n > 1, let A?,..., Ay, be finite open coverings of K by sets of diam- 
eter less than n~/. For each fixed w € Q we define inductively a sequence 
(I*(w))%2, of infinite subsets of N. For k = 1 find the smallest number 
1 < ji < M such that (fn(w))%2, lies infinitely often in Aj,, and define 


Pw) ={n EN | fr(w) € Aj, }- 
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If the set I*~1(w) is defined, find the smallest 1 < j, < Nz such that 
(fn(W)) nere—1(w) lies infinitely often in A¥ , and define I*(w) = {n € I*~*(w) 
fn(w) € Af}. Defining 7 (w) to be the k’th element of I*(w) it is straightfor- 
ward to check that 7; is a well-defined N-valued measurable function. Clearly 
(fru (w)(W))R1 converges for each w € 2. 


Taking measurable subsequences of (f,)9@, in L°(Q,F,P;K) works just 
in the same way as taking subsequences of sequences (X7,)°2, in the compact 
space K. For example, consider the usual procedure of taking a subsequence 
of a subsequence: in the present framework this means that we are given two 
measurably parameterised subsequences (7; )72, and (0j)9°2,. Given (fn)pL1 
we may extract the subsequence g, = f;, and the subsequence hj = go; = 
Fre, Similarly, we may take diagonal subsequences etc., just as we are used 
to do in analysis. 

We often shall use the reasoning “by passing to a measurably parameterised 
subsequence we may assume that (fn)°, satisfies ...” which has, as usual, the 
interpretation: there exists a measurably parameterised subsequence (gx)? = 
(fr, Je which has the properties... 


For later use we give some more properties which one may impose on a 
suitably chosen measurably parameterised subsequence. We place ourselves 
into the setting of Proposition 6.3.3. 


Proposition 6.3.4. Under the assumptions of Proposition 6.3.8 we have in 
addition: 


(i) Let to € K and define 
B= {w | xo is an accumulation point of (fn(w))P 1}. 
Then the sequence (T,)?2, in Proposition 6.3.3 may be chosen such that 


jim fre(wy(w) = 20, for eachwe B. 


(ii) Let fo € L°(Q,F,P;K) and define 
C = {w| fo(w) ts not the limit of (fn(w))P4}, 


where the above means that either the limit does not exist or, if it exists, 
it is different from fo(w). Then the sequence (T,)P2, in Proposition 6.3.3 
may be chosen such that 


jim fru(wy(w) F fo(w), for eachweCc. 


Proof. For (i) it suffices to choose the coverings (Anya in the proof of Propo- 
sition 6.3.3 such that a € AY, for each n > 1. 


92 6 The Dalang-Morton-Willinger Theorem 
As regards (ii) define 


Aw) = lim sup d(fn(w), fo(w)) 


n—Co 


so that C = {A > 0}. Modify the construction of the proof of Proposition 
6.3.3 in a straightforward way by intersecting each of the subsets I*(w) of N 


with {n |d(fu(w), folw)) > 9}. 


6.4 The Closedness of the Cone C 


The map I: H — (H, AS) introduced in Sect. 6.2 above is a linear map from 
L°(Q, Fo, P; R®) to L°(Q, Fi, P; R*) which is continuous for the convergence in 
measure. We know from Lemma 6.2.6 that I becomes injective when restricted 
to H* where X = AS = $,—Sp. The relevant feature shown in the subsequent 
proposition is that its inverse, defined as a function from I(L°(Q, Fo, P; R®)) 
to the subspace H* of L°(Q, Fo, P;R“) defined in (6.4) above, is continuous 
too. If, in addition, the process S satisfies (NA), we may even formulate a 
stronger statement. 


Proposition 6.4.1. Let S = (So,S1) be adapted to (Q,(Fi)t-9,P) and let 
(H")°<, be a sequence in L°(Q, Fo, P; R®) in canonical form, i.e., H” © HAS. 
Then we have that 


(i) (H”)c2, is a.s. bounded iff ((H”, AS))°, is. 


n=1 
(”) (A), converges a.s. iff ((H",AS))°°, does. 
If we suppose in addition that S satisfies (NA) as defined in (6.1) we also 
have 


(ii) (H”)°2, is a.s. bounded iff ((H”", AS)_)°, is. 


n=1 


(ii?) (H”)°°_, converges a.s. to zero iff ((H”, AS)_)°°, does so. 


Proof. The “only if” direction is trivial in all the above assertions and holds 
true without the assumption (NA) and/or that H” is in canonical form. Let 
us now show the “if” direction. 

(i) and (ii): Suppose that (H”)°, fails to be a.s. bounded and let us show 
that ((H”, AS))°°_, (resp. ((H”, AS)_)°°_,) fails so too. We apply Proposition 
6.3.4 (i) to K = R47 U {oo} and xp = oo: there is a measurably parameterised 
subsequence (L*)?, = (H™)%, such that (L*(w)) diverges to co on a set B 
of positive measure. Note that each L* is an integrand in canonical form. 

Let L* = Ll engiee>1}/|L*| in order to find a sequence of integrands 
in canonical form such that |Z (w)| = 1, for w € B and & sufficiently large. 
By passing once more to a measurably parameterised subsequence we may 
suppose that (L*)%°, converges to an integrand L, which is in canonical form 
and satisfies [Z| =lonB. 
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As regards (i) note that the assumption of the a.s. boundedness of 
((H",AS))°~, implies that (L*, AS) tends to zero a.s.; indeed, on the set 


B the ratio Le tends to zero, while outside of B the integrand L® vanishes. 
Hence 


(Z,As) = Jim (Zt, As) =i as 
which by Lemma 6.2.6 implies that L= 0, the required contradiction. 
As regards (ii) note that 
(Z, AS) = lim (a AS) =0; ass 


aS k-00 


From the no-arbitrage assumption (NA) we now may conclude that (Z. AS ) = 


0 a.s., which again implies that L =0 and yields the desired contradiction. 
(i’?): Suppose now that (H”)°2, does not converge a.s., assume that 
((H”, AS))°°, does so and let us work towards a contradiction. By (i) above 
we may assume, that (H”)°, is a.s. bounded. Applying Proposition 6.3.3 
to K = R4U {oo}, we may find a measurably parameterised subsequence 
(H™)% | converging a.s. to some H°. Applying Proposition 6.3.4 (ii) to fo = 
H® we may find another measurably parameterised subsequence (H°*)° , 
converging a.s. to some H° €H for which we have P [#° x H?| > 0. Note 


that H® as well as H° are in canonical form. 

As (0° — Ff, AS) = limyoo(H”, AS) — limpsoo(H", AS) = 0, we ob- 
tain again a contradiction to Lemma 6.2.6. 

(ii’): Suppose now that S satisfies (NA), that (H”)°2, does not converge to 
zero a.s., while ((H”, AS)_)°°, does. Again we may use Proposition 6.3.4 (ii), 
this time applied to fp = 0, to find a measurably parameterised subsequence 
of (H")°°, converging a.s. to some H® with P[Hp # 0] > 0. We have 

(AAS). = lim (AAS). =O, -4,82 
From (NA) we conclude that (H°, AS) = 0 as. so that we get again a con- 
tradiction to Lemma 6.2.6. 


We can now formulate a theorem on the closedness of the space (resp. 
cone) of the stochastic integrals (resp. of functions dominated by stochastic 
integrals). Assertion (i) is due to Ch. Stricker [Str 90] and (ii) is due to the 
second named author [S 92]. 


Theorem 6.4.2. Let the R¢-valued one-step process S = (So, 91) be adapted 
to (Q, (Fs)i=o> P) 


(i) The vector space 
K = {(H, AS) | H € L°(Q, Fo,P;R®)} 
is closed in L°(Q, Fi,P). 
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(ii) If S satisfies (NA) then the cone 
C=K-—L‘Y(0,F71,P) 
is closed in L°(Q, Fi, P) too. 


Proof. (i): Let (fn) = (H", AS)°, be a sequence in K converging to fo € 
L°(Q, F1,P) with respect to convergence in measure. We may suppose that 
each H” is in canonical form. Moreover, by passing to a subsequence we 
may suppose that (f,)°., converges a.s. to fo. Proposition 6.4.1 implies that 
(H")°<, converges a.s. to some H® € L°(Q, F1,P;R“) so that fo = (H°, AS), 
whence fo € K. 

(ii): Let fr = gn — hn be a sequence in C' converging in probability to fo € 
L°(Q, F1,P), where g, = (H", AS), where H” is an integrand in canonical 
form and hy, € L9.(Q,71,P). We have to show that fo belongs to C. Again 
we may suppose that (f,)°°, converges a.s. to fo. AS gn > fn we deduce 
that ((H”, AS)_)°, is a.s. bounded, so that we may conclude from (NA) 
and Proposition 6.4.1 (ii) that (H”)°2, is a.s. bounded too. By passing to a 
measurably parameterised subsequence (7%)¢2, we may suppose that g,, = 
(H™, AS) converges a.s. to (H°, AS), for some H° € E. Note that (f,,)?24 
still converges a.s. to fo so that h,, = f;, — 97, converges a.s. to some ho > 0. 
Hence fo = (Ho AS) = ho ek — LS (Q, F1,P) =C. 


In assertion (ii) of the preceding theorem, the no-arbitrage assumption 
cannot be dropped. Indeed, consider the following simple example ([S 92]). 
Let Q = [0,1], Fo trivial, F, the Borel o-algebra and P Lebesgue measure. 
Let Sp = 0 and Si(w) = w, for w € [0,1], and 


nw for 0<w<n-t 
frlw) = 1 for n-i'<w<1. 


As fn < gn := nAS, we have f, € C, for each n. Clearly (f,)°2, converges 
a.s. to the constant function fp = 1. But fo is not in C, as for each f € C we 
may find a constant M > 0 s.t. almost surely f(w) < Mw so that f(w) < 4 
as. forO<w< xT: 

Summing up, we have an example of a process S = ($;)t-) such that C’ 
is not closed in L°(Q,F,,P). The crux is, of course, that S$ does not satisfy 
(NA). 


6.5 Proof of the Dalang-Morton-Willinger Theorem 
for T= 1 


As we have proved in Theorem 6.4.2, the cone C € L°(Q, F,,P) is closed if 
(So, $1) satisfies the (NA) condition. The Kreps-Yan Theorem can now be 
applied in such a way that it yields the existence of an equivalent martingale 
measure. 
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Theorem 6.5.1. Let S = (So, 51) be an (Fo, F1)-adapted R¢-valued process 
satisfying the (NA) condition. Then we have the existence of an equivalent 
probability measure Q so that 


(i) So, $1 € L*(Q), 
(ii) So = EQ[S: | Fo}, 
(iii) “ is bounded. 


Proof. First we take an equivalent probability measure P; so that Gp is 
bounded and Sp, S$; € L'(Pi). To do so we could take, for example, a = 
cexp(—||Sollza — ||Si||pz), where c is a suitable normalisation constant. 


The next step consists of considering the set 


Cy = CNL(Q, Fi, P1) 


where C is defined as in Theorem 6.4.2. Because C is closed in L°(P), the set 
C, is closed in L'(P,). Obviously C; is a convex cone (since C is a convex 
cone). The (NA) condition implies that Cy ML} (Q, Fi, Pi) = {0}. Theorem 
5.2.3 now gives the existence of an equivalent probability measure Q so that 
aa is bounded and so that Eg|f] < 0 for all f € Ci. Obviously So, $1 € 


L*(Q) since aa is bounded. Since for each coordinate 7 = 1,...,d and each 


A € Fo we have 1,4(S) — $2) € Cy and —14(S} — $2) € Cy, we must have 


Eg[145/] = Ea[1 ASi): This shows So = Ea[Si | Fo]. Since $8 = 42 


we also have that ae is bounded. 


Remark 6.5.2. One may ask whether it is possible to replace in Theorem 6.5.1 
assertion (iii) by the assertion that 5G is bounded, i.e., by 


(iii’) there is a constant c > 0 such that “ > c almost surely. 


A moment’s reflexion reveals that, in general, this is not possible. Indeed, 
if it happens that ||.S¢||1 = E[|S;|] = oo, then for each probability measure 
Q with “ > c > 0 we also have Eg||.S;|] = co, so that S cannot be a Q- 
martingale. But even if S is uniformly bounded, we cannot replace (iii) by 
(iii’) as the subsequent example shows. 

Let 2 =N, the o-algebra Fo be generated by the partition of Q into the 
sets ({2n — 1,2n})°2, and Fy be the power set of 9. Define the probability 
measure P on Fy by P[2n — 1] = P[2n] = 2-("+). Let Sp = 0, Si = 1 
on {2n — 1} and S; = —2~” on {2n} to obtain an R-valued adapted process 
S = (S;)t.o satisfying the (NA) condition. If Q is a probability measure on F; 
with @ > c > 0, we have Q[2n—1] > c2- (+. If in addition EQ[S1 | Fo] = 0, 
we must have Q[2n] = 2"Q[2n — 1] > §, which is a contradiction to the 
finiteness of Q. Hence, there cannot exist a measure Q satisfying (i) and (ii) 
of Theorem 6.5.1 and (iii?) above. We refer to [R04] and [RS05] for a more 
thorough analysis of condition (iii’). 
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6.6 A Utility-based Proof of the DMW Theorem 
for T= 1 


We give another proof of the theorem of Dalang-Morton-Willinger (for the 
case T = 1) which is based on the ideas of utility maximisation. This proof is 
due to C. Rogers [R 94]. The basic idea is — transferring the results on utility 
maximisation, obtained in Chap. 3 for the case of finite 0, to the present 
situation — that for the optimal investment X, the function U’(X) should 
define the density of an equivalent martingale measure, up to a normalising 
constant. This was proved in Theorem 3.1.3 above for the case of finite 0 
and the hope is, of course, that this result should also hold in a more general 
context. Rogers’ idea was to exploit this basic relation to find an equivalent 
martingale measure in the context of the theorem of Dalang-Morton- Willinger. 
Among other features such an approach has the advantage of being more 
constructive than the mere existence result provided by the theorem of Kreps- 
Yan. On the other hand we note that the present proof will not yield a bounded 
density a. i.e., we do not obtain assertion (iii) of Theorem 6.1.1. 


Let us fix the R“-valued process $ = (So, $1) based on (Q, (F;)#-9, P) and 
assume that it is free of arbitrage. As utility function we use U(x) = —e7* 
and as initial endowment zo = 0. 

_. Our utility maximisation problem consists of finding the optimal element 
h € L°(Q, Fo, P; R¢) solving the maximisation problem 


E[U ((h, AS))] — max!, h € L°(Q, Fo, P, R*). (6.5) 


In order to assure a well-defined solution to this problem, we need 
some preliminary work. As a first step we may suppose that, for each 
he L™(Q, Fo, P;R®), 

E ||U ((h, AS))|] < co. (6.6) 

To guarantee that this integrability condition holds, it suffices to pass from 
P to the equivalent probability measure P’ defined by 


/ 


dP 
WP = cexp (-l|AS||g2) ; 


where c > 0 is a normalising constant. Hence we may suppose that the original 
P satisfies (6.6). 

The idea of the proof is that, for any maximising sequence (h,)°2, in 
L™(Q, Fo, P; R”) for the optimisation problem (6.5), the stochastic integrals 
fn := (hn, AS) automatically converge in measure to the optimal function f; 
if, in addition, (hp»)°2, is in the predictable range of $1 — So, then (hy)? will 
also converge in measure to an optimal he L°(Q, Fo, P; R¢). Having found h 
we may conclude that f= (2, AS) is a.s. finite, and that the formula 


a = cU' (7) (6.7) 
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defines the desired equivalent martingale measure Q, where c > 0 is a suitable 
normalising constant. This is roughly the strategy of proof and we now have 
to work through the details. 

We need an auxiliary result (compare [S 92] and Sect. 9.8 below). 


Lemma 6.6.1. Let U(x) = —e~* and let (fn)°2, be a sequence of real-valued 
measurable functions defined on (Q,F,P) such that 


a:= lim sup E[U(gn)| > —co. (6.8) 


So gn €conv{ fr fntis--F 


Then there is a unique element go € L°(Q,F,P;] — 00, c0]) such that, for 
each sequence gn € conv{ fn, fn41,---} with limp—oo E[U(gn)] = a, we have 
that (gn)2, converges to go in probability. 


Proof. Let gn € conv{ fn, fn4i,---} be such that lim,—.. E[U(gn)] = a. Fix 
n,m and a > 0 and let 


Ao {|9n = Gm| >aand min(gn, Gm) < aw" : 


From the uniform concavity of U on ] — 00,a~' + a] we conclude that there 
exists a 3 = G(a) > 0 such that, for n,m € N and w € Anm,a, we have 


Gn(w) + gm(w)\ < U(Gn(w)) + U(Gm(w)) 
(eee 


2 5 + B. 


For w ¢ Anm,a we only apply the concavity of U to obtain 


U peas ae 5 Ulgnw)) + U(Gm(w)) 


2 * 2 
Hence, for g = dnt dm we have 
E[U(g)| > E[U(9n)] + ElU(9m)] + BP[Anmal- 


2 


If (gn)p 1 is a maximising sequence for (6.8) we get therefore for each a > 0 


lim) P[An ma] = 0. 


n,m—0oo 

This is tantamount to saying that (gn)°, is a Cauchy sequence in 
L°(Q, F, P;] — 00, o«]), ie., with respect to convergence in probability on the 
half-closed line | — 00, oo]. Letting gp = limn—oo gn we have found our desired 
limiting function. We observe that we cannot exclude the possibility, that go 
assumes the value +00 on a set of strictly positive probability. 

As to the uniqueness of go, let g/, be any other sequence in conv{ fn, fn—1,---} 
such that limp—x.E[U(g,)]| = a. Then by the same argument as above, 
(g},)o2, is also Cauchy in L°(Q, F, P;]—00, +00]). By considering g/” := gn for 
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odd n and gf’ := g!, for even n, we may also conclude that (g/,)°, converges 
In In Y In)n=1 


in probability to go. 


To sketch the idea of Rogers’ proof let us first assume that Fo is trivial 
so that L°(Q, Fo, P,R“) may be identified with R¢. Then the problem (6.5) 
reduces to find the optimal vector Her? 

So, let (H,)9_, be a sequence in R@ such that 


lim E[U ((Hn,AS))] = sup E[U ((H,AS))]. 


n—-co HeER@ 


From the previous lemma we know that the sequence f, := (Hn, AS) 
converges in measure to a function go € L°(Q, F1, P, | — 00, 00]); we also know 
that every sequence gy, € conv{ fn, fn4i,--.} converges to go in measure. 

We want to conclude that (H,,)°, converges; for this we still need two 
ingredients: first we have to suppose that each H,, is in the predictable range 
of S (see 6.4.1 above); in the present case of a trivial o-algebra Fo this just 
means that H,, lies in the smallest subspace R of R¢@ such that AS takes a.s. 
its values in R. We may always pass from an arbitrary H, € R% to P(H,) 
where P denotes the orthogonal projection onto R, as (H;,, AS’) = (PH, AS) 
almost surely. 

The second ingredient is the assumption of no-arbitrage. Using this as- 
sumption we claim that (H,,)9~, is bounded in R? and therefore gq cannot 
assume the value +00. 

First we have to isolate the trivial case when AS = 0 a.s. so that R = {0} 
and P = 0. In this case we may define the martingale measure Q via a =I, 
which — for trivial reasons — coincides with (6.7). 

Hence we may suppose that R is a subspace of R¢ of dimension dim(R) > 1 
and define 


y = inf {E[(H,AS)_ A1]| HER, || Alpe = 1}. (6.9) 


As H + E[(H, AS)_ A 1] is continuous on the unit sphere of R (by Lebesgue’s 
theorem) and strictly positive (by (NA) and the construction of R) we deduce 
from the compactness of the unit sphere of R@ that y is a strictly positive 
number. 

Next we show that (H,,)°2, is bounded. Indeed, otherwise there is an 
increasing sequence (n,)f2, such that ||H,, ||pa > & so that 


FT 
4s) 
(iis . 


in contradiction to the assumption that (H;,)?, is a maximising sequence. 
Hence we obtain that go is a.s. finite. 

Finally we show that (H,,)°, converges in R¢. Indeed, otherwise there is 
a > 0 and sequences (nx)P21, (mMx)%L, tending to infinity such that 


E [U((An,, 49))] < —||An, |lreE S —ky, 
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|| Ins _ mllRa 2a, 


en ee 
(As—#e a5) A 1 > ay, 


contradicting Lemma 6.6.1, which asserts that (H,,, AS’) converges a.s. to go. 
Summing up, we deduce from the (NA) assumption and the fact that we 
choose the maximising sequence (H;,)°2, in the predictable range R that 
(H,)°, converges in R¢. Denoting by Hi the limit, we deduce from Fatou’s 
lemma that H is the optimiser for (6.5). 
Now define the measure Q on F, by 


= ow’ ((#,a8)), 


so that 
E 


where the normalising constant c > 0 is chosen such that E Ea = 1 (note 


that by (6.6) we have E |e" ((#.45)) | < oo). 
To show that Q is indeed a martingale measure we have to show that 


Eg [(H,AS)] =0, for HER? 
or, equivalently, 
Ea [(H,AS)] <0, for HER’. 
To do so, we use a variational argument: 
Eg |(H, AS)] 
= cEp [(#, ASs)U' (4, As))| 


ssa aoe aH, AS))] — E[U((H,AS))] 2 
aX\0 a 
where we have used the fact hat UGE Fol ASU AS) is a pointwise in- 
creasing function of a (by the concavity of U) so that the monotone conver- 
gence theorem applies. 
We thus have found the desired martingale measure Q under the simpli- 
fying assumption that Fo is trivial. 


We now extend this argument to the case of an arbitrary o-algebra Fo. 


Proposition 6.6.2. Suppose that the R¢-valued process S = (So, 51) based on 
and adapted to (Q,(Ft)t-p,P) satisfies (NA). Let U(x) = —e~* and suppose 
that 

E ||U ((H, AS))|] < co (6.10) 


for each H € L®(Q,Fo,P;R¢). Denote by P the Fo-measurable predictable 
projection associated to AS = S; — So. Then the following statements hold 
true. 


100 6 The Dalang-Morton-Willinger Theorem 


(i) There is a unique optimiser He L°(Q, Fo, P; R¢) for the maximisation 
problem 


E[U ((H, AS))] > max, H € L°(Q, Fo, P;R*), (6.11) 


which is in canonical form (i.e., H= P(#)). 
(ii) Every maximising sequence Hy, € L°(Q, Fo,P;R*) for (6.11), verifying 
Hy, = P(H,), converges to H in measure. 


(iii) The equation 
dQ = exp (- (#,4s)) 
® lan (has))] 
defines a measure Q on Fy, such that S is a martingale under Q. 


Before starting the proof of the proposition we remark that condition 

(6.10) is a “without loss of generality” assumption: the argument (6.6) above 
also applies to the present setting to yield a measure P’ ~ P such that 
Ep: [|U((H, AS))|] < co for each H € L®(Q, Fo, P; B®). 
Proof. We shall mimic the above argument in an “Fo-parameterised” way. 
The crucial step is the extension of (6.9) to the present setting. Let P denote 
the Fo-measurable predictable range projection associated to AS. Let B = 
{E[||AS||pa A 1 | Fo] = 0} so that B is the biggest set (modulo null-sets) in 
Fo on which AS = 0. Note that P vanishes on B. ie 

The case B = () again is trivial as we then have AS = 0 a.s. so that H = 0 
and me = 1: 


Excluding this case we define 
H, ={HeEH***| ||Hllpa > 1p as.}. 
Define the Fo-measurable non-negative function 
y =essinf {E[(H,AS)_ A1| Fo] | He Hi}. 


We claim that the function ¥ is a.s. strictly positive on B® = 2\ B. Indeed 
for H,, Hz € Hy and A € Fo, the function H = H,14 + H21Q\ 4 is in Hy too; 
hence we may — similarly as in the proof of Lemma 6.2.1 — find a sequence 
(A,)°21 € Hy such that 


y= lim E[(A,,AS)_A1| Fo], as... 


We may suppose that H,, = PH,, and, by multiplying with ||Hy||;2, that 
||Hn||z2 = 1 almost surely on B®. We may apply Proposition 6.3.4 above to 
find an Fo-measurably parameterised subsequence (H,, )?2, converging a.s. to 
H € L°(0,F,P;R®) such that (H, AS)_ A1 =liminfy_..o(Hn, AS)_Alas., 


6.6 The DMW Theorem for T = 1 via Utility Maximisation 101 


for which we then have H = P(H), ||H||ga = 1 a.s. on B® and by Lebesgue’s 
theorem, 
y=E[(A4,AS)_ A1| Fo]. 


Letting A = {y = 0} we have (14H,AS)_ = 0 as., whence the (NA) 
assumption implies that (14H,AS) = 0 almost surely. As 1441 satisfies 


14H = P(14H) we must have 14H = 0 as., so that A = B. Hence we 
have shown that ¥ is a.s. strictly positive on B®. 


Now let (Hn)&, € L°(Q, Fo, P; R“) be a maximising sequence for (6.11). 


By passing to (P(H,,))°2, we may assume that H,, is in canonical form, i.e., 
H,, = P(H,,). We infer from Lemma 6.6.1 that fy, = (Hn, AS’) converges in 


measure to some go € L°(Q, Fi, P;] — co, ox)]). 
We now show that (H,)°, remains bounded in L°(Q, Fo, P; R%), ie., for 


€ >0 there is M > 0 such that 
P{||An\l,pa > M) <e, forn>1. (6.12) 


Indeed, otherwise there is a > 0 and an increasing sequence (n,)?2, such 
that 
P [ll Anellee 2 k] za. (6.13) 


On the other hand, the boundedness from below of (E[U((Hn, AS))])°2 1 
implies in particular the boundedness of (E[(H,,, AS')_])°2_,, say by a constant 
M > 0. Hence 


ee 
Any, = Uta, DR} 


is in canonical form, satisfies 


and ||Hp,|lpa > 1 on Ag = {|| Hn, lla > k}. It follows that 
~ M 
E[yla,])<E | (Fn. A5) A 1 <5, 


which in view of (6.13) leads to a contradiction to the strict positivity of +. 
The L°-boundedness of (H;,)°°, given by (6.12) implies in particular that 
go is a.s. finite. 
We now show that (H,,)°~, is a Cauchy-sequence in L°(Q, F, P; R®), ie., 
with respect to convergence in measure. Indeed, suppose to the contrary that 
there is a > 0 and sequences (nx)721, (mMx)Z, tending to infinity such that 


P [|| nos _ Am, ||pa > al >a. 
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Then on one hand side the strict positivity of y implies that 


i (fn — Huw. a5) n, pee 
a Ze, 


remains bounded away from zero, whence ((Hn, — Hm,,AS))%2, does not 
converge to zero in measure. Combining this fact with the L°-boundedness 
(6.12) of ((Hy, AS))°, we deduce that ((H,,,AS))%2, cannot converge in 
L°(Q, Fi, P;] — 00, +00]), a contradiction to Lemma 6.6.1. Hence (Hy,)°, 
converges a.s. to some H € L°(Q,Fo,P;R®) for which we have H = P(A) 
and (A , AS’) = go. Assertions (i) and (ii) now follow by the same arguments 
as discussed before. 
As regards (iii) let H € L©(Q, Fo, P; R“) and estimate again 


Eq [(4, AS) | Fo] 
= cEp [(H.Asyu" ((@, As) | F| 
U((H + aH, AS)) — U((H, AS)) 


a—0 a 


| ri <0, 


where again we have used in the last inequality the monotone convergence 
theorem, the concavity of U and (6.10). 


6.7 Proof of the Dalang-Morton-Willinger Theorem 
for T > 1 by Induction on T 


Proof of Theorem 6.1.1. We proceed by induction on T. For T = 1 Theorem 
6.5.1 applies. So suppose Theorem 6.1.1 holds true for T — 1. 

We now consider the process ($;)/_, adapted to the filtration (F,)/,. 
Because of the inductive hypothesis we suppose that there is a probability 
measure Q!, defined on Fr, equivalent to P, and so that 


(i) ake is bounded, 
(ii) S1,...,S7 are in L1(Q, Fr, Q?), 
(iii) (S;)2, is a Q!-martingale, i.e., for all t > 1, A € F; we have 


[suat= | Si41dQ'. 
A A 


The one-step result in the DMW Theorem (Theorem 6.5.1 or Proposition 
6.6.2) applied to the process (,$;)t_9, the probability space (Q, #1,Q') and the 
filtration (F;){_9, gives us a bounded function f; so that: f; is F;-measurable, 
fi > 0, Eq: [fi] =; Eq:[|51| fi] < OO, Eq: [|So| fil < oo and for all A € Fo 


we have 
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| Sotaar = f 5f.aQn. 


Let us finally define Q on Fr by the rule 
Q|A] = | fidQ' for all AE Fr. 
A 


Of course this means that “ = fe and hence this is a bounded random 


variable. Furthermore ae > 0 almost surely and hence Q and P are equiva- 
lent. Now let us check the integrability properties as well as the martingale 


properties. For t= 1,...,7 we have 
| isilaq = | [Si] fidQ* < 00, 
Q Q 


by construction of Q! and the boundedness of fi. 
The martingale property of (S;)/., with respect to Q is also an easy 
calculation. Indeed, for all A € Fo we have 


| soia= f sonaa' = f sinagr= f saa 


by construction of f;. For t > 1 we remark that f; was F\-measurable and 
bounded, which means that the sequence of the following equalities is easily 
justified. If A € F;, t > 1 we have 


[ saa= [sina f Sinhaa' = | s.2Q. 


This ends the proof of the induction step. 


6.8 Proof of the Closedness of K in the Case T > 1 


In this section we extend Stricker’s lemma (Theorem 6.4.2 (i)) to the case 
T>1. 


Proposition 6.8.1. Let the process S = (S;)7_9 be R¢-valued and (F;)79- 
adapted. The space 


a? 
K= So (Ht, ASt) 


t=1 


(H,)7_, R¢-valued and predict} 


is a closed subspace of L°(Q, Fr,P). 
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Proof. The proof is by induction on T’. For T = 1 the statement is Stricker’s 
lemma, Theorem 6.4.2 (i). The inductive hypothesis reads: 


ae 
Ky = { Dotti. 


t=2 


(H;)}_» predictable and zninwl (6.14) 


is closed in L°(Q, Fr, P). The basic ingredient of the proof is the reduction of 
the integrands H to a canonical form. However, in this multiperiod setting we 
have to be more careful, since the elements f € K can, a priori, be represented 
in many different ways. 

Let P : L°(Q, Fo, P; R¢) — L°(Q, Fo, P; R*) be the projection on the Fo- 
predictable range of AS; as in Lemma 6.2.1 and let 


H, = {H | H is R“-valued Fo-measurable and PH = H}. (6.15) 


In other words, the elements of H; are in canonical form for AS. Let J‘ 
be the linear mapping I‘ : H, > L°(Q,Fr,P), I’(Mi) = (M,AS)). As 
in Sect. 6.4 above, I! is continuous and injective. Let F, C Hy, be defined 
by Fy = (I1)~'(K2 1 I'(Hy)). Clearly F; is a closed subspace of Hj, since 
Ka is closed by hypothesis. Also F) is stable in the sense of Lemma 6.2.1. 
This means that there is a projection-valued Fo-measurable map, called Pp : 
L°(Q, Fo, P; R¢) > L°(Q, Fo, P;R*), so that f € F, if and only if Pof = f 
a.s.. Now we take 


Ey = {Hy € Hy | Poly = 0} 
= {H, € L°(Q, Fo, P;R%) | P(Id— Po)Hi = Hi}. 
The elements H; in FE, are in canonical form and the integrals (H1, AS}) 


cannot be obtained by stochastic integrals on (S;)/5 (see (6.14)). We have 
that 


T 
K= 1): (H,, AS;) 


(H;,)7_, is R¢-valued, predictable and H; € a 2 
t=1 


Moreover the decomposition of elements f € K into f = (H,,AS1)+ fo where 
A, € Ey and fo © Ko is unique. 

Let now f” = (A?, AS))+ f3' be a sequence in K with H? € Ey, f3 € Ke 
so that f”" — f almost surely. We have to show that f € K. We will show 
that (H7')°<, is bounded a.s. and the selection principle will do the rest. 
Let A = {limsup |H?| = oo}. By Proposition 6.3.4 we have that there is a 
Fo-measurably parameterised subsequence (7)? so that: |Hj{"| — co on A 
and Hj" — Hy on A® for some H; € E;. We will show that P[A] = 0. If 
this were not the case we could apply Proposition 6.3.3 and suppose that we 


n 


HT , 
have Ta] — yy as. on the set A, where ~, = 11,4 is some Fo-measurable 
1. 


function supported by A where it takes values in the unit sphere of R¢. Clearly 
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the functions aol A are still in FE, since E; is closed and stable in the sense 
1 

of lemma 6.2.1. Therefore ~ € Ey. Indeed H{" = SO?_, 14,,=mjHi” where 

Hy" © FE, and the 7, are Fo-measurable. Since |Hj{"| — oo on A, we have 


that a.s. yt 
ap asi) + fm) ta 0. 
(im | |Hy"| 


It follows that 1g Shy — —(w1, AS))1, and hence by the closedness of K2 
we have Est, € Ky. This implies that (w1, AS) = 0 since a € E4. 
But since w, is in canonical form we must have w, = 0 a contradiction to 
|Y1| = 1 on A so that P[A] = 0. 

So we get an Fo-measurably parameterised sequence (H{")°2, converging 
as. to H; on Q. This implies that f5" — f — (Hi,AS1) and hence fo = 
f —(M,45S1) € Ko by the closedness of Ko. Finally f = (Hi, AS1) + fo 
where H, € E; and fo € Kogie. fe Kk. 


6.9 Proof of the Closedness of C in the Case T > 1 
under the (NA) Condition 


We will use the same notation as in the previous section. This means that for 
the (F;)7_9-adapted R@-valued process ($;)/.) we introduce Hi, K2, and I+ 
as in (6.14) and (6.15). 

We say that a predictable R¢-valued process (H;)?_, is in canonical form, 
if for each t, H; is in canonical form for AS; = (5; — S;-1). The spaces H; 
are defined in the same way as 7 i.e. 


Ht = {Hy | H, is R¢-valued, F;_1-measurable and P;H; = H,} i 


Here P, is the projection in L°(Q, F;_1, P; R@) associated with the predictable 
range of AS; = S; — St_1. 


Proposition 6.9.1. With the above notation and under the assumption that 
S satisfies the (NA) condition we have 


(i) IT: Wy x Hox...x Hr > L9(O,Fr,P), 1((Ai)E4) = Di, (At, ASt) = 
(H-S)r is injective. 

(ii) If (H”)°, is a sequence in Hi xH2x...xHr so that I(H")~ = (H”-S)> 
is bounded a.s., then (H”)?°, = (A}’,..., HP)°L, is bounded a.s. 

(iii) If (f")22, is a sequence in K which is bounded a.s., then there is a 
Fr-measurably parameterised subsequence Oy, so that fon — f as. and 
fek. 


Proof. (i): The first statement will follow by induction on T from the fact 
that I+(H1) € Ke gives H; = 0 if Hj; is in canonical form. This statement is 
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proved as follows. Let (Hi, AS) + f2 =0 where Hy; is in canonical form and 
fo € Ko. On the set A = {(H1,AS1) < 0} we have that fo > 0 and since 
La fo € Ke we have that P[A] > 0 gives an arbitrage opportunity. On the set 
{(H1, AS) > 0} we replace fo by —f2 and get the same result. This means 
that (H,,AS,) = 0 and since Hj is in canonical form we get H; =0. 

(iii): This assertion is immediate from the closedness of K (Proposition 
6.8.1) and the measurable sub-sequence principle (Proposition 6.3.3). The 
reason why we stated it explicitly is to avoid confusion: we only claim that 
the random subsequence (¢,,)°2_, is measurably parameterised w.r. to Fr; we 
do not claim that H°" = (Hy”,...,H7") is predictable. 

(ii): To prove (ii) we again use induction on T. For T = 1 we refer to 
Proposition 6.4.1. So let us suppose that assertions (ii) and (iii) hold true 
for T — 1 and fix the horizon T. We now show that the assumption of (ii) 
implies that (H7?’)°°_, is a.s. bounded. We proceed in the same way as in the 
proof of 6.8.1. Let A = {limsup |H?'| = +oo} and let 7, be an Fo-measurably 


parameterised subsequence selected in such a way that |Hj"| — co on A 
and a — w, on A. On the set A we must have |i,| = 1 and we may 
put uv, = 0 on the complement of A. We remark that this is possible by 
the selection principle and that ~, € Hy i.e. y, is in canonical form. Now 


(H™ . S)r = (Hy”, AS) + fo", where fj" € Ka. On the set A we get 


H{™ Hy 1 
(a5) =(35 Ti AS) + Trt] 2”. 
lA | Jp IAT |H7"| 
Since the first term on the right hand side is bounded by |A.S;| we get 


1 ~ a 
lim sup ca | < |AS;| + lim sup —— (H™ -S)7 < |AS}|. 


mae. Nea noo |H{"| 


By the induction hypothesis this means that the sequence 


ots Hee Hin _ 
Hy, =(o 1 A ) =i 
Ay | |H7"| 


is a.s. bounded. It follows that the functions (H” -S)p = flap are also 
a.s. bounded. By (iii) there is a Fr-measurably parameterised subsequence 


On Of Tn so that (i . 8). — f and f € Ko. Since (a,),, is a subsequence 


of T, we still have 


Ho" 
A] — w, and hence 
1 


Tn 


(W1,AS1) + f = Jim » (GE 


A Lee, 
ray O81) + 8h 


= lim 14 Hf", AS1) +f") a 


1 
= lim 14(H°" -S) 


noo THT 


Tal 
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Since (H” - S)7 is a.s. bounded we have that ((¥,A51) + f) > 0 and by 
the (NA) condition this implies (¢#,,AS,) + f = 0. This means 7, = 0 by 
(i). Since |Y1| = 1 on A we must have P[A] = 0 proving that (H7')*2, is a 
bounded sequence. The sums from 2 to T 


TL 
S> HPAS; = (H” - S)r — (HP, AS1) 


t=2 


satisfy 


T 
(>: ras, <(H"- S)7p + |, AS1)| 


t=2 
and hence are a.s. bounded. The inductive hypothesis shows that ((H?")7_5)°, 
is then a.s. bounded too. 


We are now ready to prove the main result of this section. 


Theorem 6.9.2. If (S;)/., is R¢-valued and adapted with respect to the fil- 
tration (F;)}_9, if S satisfies the (NA) condition, then the cone 


C=K—L'(0,Fr,P) ={(H-S)r—h| H predictable, h > 0} 
is closed in L°(Q, Fr,P). 


Proof. Let fn = (H"-S)r and h, > 0 be such that g, = fr —hn > g. 
Clearly (H"- S)7 = f, < g, forms a bounded sequence. By Proposition 
6.9.1 (ii) and (iii) we have that (H”)°°_, itself is already bounded and we also 
have the existence of a Fr-measurably parameterised subsequence o,, so that 
fc, — f € K. Then necessarily ho, = fo, — Go, tends as. to f—g=h 
and we have therefore h > 0. Moreover g = f — h € C a.s. which proves the 
theorem. 


6.10 Proof of the Dalang-Morton-Willinger Theorem 
for T > 1 using the Closedness of C 


Proof of Theorem 6.1.1. The proof is the same as in Sect. 6.5 for Theorem 


6.5.1, except for some obvious variations. Let us indicate the changes. First 
we take an equivalent probability measure P; so that oe is bounded and 


S; € L'(P;) for all 0 <t < T. For example we may take 4 = cexp(—|So| — 
...—|S7|), where c is the normalisation constant given by ct = Elexp(—|So|— 


... = [Sr)]- 
The next step consists in considering the set 


Cy = CNL'(Q,Fr,P1). 
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As C is closed in L°(Q, Fr, P), the set Cy is closed in L1(Q, Fr, Pi). Obviously 
C\ is a convex cone (since C' is a convex cone). The (NA) condition implies 
that CL LA (Q, Fr,P1) = {0}. The Kreps-Yan Theorem 5.2.2 now gives the 
existence of an equivalent probability measure Q so that ra is bounded and 


so that Ea[f] < 0 for all f € Ci. Obviously all S; € L'(Q) since +2 is 
bounded. Since for each coordinate 7 = 1,...,d and each A € Fy we have 
14(S;,, — 57) € C, and -1,4(S},, — 57) € Ci, we must have Eg[1457,,] = 
Eg(14S!]. This shows that S; = Eg[St41 | Fil. 

Let us finally verify assertion (iii) of Theorem 6.1.1. Since 42 = #2 3 


dP ~ dP, dP 
we have that a is bounded. 


6.11 Interpretation of the D°-Bound 
in the DMW Theorem 


This section is based on [De 00, Chap. VII]. We will suppose that the process 
(9;)7_9 adapted to (F;).9 satisfies (NA) and that it is integrable with respect 
to P. The set 


d 
M*% = { a om | Q a probability such that S' is a Q-mnartingate} 


is non-empty by the DMW Theorem. The space 
W, = {(H-S)r| H predictable (H - 8)r € L'(Q, Fr, P)} 


is closed in L1(0,Fr,P) since Wi = KO L1(Q,Fr,P) and K is L°-closed. 
The set M® is the intersection of Wi with the set of probability measures. 
For each k > 1 we define a utility function uz : L' > R as follows. The set Px 
is defined by P, = { a | Q a probability, “4 < ih. With this set we define 
the coherent monetary utility function 


un (Y) = inf {EQlY] | Qe Pr} = min {EQlY] | Qe Pr}. 


The utility function uz is concave and L1-continuous since it is Lipschitz. 
The set O, = {Y | ux(Y) > 0} is therefore open and convex in L'(Q, Fr, P). 
Furthermore it contains the cone of strictly positive integrable random vari- 
ables. The set P, can be described as Py = {Q | Q a probability, E@[Y] > 
0 for all Y € Ox}. The interpretation of the L~-bound in the DMW Theorem 
is described in the subsequent result: 


Theorem 6.11.1. Under the above assumptions we have, for each k > 1, 


M°N Py 40 => WiNO;, = 9. 
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Proof. If Qo € M*MP;, then for all Y € W; we have uz(Y) = inf{E@[Y] | 
Q € Px} < Eq, [Y] = 0. Therefore W, NO; = 0. 

Conversely if W, M O; = 0 we may separate the vector space W, from 
the convex open set Ox. This yields an element f € L°° such that for all 
Z € Og, all Y € Wi: E[fY] < Ee@[fZ]. These inequalities show that f is 
non-negative and not identically zero. We may normalise f so that E[/] = 1, 
hereby defining a probability Q so that “a = f € L™. Since EQ[Z] > 0 for 
all Z € Ox we must have Q € Px. Also EQ[Y] = 0 for all Y € W, and hence 
QeM’. 


Remark 6.11.2. In [HK 79] M. Harrison and D. Kreps related the concept of 
no-arbitrage to the concept of viability which is based on utility considerations 
somewhat similar to the above considerations. 


Remark 6.11.8. The coherent monetary utility function ux, is essentially the 
same as the so called tail expectation with parameter a = i: 
To avoid trivialities let us suppose that (0,4, P) is a non-atomic proba- 


bility space. For Y € L1(Q,F,P) define the quantile qa(Y) as 
da = inf{x | P[Y <2] > a}. 
If Y has a continuous distribution then we have 
un(Y) =ElY |Y < dol, 


where the right hand side is called, for obvious reasons, the a-tail expectation 
of Y. Indeed, it suffices to consider “ = klypy<qa}- 
In the general case we have to be slightly more careful as it might happen 


that P[Y = qa(Y)] > 0. In this case let G = P[Y < qa] and verify that 
un(Y) = EY | Y < qa] + (a — B)da- 


The above Theorem 6.11.1 tells us that the constant a@ verifying 1 > i = 
a > Ois sufficiently small such that M¢NP; 4 0 iff it is not possible to find an 
element (H-S)7 € W, which yields a strictly higher utility u,((H-S)7) than 
u,(0) = 0. As a trivial illustration consider a = k = 1: then this statement 
boils down to the fact that S is a martingale under P iff for each (H- S')r we 
have that ui((H-S)r) = E[(H#- S)r] =0. 

We refer to [De 00] for a more detailed situation in which an interpretation 
in terms of superhedging and risk measures is given. 
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A Primer in Stochastic Integration 


7.1 The Set-up 


In the previous chapters we mainly developed the arbitrage theory for mod- 
els in finite discrete time. In the setting of the previous chapter, where the 
probability space was not finite, several features of infinite dimensional func- 
tional analysis played a role. When trading takes place in continuous time 
the difficulties increase even more. It is here that we need the full power of 
stochastic integration theory. Before giving precise definitions, let us give a 
short overview of the different models and of their mutual relation. In financial 
problems the following concepts play a dominant role: 


(i) assets to be traded 
(ii) trading dates 

(iii) trade procedures 
(iv) uncertainty 


We assume for the moment that the set of trading dates T is a subset of R+. 
The following cases are of particular importance 


(i) T= {0,1,...,n} finite discrete time 

(ii) T=N = {0,1,...} infinite discrete time 

(iii) T = [0,1] finite horizon continuous time 

(iv) T =R4 = (0, oo infinite horizon continuous time 


The uncertainty is modelled using a filtered probability space (Q, (Fz)zer, P). 
The filtration (F;)zer is formed by an increasing family of sub-c-algebras 
of Fz, where (Q,F.,P) is a probability space. The role of the filtration is 
very important since it describes the information available at each time t. 
We suppose that there are finitely many assets, indexed by i = 1,...,d. An 
asset to be traded is described by a stochastic process S* : T x Q — R. The 
collection of assets is therefore described by a finite dimensional stochastic 
process S$ : T x Q — R?. There is no need to suppose that prices are positive. 
It is also understood that there is an asset number 0, that describes “cash”. 
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Cash is convenient to transform money from one date to another. We assume 
that there are no costs in carrying cash and that interest rate is zero. This 
results in a constant price process whose value is 1. If interest rate is not 
zero then we introduce a process that describes the cumulative value of an 
account earning the instantaneous riskless interest rate and we renormalise 
all the prices by dividing them by this process. This is exactly what we did 
in Chap. 2. The choice of a convenient numéraire depends on the application, 
and the change of numéraire is an important technique in finance. In Chap. 2 
we introduced the reader to this technique. We will come back to this later 
and we will show in Chap. 11 in what cases the change of numéraire can be 
performed without distorting the model. For the moment we suppose that a 
traded asset has been chosen as numéraire and that all prices are expressed 
in units of this numéraire. We will therefore not need the process indexed by 
the number 0 which is simply identically equal to one. The price S? at time 
t € T is part of the information available at time t. In mathematical terms 
we translate this by the statement that the processes S’ are adapted, i.e., 
S? is F,-measurable, for each t € T. The filtration (F;);cr is not necessarily 
generated by the process S. This means that other sources of information 
than prices can be observed (e.g. balance sheets, weather conditions, ...). All 
agents have access to the same filtration, i.e. information. Agents can buy and 
sell assets, short selling is allowed. There are no transaction costs. In buying 
and selling assets, only information available from the past is to be used. We 
cannot buy 100.000 shares of some stock conditionally on the event that the 
price next year will be doubled. 

The space R@ will be endowed with the usual Euclidean structure. The 
inner product of two vectors x and y in R¢, written as (x,y), is to be inter- 
preted as (x,y) = v'y!+---+24%y%. In some cases we will simply write xy. We 
do not put a dot since this is reserved for stochastic integration. The norm 
of a vector x in R¢ is written as |z|, reserving the notation || . || for norms in 
L?-spaces etc. 


7.2 Introductory on Stochastic Processes 


The following notation, coming from probability theory, will be used. We write 
T=TU+oo. A map T: 0 — T is called a stopping time if for all t € T the 
set {T <t} € F;. For T; < To, two stopping times, we denote by [T1, T>] the 
set {(t,w) |t € T, w EQ and Ti(w) < t < To(w)}. Other stochastic intervals 
are denoted in an analogous way: ]T;, T2], [Z1, Tal, ]Zi, T2[. Remark that for 
T =R, the interval [0,00] denotes R+ x Q and not [0, co] x Q. The symbol 
am denotes the projection 7: R4 xQ—-. 


To avoid technical complications we suppose that in continuous time, the 
filtration (F;), satisfies the usual conditions: 


(i) for all t we have: Fy = (),.,Fs (right continuity), 
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(ii) Fo contains all null sets of F,. This means: A C B € F,, and P[B] = 0 
imply A € Fo (Fo is saturated). 


The natural filtration generated by a process X is defined as follows: we 
give the description for T= Rx: 


(i) for all t we define H; = o(Xy;u < t) and Hye = = Ht = 0(X1,0 < t). 
(i) Ge =Clese Hs and Goo = Hoo. 

(iii) M = {A| 3B €G.,AC B and P[B] = 0}. 

(iv) Fi => a(Gi,N). 


The filtration (F;):>0 is right continuous and satisfies the usual conditions. 
The filtration (F;)¢>0 is called the natural filtration of X. The filtration 
(Hi)i>0 is sometimes called the internal history of X. 

In the case T = [0,1] or R4 we suppose that the process S is cadlag, i-e., 
for almost every w € Q the map T > R¢, t > 9;(w) is right continuous and 
has left limits (where meaningful). 

If X : T — R? is cadlag we define AX;(w) = X;(w) — lims 74 Xs(w) = 
X;(w) — X;_(w). The process X is called continuous if almost surely, T > R4, 
tr X;(w) is continuous. Although the problems for T = {0,...,n}, N, [0,1], 
or R, are different, there is a possibility to treat many aspects in the same 
way. This is done through an embedding of T in R+. The finite discrete time 
case T = {0,...,n} is treated in the following way. For m € N, m > n we 
put S,, = S, and F,, = F,, thus embedding the case T = {1,...,n} into the 
case T = N. The case [0, 1] is embedded in Ry in a similar way S,, = S; and 
Fu = Fy for u > 1. To embed N in Ry we put forn <t<n+1, S; = S, and 
Fi = Fn. 

In view of this possibility to embed every time set into R+ we will only 
work with T= R¥,. 

On Ry x Q we consider different c-algebras. They are the basis to do 
stochastic analysis. The o-algebra consisting of Borel sets on R+ is denoted 
by B(R+). The o-algebra B(R+) ® Fx denotes the o-algebra on Ry x Q of 
all measurable subsets. A process X : Ry x 2 — R, which is measurable 
for B(R +) ® Foo is simply called measurable. The o-algebra generated by all 
stochastic intervals of the form [0,7 where T is a stopping time, is called 
the optional o-algebra. It is denoted by O. Under the usual conditions, right 
continuous adapted processes are measurable with respect to O. Conversely 
O is generated by the set of all adapted right continuous real-valued processes 
(see Dellacherie [D 72]). 

The o-algebra generated by all stochastic intervals of the form [0, T] where 
T is a stopping time, is called the predictable o-algebra. To be precise, when 
Fo is not trivial, we also have to include the sets of the form {0} x A, where A 
runs through Fo. The predictable o-algebra is denoted by P. It is generated by 
the set of all left continuous adapted real-valued processes. One can even show 
that P is already generated by the set of all continuous adapted real-valued 
processes. This implies in particular that P C O (see [D72]). 
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IfT :Q 4 R1U{oo} is a stopping time, Fr is the o-algebra of events prior 
to Tie. Fr = {A| A © Fo and for all t C Ry we have AN {T < t} © F}. 
We also need the o-algebra of events “strictly” prior to T. This o-algebra, 
denoted by Fr_, is not defined using a description of its elements. It is defined 
as the o-algebra generated by Fo and by elements of the form AN {t < T} 
where A € F;. Clearly Fr_ C Fr. It is easy to see that a stopping time 
T:Q— T is Fp_-measurable. 


Remark 7.2.1. The difference between Fr_ and Fr will turn out to be crucial. 
Typically the following happens. If T' is a stopping time where an optional 
cadlag process jumps, then Fr_— does not provide any information on the 
jump size, whereas Fr does also contain this information. In insurance terms 
we could say that if T’ is the stopping time given by the arrival of a letter 
announcing a new claim, then Fr_ gives all the information prior to this 
arrival, including the fact that a letter has arrived. The o-algebra Fr also 
contains the information on the claim size. 


Definition 7.2.2. A stopping time T is called predictable if there is an in- 
creasing sequence of stopping times (T,)°2, such that T, 7 T almost surely 
and T, <T on {0 < T}. 


Under the usual conditions T is predictable if and only if the set [7] = 
[7,7] = {(T(w),w) | T(w) < oo} is in the predictable o-algebra P. One 
can show that P is generated by the stochastic intervals [0,7] where T is a 
predictable stopping time. 


Definition 7.2.3. The stopping time T is called totally inaccessible if for each 
predictable stopping time T, we have P|r = T < co] = 0. 


The following description is proved in the theory of stochastic processes 
(see [D 72]). Recall that 7: Q x R4 — Q denotes the canonical projection. 


Proposition 7.2.4. Let T be a stopping time. 


(i) Fr = {m(An[T)) | A € O}, 
(ii) Fr_ = {n (AN [T]) | A € PH. 


As a consequence, a function f : 2 — R, that is F..-measurable is 
Fr-measurable for a given stopping time T if and only if there is an optional 
process X, i.e., a process X :Q x R, — R which is measurable with respect 
to O, such that on {T < co} we have X7 = f. The map f is Fr_-measurable 
if and only if there is a predictable process Y such that on {T < co} we have 
Yr =f. 

For a stopping time 7’, we define the process X7 as (X17), = Xiar. We 
call XT the process X stopped at time T. 


Definition 7.2.5. If (P) is a property of stochastic processes, then a stochas- 
tic process X satisfies (P) locally if there is an increasing sequence of stopping 
times (T,)°2, such that T, 7 co almost surely, and for each n the process 
XT satisfies (P). 
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Sequences T,, 7 00, such that each X7™ satisfies (P), are called localising 
sequences. In particular we have the following definition (see [D 72]). 


Definition 7.2.6. (i) A process S:R4 x Q — R?@ is locally bounded if there 
is an increasing sequence of stopping times (T,)°2, tending to co a.s. and 
a sequence (Kn)721 in Ry such that |S1)0,7,]| < Kn- 

(ii) A process X :R4 x Q—R is a local martingale if there is an increasing 
sequence of stopping times (T,)°, tending to co a.s. so that, for each n, 
the process X™ is a uniformly integrable martingale. 


One can show that X is a local martingale if and only if there is an increas- 
ing sequences of stopping times T,, 7 oo such that each X7™ is a martingale 
or, equivalently, is a martingale bounded in H'(P) i.e. supg<;<r, |Xz| € L*(P) 
(compare Proposition 14.2.6 below). _ 


Recall that, for a martingale M, the H?(Q, F,P)-norm is defined by 


Mla» = (z [(supinnl)’])” for 1 <p <0. (7.1) 


The following proposition is almost obvious, but it has important conse- 
quences in mathematical finance. 


Proposition 7.2.7. Jf LD: R4 x Q — R ts a local martingale such that L > 
—1, then L is a super-martingale. 


Proof. Let T, 7 c be a localising sequence for ZL and let U < V be fi- 
nite stopping times. For each n the process L?” is a uniformly integrable 
martingale with respect to the filtration (F:)i>0. For each A € Fy and 
each n < m we therefore have Sanqu<t.} Luar, = Sanwwer,) Ly ar, Hence 
Sanqu<t.} Ly = Sanqu<t.} Ly qr,,. If we let m — 00, observe that Lynar,, > 
—1 and use Fatou’s lemma to obtain that Sanqu<t,} Ly > Sanwer,} Ly = 
Sanqu<t.} E[Ly | Fu]. Hence on {U < T;,} we have Ly > E|[Ly | Fu]. We 
now let n tend to oo to conclude. 


Example 7.2.8. The archetype example of a local martingale which fails to be 
a martingale is the inverse Bessel (3) process. If we take X :R4 x Q — R° to 
be a three dimensional Brownian motion, starting at Xo = (1,0,0), then with 
respect to the natural filtration of X, L = Fal is a strictly positive local mar- 
tingale that is not a martingale. The family (L;):50 is uniformly integrable, 
but the family {Lr | T finite stopping time } is not uniformly integrable! 
One can show that the natural filtration of L is the filtration generated by 
a one-dimensional Brownian motion. Bessel processes are thoroughly studied 
by Pitman and Yor [PY 82]. See also [DS 95c] for applications of this theory 
to finance. 
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Example 7.2.9. If L is a local martingale, it is tempting to use the following 
sequence of stopping times as a “localising” sequence 


TH = inf {t | |Zy| > n} 


It is rather obvious that 7, indeed defines a localising sequence in the case 
of continuous local martingales DL. But if L fails to be continuous this is not 
a good choice in general. In fact there is a martingale (M,,, F,)°2, (indexed 
by the time set T = N for convenience) such that for T = inf{t | M, 4 0}, 
the stopped process M7 is not uniformly integrable. To construct such an 
example we start with a sequence of Bernoulli variables, this is a sequence of 
independent and identically distributed (i.i.d.) variables r, such that P[r, = 
1] = P[r, = —1] = 4. We also need a variable X defined on , independent of 
the sequence r, and such that also for X we have P[X = 1] = P[X = —1] = 3. 
We define the random time T as T = inf{n | rn = +1}. Hence we have 
Pit =n) =2>": 

We now define a process (M,,)°2.9, indeed by N. For n < T, we put M, = 0 
and at time T' we put Mp = X2”. After time T the process does not move 
anymore, meaning M, = Mr for n > T. The filtration (F,,)?2, is defined 
as Fn = 0(M,...M,) so that T is a stopping time for (F;,)°2,. Clearly the 
process WM is a martingale, hence a local martingale. But T = inf{n | M,, 4 0} 
and we have that My is not integrable! Therefore the stopped process M7 
cannot be a uniformly integrable martingale. 


For positive local martingales one can do better as Remark 7.2.11 below 
shows. We first need a preparatory result. 


Proposition 7.2.10. If L = (Lt)i>0 is a local martingale such that 
sup {E||Lr|] | T finite stopping time } < co (7.2) 


then 
Tn = inf {t | |Z] > n} (7.3) 
is a localising sequence. More precisely 


(i) P[Tn = co] 71, ie., Tr increases in a stationary way to co. 

(ii) L™ € H', ie. E[Lt |] =E [supocer, |Lil] < 00, for each n €N. 

Proof. (i): Denote by K the sup appearing in (7.2). By Fatou’s lemma we have 

B\|Lr, |1pr, <oo}] < K. Hence P[T;, < co] < © which gives (i). 
(ii): Clearly |L*, | < max(n,|Lr,|) € L’ and hence L™ € H’. 


Remark 7.2.11. (useful but often forgotten!) An R-valued local martingale 
which is uniformly bounded from below certainly satisfies the hypothesis 
of Proposition 7.2.10. Indeed, for a stopping time 7 we have by the super- 
martingale property of L (Proposition 7.2.7) that E[L,] < E[Lol. 

The seemingly unimportant fact that P[T,, = co] 7 1 for the sequence 
of stopping times (T,,)°2, defined by (7.3), will be used when we deal with 
boundedness properties in the space L°(Q, F, P). 
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7.3 Strategies, Semi-martingales and Stochastic 
Integration 


The simplest strategy an agent can follow, is to buy at a deterministic time 
T, € R and sell at a later time T> > 7), T> € R. This situation was already 
encountered in Chap. 2 and further developed in Chaps. 5 and 6. So let us 
discuss this elementary strategy of buying and selling. To make decisions 
possible the random times T; and T2 can only depend on past information and 
therefore need to be stopping times. Since we can give “limits” to our broker, 
the decision to buy/sell at time T; can depend on information available at time 
T,. Therefore the number of assets we buy at time T; should be measurable 
with respect to Fr,. By acting in such a way the agent holds f : Q — R¢@ assets 
from time T; to time To, where f is an F7,-measurable R@valued function. 
This action results in a gain (or loss) equal to (f, Sr, — S7,). 


Definition 7.3.1. A predictable process H : Ry x Q — R¢% with Hp = 0 is 
said to be 


(i) a simple strategy if there are stopping times 0 < Ty < Ti--- < Ty < cw, as 


well as random variables fo,---, fn—1, where each f, is Fr,-measurable, 
such that H = es fe Lyry Tei] 
(ii) a bounded simple strategy if in addition, fo,---,fn—1 are in L™, 


(iii) of bounded support if there is a real number t € R4 such that H = H1)0,4. 


If A is a simple strategy then the ultimate gain equals 


n-1 
(H- S)oo = a (fe St.41 — Sr,) (7.4) 
k=0 
and at time t the portfolio has a gain equal to 
n-1 
(H ‘ S)t = (fr: ST. 1At < Stat) . (7.5) 
k=0 


The process H - S is called the stochastic integral of H with respect to S. It 
has to be seen as a process. The ultimate gain is described by the random 
variable (H.-S) oo = limt+o(H-S)s (where the limit trivially exists). Another 
notation is 


H-.S= [tas (7.6) 


Summing up, the definition of a stochastic integral for stmple integrands 
goes exactly along the lines of the setting of finite discrete time as encountered 
in Chaps. 2, 5 and 6. There is no limiting procedure involved so far: the 
integrals (7.4), (7.5) and (7.6) reduce to finite sums. 


The crucial step now consists in extending this notion from simple inte- 
grands to more general ones by an appropriate limiting procedure. This is 
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quite a delicate task. The difficulties appear already in the case of Brownian 
motion; we concentrate for the moment on the case S; = W;, where (W:)i>0 
is a standard real-valued Brownian motion. 

It was K. It6’s fundamental insight [I 44] that the good idea is not to proceed 
in a pathwise way, i.e., not to consider each w € 2 separately. Instead one 
should take a functional-analytic point of view applying a basic isometry of 
Hilbert spaces. Consider the simple strategies H = pie SeApTy.,Te41] Which 
are bounded and of bounded support as elements of L?(Q x R1,P,P @ A), 
where P denotes the predictable o-algebra on Q x R+ and P ® A the product 
measure of P with Lebesgue measure \ on R+. This gives rise to the norm 


|Z ||L2@e@a) = (e if its)). : (7.7) 


The crucial isometry is that this L?(P @ \)-norm of the integrand H equals 
the L?(Q, Foo, P)-norm of the stochastic integral (H - Soo, ie., 


| Zllz2axr,.P.Per = lH Weollzz@er) = (E[(H-W)2,])?, (7.8) 


where F.. denotes the o-algebra generated by the Brownian motion (W;);:>0. 

In fact, this isometry is essentially a formality: for simple integrands H it 
is a straightforward consequence of the definition of Brownian motion (see, 
e.g., the beautiful introductory chapter of [RW 00}). 

Having established (7.8) for the set of bounded simple integrands it now is 
one more formal step to extend this isometry to the closures in the respective 
Hilbert spaces L?(P @ \) and L?(P) respectively. For the former it follows 
from the definition of the predictable o-algebra P in Sect. 7.2 above that this 
closure equals the entire space L?(Q x R4,P,P @ X), ie., the predictable 
process H such that (7.7) remains finite. For the latter closure of the stochas- 
tic integrals (H - S) in L?(P), it turns out that this is the hyperplane in 
L?(Q, Foo, P) formed by the random variables f with E/f] = 0. This amounts 
to the martingale representation theorem 4.2.1 above. 

We now define the process H.W = ((H -W):)i>0, where we have to be 
careful as this involves uncountably many ¢ € R +. This is done in the following 
way. For general H € L?(Q x R1,P,P ® X) we take a sequence H” of simple 
integrands, H" € L?(Q x R,,P,P ® X) so that ||H — A" ||p200xR,,P,P@r) < 
4-"~!. By Doob’s maximal integrability [RW 00, Chap. 5, Theorem 70.2] we 
get, for each m,n € N: 


< 2||((H™" — H”)- W)xollr20,7,P) 
L2(Q,F,P) 


= 2||H™ — A” || 12(0axR 4,P,PO@A) : 


Therefore P [sup,;s9((H” — H"*1)-W), > 27-"] < 27”. The Borel-Cantelli 
lemma then implies that almost surely the sequence (H” - W);(w) converges 
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uniformly as a sequence of continuous functions on R+. Let us denote this 
limit process by (H.W). Of course ||sup,s9((H — H")-W);||, — 0. The 
identity (7.8) then shows, by passing to the limit as n > co: 


| 71jo,qllz2@@e@r) = (7 - Welle): 


At the same time (H -W), being the limit of the L?-martingales (H"-W):>0, 
also is a martingale bounded in L?(P). 


We have taken some space to sketch these basic facts on stochastic inte- 
gration, which can be found in much more detail in many beautiful textbooks 
(e.g., [P90], [RY 91], [RW 00]), as we believe that the isometric identity (7.8) 
is the heart of the matter. Having clarified things for the case of Brownian 
motion W it is essentially a matter of routine techniques to extend the degree 
of generality. 

To start we still restrict to the case of Brownian motion W but now con- 
sider predictable processes H such that H is only locally in L?(P @ A). This 
latter requirement is equivalent to the hypothesis (i H2du < 06 a.s., for each 
t < oo. In this case one can argue locally to define the stochastic integral 
((H - $)z)t>0 which then is a local martingale. 


Passing to more general integrators than Brownian motion W consider a 
real-valued martingale S' = (S;);>0 which we first assume to be L?-bounded, 
1e., SUD; | Stl] 22(0,7;.,P) < Oo. 

We then may define the quadratic variation measure d[S] on the pre- 
dictable o-algebra P by 


d{S](J7,0]) = E[|S, — S21] (7.9) 


for all pairs of finite stopping times 7 < o and then extend this measure to P 
by sigma-additivity. The measure d[S] is the analogue of the measure P ® 
in the case of Brownian motion S = W, and we again obtain the isometric 
identity 

7 || c2¢a[s}) = || - S)oollr2(e), (7.10) 


for each bounded simple integrand H such that the left hand side is finite. 
In fact, the identity (7.10) now simply is a reformulation of the definition 
(7.9). As in the case of Brownian motion, identity (7.10) allows to extend 
the stochastic integral from simple bounded integrands to general predictable 
processes H with finite L?(d[S])-norm. By localisation this notion can be 
extended to the case of martingales S which are locally L?-bounded as well as 
to integrands H, which are locally in L?(d[$]). For the case of continuous local 
martingales S this is already the natural degree of generality as a continuous 
local martingale is automatically locally L?-bounded. Finally we indicate that 
the theory may also be extended to the case of R¢-valued local martingales by 
equipping R@ with its Euclidean norm |.| and using the above Hilbert space 
techniques. 
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To develop the natural degree of generality also for processes with jumps 
we have to extend the theory of stochastic integration with respect to a local 
martingale S to the case, where S$ is not necessarily locally L?-bounded (but 
only locally L+-bounded). One has to replace the (easy) L?-theory by some 
more refined functional analysis replacing L?(P) by H1(P) defined in (7.1). 
Similarly the (easy) maximal inequality for L?(P)-bounded martingales has to 
be replaced by the more subtle Burkholder-Davis-Gundy maximal inequality 
pertaining to the norm of H1(P). We don’t elaborate on these issues here and 
refer, e.g., to [P 90], [RW 00]. 


Rather we now extend the theory to the case of (cadlag, adapted, R¢- 
valued) processes S which are not necessarily local martingales. In the case 
when S is locally of bounded variation, i.e. 


n 


|S|; = sup y [ St, - Sh. <oo as., for each t < co, 
OSto<...<tn<t Fy 


the integration theory is, in fact, rather simple as we now can indeed argue 
pathwise by considering each w € Q separately. For almost each w € 2 the 
cadlag function (.5;(w))o<t<oo, which is of bounded variation on compact sub- 
sets of R41, defines a sigma-finite R¢-valued Borel-measure dS(w) on R 4; it 
is defined on the intervals Ja, b], for 0 < a < b < ov, by 


dS(w) (Ja, b]) = S,(w) — Sa(w). 


Hence, for each bounded measurable R¢-valued process H, the stochastic 
integral 


(H+ S)1(w) -| (Hu(w), dS'4(w)) (7.11) 


is well-defined, for almost each w € QD and eacht € R4, asa classical Lebesgue- 
Stieltjes integral on the real positive line R +. One can still extend the stochas- 
tic integral (7.11) to the case, where the process H is not necessarily bounded, 
but only such that for almost every w € 9 and each t > 0, (Hu(w))o<u<t is 
dS(w)-integrable. This is an L'-theory as opposed to the L?-theory encoun- 
tered in the setting of Brownian motion above. 


We have thus briefly recapitulated the achievements of stochastic integra- 
tion theory which were developed starting from the pioneering work of K. Ito 
[144] until the late seventies, notably by the Japanese school and the Stras- 
bourg school of probability around Paul André Meyer. The notion of stochas- 
tic integral was pushed to increasingly more general classes: if the (cadlag, 
adapted, R¢-valued) process S$ can be written as S = M+ A, where M is a 
local martingale and A is of locally bounded variation, then there is a good 
integration theory for S. For every locally bounded, predictable R¢-valued 
process H the stochastic integral 
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is well-defined. One can even pass to not necessarily locally bounded pre- 
dictable processes, provided the two terms on the right hand side make sense. 

At this stage, around 1980, the pushing for greater and greater generality 
came to an end. Through the work of Bichteler [B 81] and Dellacherie [DM 80] 
it became clear that the class of semi-martingales defined in Definition 7.3.2 
below is the largest class of processes for which the integration theory can 
be generalized from simple integrands to more general ones by continuous 
extension. The Bichteler-Dellacherie theorem (see, e.g., [P 90]) tells us that the 
semi-martingales S' are precisely those processes which may be decomposed 
as S = M+ A, where M is a local martingale and A is of locally bounded 
variation. We shall briefly recall this theorem. 

The space S of bounded simple strategies is equipped with the topology 
of uniform convergence, which is given by the norm 


\|H|loo = sup { ||Hilln-(0,%,,p) | t € R+}. 
Definition 7.3.2. (i) S is a strict semi-martingale if the operator 
I:S8 3 19(Q,Fo0,P) and I(H)=(H-S)eo 


is continuous for the topologies defined respectively by ||. ||. and by the 
convergence in probability, 
(ii) S is a semi-martingale if it is locally a strict semi-martingale. 


It is an easy exercise to show that S' is a semi-martingale if ||H”||.. — 0 
implies (H” - S); — 0 in L® for all t > 0. It is easy to check that, for a 
process S' of the form S = M+ A where M is a local martingale and A is a 
cadlag process of finite variation i.e. for all t we have if |\dA,| < co a.s., this 
continuity property is satisfied. (Here and in the sequel we follow the usual 
terminology to call a process of bounded variation if it is locally of bounded 
variation). The Bichteler-Dellacherie theorem asserts that also the converse is 
true: a semi-martingale S in the sense of Definition 7.3.2 can be decomposed 
as S = M + A in the above way. 

We say that S is a special semi-martingale if S = M+ A where M is 
a local martingale, A is of finite variation and predictable. In this case the 
decomposition of S$ as a sum of a local martingale and a predictable process 
of finite variation is unique. We refer to it as the canonical decomposition 
(see [DM 80] and [P 90]). One can show that a semi-martingale S is special if 
and only if S is locally integrable, i.e. if there is a sequence of stopping times 
Tn 7 co such that E [supo<;<r, |St|] < 00. 

We emphasize that being a semi-martingale does not depend on P but 
only on the null sets. In other words, if S is a semi-martingale under P and 
Q ~P, then S is also a semi-martingale under Q. However, if S is special for 
P and Q ~ P is another probability equivalent to P, then S' does not need 
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to be special for Q. For more details on how to define stochastic integrals 
for bounded strategies and for general predictable strategies we refer to the 
literature (e.g. [DM 80], [P 90], [J 79], [B81]). 


If S is a special R?-valued semi-martingale and if K is a one-dimensional, 
predictable and bounded process, then the R¢-valued stochastic integral K -S 
which is defined coordinatewise is still special. Indeed, suppose that S = M+A 
where M is a local martingale and A is a predictable process of finite variation. 
Therefore there is a sequence of stopping times T;,, tending to oo, such that, 
for each n € N, M7 is in H1(P) and A’ is of integrable variation and 
predictable. The Burkholder-Davis-Gundy ([DM 80], [J 79]) inequalities show 
that K-M™* is still in H! and ordinary integration theory shows that K -A™ 
is still of integrable variation. As a result we see that K - S is a special semi- 
martingale. Moreover the canonical decomposition of K-SisK-M+K.A. 


On the space of one-dimensional semi-martingales we put a vector space 
topology, the so-called semi-martingale topology, induced by the quasi-norm 
or distance function [E 79] 


D{S} = 52 2-" sup{E[(K-5)nl AM] IK] <1}, (7.13) 


n=1 


where the processes K are assumed to be real-valued and predictable. 
In this topology we have, for a sequence (S*)?2 , of semi-martingales, that 


S* —, 0 if and only if, for each t, we have that (K - S”); 6 uniformly in K, 
|| <1, K real-valued, predictable. An equivalent metric also inducing the 
semi-martingale topology is 


D*[S] = 5° 2-" sup {E[(K - $)* A1]| |K| < 1}. (7.14) 


As usual Y* denotes the maximal function defined as Y;* = supp<,,<; |Yu|. For 
cadlag processes Y, the process Y* is again cAdlag. a 

We can also define a stronger distance function, Dx, inducing the semi- 
martingale topology on T = [0, co] as opposed to the time index set T = Ry. 
This distance is defined as 


Doo[$] = sup {E[(K - 8)%, A1]| |K| <1. 


For integration theory this topology is typically too strong but in Chap. 9 this 
notion will turn out to be useful. 


We now extend the class of integrands for a given semi-martingale S from 
locally bounded predictable R¢-valued processes H to processes H, which are 
not necessarily locally bounded. We say that a predictable R¢-valued pro- 
cess H is S-integrable if (H1,)4)<n}-S)71 forms a Cauchy sequence in the 
space of one-dimensional semi-martingales with respect to the semi-martingale 
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topology induced by (7.13) (or, equivalently, by (7.14)). The limit process is 
denoted by H.-S. 

The reader should note the subtle, but for our later applications crucial 
difference to the sentence following (7.12) above: we shall see in Example 7.3.4 
below that it may happen that, for a special semi-martingale S = M+ A,a 
predictable process H is S-integrable in the sense introduced above, while the 
stochastic integral H - M does not exist as an integral in the sense of a local 
martingale. The next theorem clarifies the situation. It will play a crucial role 
in later sections. 


Theorem 7.3.3. If S is a special semi-martingale with canonical decomposi- 
tion S = M+A and if H is S-integrable, then H.-S is special if and only 
if 

(i) the process H- M is defined as an integral of local martingales and 

(ii) the process H - A is defined as a Lebesgue-Stieltjes integral [ H,dAy. 


In this case the canonical decomposition of H-S is given by H-S = H-M+H.A. 


Before giving the proof we present an enlightening example due to M. 
Emery. It will be of central importance for Chap. 14 below. 


Example 7.3.4 ([E 80], see also Example 14.2.2 below). Let (Q,7,P) be a 
probability space on which the following objects are defined: an exponen- 
tially distributed random variable T with parameter 2 (the 2 is only to keep 
in line with the notation in Example 14.2.2), ie., P[T > a] = e~?%, anda 
Bernoulli variable B, ie., P[B = 1] = P[B = —1] = 4, which is independent 
of T. 

The process M = (M;)1>0 is defined as follows 


0, fort <T, 
m= {5 fob 2h 


Denoting by (F;)+>0 the natural filtration generated by the process M, 
it is straightforward to check (and intuitively rather obvious) that M is a 
martingale with respect to (F;)i>0. The process jumps at time T where it has 
a 50: 50 chance to either jump up to 1 or down to —1. 

Define the process H by Hy, = 1, for u > 0. This (deterministic) process 
is M-integrable: indeed, the processes (H Lygaj<n}° cc) sae converge in the 
semi-martingale topology to the process X = H - M which is given by 


Xi={n fort < T, 


2, fort >T. 


(7.15) 


Morally speaking, one is tempted to believe that X should still be a mar- 
tingale: the process X has the same chance of 50 : 50 to jump upwards or 
downwards by + at time JT’. But, mathematically speaking, X fails to be a 
martingale as we encounter integrability problems: for t > 0 we have 
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E(XiI] = | 


Hence X is not a martingale as E[X,] does not make sense. In fact, also 
stopping does not help to remedy the integrability problem! It is not hard to 
check that, for every stopping time 7 w.r. to the filtration (F;):50 such that 
P[r > 0] > 0, we still have (see [E80] for the details) 


t 
=| a[r =u) = f Le a eee 
U 0 U 


E||X;|] = 00. 


Hence X even fails to be a local martingale. In particular, H - M is not 
defined as a stochastic integral in the sense of integration with respect to a 
local martingale as developed above, as in this theory the integral of a local 
martingale is necessarily a local martingale. 

In Sect. 8.3 below we shall define the notion of a sigma-martingale which 
will yield the proper framework enabling us to also interpret processes such 
as X = H- M above still as a “fair game”. 


This example of Emery is very simple, but it shows that one has to be 
careful when dealing with stochastic integrals. For a martingale M the integral 
H-.M might exist as a semi-martingale but not as a local martingale! We 
conclude that the local martingales do not form a closed subspace (w.r. to the 
semi-martingale topology) of the space of semi-martingales and by the same 
example we see that the space of special semi-martingales is not closed in the 
space of semi-martingales. See Emery and Mémin for details [E79], [M80]. 


The proof of Theorem 7.3.3 will be based on two results, the first stating 
that under the assumptions of Theorem 7.3.3 the stochastic integral H - A 
necessarily exists as a Lebesgue-Stieltjes integral. The second is a necessary 
and sufficient condition for a stochastic integral of a local martingale to be a 
local martingale. 


Lemma 7.3.5. If S is a special R¢-valued semi-martingale with canonical 
decomposition S = M+ A, if H is an R¢-valued predictable process, if the 
stochastic integral H-S is special, then the process H- A exists as a Lebesgue- 
Stieltjes integral. 


Proof. We start by localising which allows us to assume that the special semi- 
martingales S and H.-S are of the form S = M+ A and (H-S)=N+B 
such that M and N are martingales bounded in H'(P) and A and B are 
predictable processes of integrable variation. We also may represent the R¢- 
valued process A as dA = (d|A|, where (|A|)¢>0 is the total variation process 
of (At):>0 and 3 is an R“-valued predictable process taking values in the unit 
sphere of R?. 
We now define the {—1,0, 1}-valued predictable process 


ky = sign(A;, 3;). 
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Clearly the Lebesgue-Stieltjes integrability of H with respect to A is tan- 
tamount to that of KH. The latter is easier to check as K H-A is an increasing 
process. Note that KH-S = K-N+K-B is still the sum of an H!(P)-bounded 
martingale and a process of integrable variation so that, for each t < oo, 


E | sup (KH - 5).| < 00. 


O<uc<t 


Fix t < oo. Let H" = A14) 77) <n}, for n € N, and define the stopping times 
Tn, by 
™m =inf{u<t||(KH-S),—-(KH"-S)y| > 1} At. 


As KH is S-integrable we have that (7,,)°2, increases stationary to t. We 
may estimate 


\(KH” + S)7,,| < (KH + S),,|+1+ |H7, 45; | 
<3 sup |((KH)-S)ul +1. 
O<uc<t 


As KH” is bounded and M is bounded in H'(P), the process (K H”)-M 
is an H'(P)-bounded martingale too (starting at ((K H”)- M)o = 0) so that 
E[((KH")- A),,] = E[((K A") - S),,] — E[(KH")- M),,] 


< 3E| sup ((KH)-S),} +1 < oo. 
O<uc<t 


Letting n — oo we obtain by the monotone convergence theorem that 


E[((K) - A): < 00, 


which proves the lemma. 


Example 7.8.6. Let S be a special semi-martingale with canonical decomposi- 
tion S = M+ A. For an S-integrable predictable process H, the integral H-S 
may exist, but H -A may not. Such an example can be made up as follows. 
Take a random variable T which is exponentially distributed with parame- 
ter 1 and let S; = 1g¢57} with its natural filtration. Clearly the canonical 
decomposition of S' is given by S = M+ A where 


uAT 
A) ds = (uAT) 
0 


is the compensator of the process S. 
Let H be defined by H; =  for0<t<1, and H, = 0 fort > 1. We 


find that 
0, fort <T, 


(H-S),=¢ <4, forT <tandT <1, 
0, otherwise. 
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On the other hand we have on {T > 1} and for t > 1 


taT 
d 
(#-A) = [ = +00. 
0 


1l-u 


The next theorem gives a necessary and sufficient condition for a stochastic 
integral of a local martingale to be again a local martingale. The result in this 
form is due to Ansel and Stricker [AS 94]. An earlier form was given by Emery 
[E 79]. 


Theorem 7.3.7 (Ansel and Stricker). Let M be an R¢-valued local mar- 
tingale, let H be R4-valued and predictable. Let H be M-integrable in the sense 
of semi-martingales. Then H - M is a local martingale if and only if there is 
an increasing sequence of stopping times T, 7 00 as well as a sequence of 
integrable functions Vn <0, such that (H,AM)"™ > dn. 


Some explanation on the notation seems in order: the process AM = 

(AM;)i>0 is the process formed by the jumps of M; it is different from zero 
only at the jumps of the cadlag process M where the formula (AM);(w) = 
Mi(w) — M;—(w) holds. Hence the process (H, AM) = (Hi, (AM) +)i>0 is the 
process of jumps of H- M. The condition (H, AM)" > 0, means that, for 
a.e. w € Q, the jumps of the process ((H - M)z):>0 such that 0 < t < T,(w) 
all are bounded from below by ?,,(w) almost surely. 
Proof of Theorem 7.3.7. We first prove necessity. If H-M is a local martingale 
then it is locally in H'. Hence there is an increasing sequence of stopping 
times T, 7 oo such that sup;<r7, |(H - M);| € L’. Hence |(H,AM)™| < 
2suprer, |(H-M)s| € L}. 

The sufficiency of the hypothesis is less trivial. We will show that, for each 
n €N, the process (H- M)*™ is a local martingale and we may therefore drop 
the stopping times 7), and replace J, by v. Let 


U, = S- Lyjam,|>1 or (H.,AM,)>1} 4M 


s<t 


Because M and H-M are semi-martingales, their jumps of high magnitude 
(here > 1) form a discrete set, i-e., such that its intersection with each compact 
subset of [0,oo/ is finite for a.e. w € Q. The process U is therefore a cadlag, 
adapted process of finite variation and hence a semi-martingale. Also H is 
U-integrable. Indeed, every (R¢-valued, predictable) process is U-integrable. 
Let now Y = M —U. Since A is M- and U-integrable it is also Y-integrable. 
The semi-martingale Y has jumps of magnitude < 1 and hence is a special 
semi-martingale. Its canonical decomposition is denoted as Y = N + B. Let 
V=B+U=M-—N, the process V is the difference of two local martingales 
and is therefore a local martingale, moreover it has paths of locally bounded 
variation as it is the sum of the process B and U. Because H-Y = H-M—H-U 
has bounded jumps it is also special and by Lemma 7.3.5 H - B exists as an 
ordinary integral. Therefore H - V exists as an ordinary Lebesgue-Stieltjes 
integral too. We have to show two things 
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(i) H-V isa local martingale and 
(ii) H- N is a local martingale. 


The second one is standard. The jumps of Y and H-Y are bounded by 1 
and hence for a predictable stopping time T we have ABr = E[AY7 | Fr_] 
is bounded by 1. Also |HyAY7| < 1 and hence E[/HrAYr | Fr_] = HrABr 
is bounded by 1. For T totally inaccessible we have ABr = 0 as. as B 
is predictable and hence Hr ANy = H7yAYvr as well as ANrp = AY? are 
bounded by 1. It follows that |HAN| and |AN| are bounded by 2. The local 
martingale N is locally L? and the increasing process i Hi d[N, N]uHy is 
also locally L?. The L? theory of martingales shows that (H - N) is a local 
martingale (even locally L?). 

The first part is more tricky. For each p we define R, = inf{t | i |H,dB,,| > 
p}. This makes sense since H - B exists as an ordinary integral. The sequence 
(Rp)32, increases to infinity. As H - B has jumps bounded by 1 we have 
Se"? |HudBul < pt. 

We also define S, = inf{t | ie |H,,dU,,| > p}. Because H - U exists as an 
ordinary integral this makes sense again and also (S,)%°., increases to infinity. 
For each n we now put H" = A1y) 7) <n}. Clearly fis |H?dB,| <p+1 and 
because of the hypothesis (H, AM) > J we have ((H" -U)5) < p+|v|. We 
now take one more sequence (7,)%2, of stopping times increasing to infinity 
so that V™ € H'(P). Because H” is bounded, (H” -V)™ is an H'(P)- 
martingale and hence E [(H” - V )rpASpAR | = 0 for all n and p. However, 
for the negative part we find (H"-V)> vg ar, S (H"- Bi as,ar, + (H”- 


U)z nspakp SP+1+P+|9| = 2p-+1+|0]. Therefore E [(H"-V)z ns.ar,| < 


2p+1+E |||] and the same holds for (H" - Vir AS,AR»* Ehis in turn implies 
E [|(H" -V),,0s,ar,|] < 4p+2+2E [lvl]. Ifn — 00, we have ((H"—H)-V)* = 
sup, |((H”—H)-V),|. This implies that (H"-V) ,ASpARp~0 and an application 
of Fatou’s lemma yields that also E [|(H-V)-,as,ar,|] < 4p + 2+ 2E [||]. 
Now the definition of S, and R, imply that |(H-V);| < 2p for t < AS,ARp. 
We finally deduce that E [SUP ctcn ASA nH: Vell < 2p +. 2(2(p + 1) + 


2E [|0|]) < 

The ee is almost complete now. The process W = P is an 
H'-martingale, the integral (H -W) has a maximal function f = (H - W)* 
that is integrable. This is sufficient to prove that H -W is a martingale and 
hence an H!-martingale. Again we use approximations. For each n let vp, be 
defined as v, = inf{t | |(H#" -W), — (H-W);| > 1}. It is clear that vp — oo. 
Each (H” parle is a martingale and its maximal function is bounded by 
(H"-W)k <(H-W)i +1+2f. The last term coming from a possible jump 
at Vp. It follows that for all n we have the inequality (H"-W)* < 3f+1. 
A simple application of Lebesgue’s dominated convergence theorem allows us 
to conclude that H.W is a martingale. The proof is now complete. 


= Vir Sp AR 
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Corollary 7.3.8. If M is a local martingale, if H is M-integrable and if (H- 
M)~ is locally integrable, i.e., there is a sequence (T)°21 of stopping times 
increasing to infinity such that E[—info<t<r, (H-M)1] < co; then H- M is a 
local martingale. 


Proof. We only have to verify the hypothesis of theorem 7.3.7. For each n 
let R, be defined as R,, = inf{t | (H-M), > n}. Let also 7, be chosen in 
such a way that H- M7 > v,, where each VJ, is integrable and T, 7 co. 
Let T, = min(Rp, Tr). Clearly T, 7 00 and the jumps HAM? > —n+ Vp. 
Theorem 7.3.7 gives the desired result. 


Proof of Theorem 7.3.8. Let H be S-integrable. If H -S is special then by 
Lemma 7.3.5 the process H- A exists as an ordinary Lebesgue-Stieltjes integral 
which yields (ii). As H-S is special it is locally integrable, i.e., there is 
a sequence of integrable functions J, € L! and an increasing sequence of 
stopping times T;, 7 oo such that (H - S$)’ > 0,. Take R” 7 oo such that 
(H- A)" has integrable variation. This is possible since the integral H-A is an 
ordinary integral and the result therefore is a predictable process. For each n 
we find (H- M)?247 > #,, — ies |H,,dA,,|. We now apply the Ansel-Stricker 
theorem to show that (i) holds true. 

Conversely, if (i) and (ii) hold true then H -S' is the sum of the local mar- 
tingale H- M and the predictable finite variation process H - A and therefore 
special. 


8 


Arbitrage Theory in Continuous Time: 
an Overview 


8.1 Notation and Preliminaries 


After all this preliminary work we are finally in a position to tackle the theme 
of no-arbitrage in full generality, i.e., for general models S of financial mar- 
kets in continuous time, and for general (i.e., not necessarily simple) trading 
strategies H. The choice of the proper class of trading strategies will turn 
out to be rather subtle. In fact, for different applications (e.g., portfolio op- 
timisation with respect to exponential utility to give a concrete example; see 
[DGRSSS 02] and [S03a]) it will sometimes be necessary to consider differ- 
ent classes of appropriate trading strategies. But for the present purpose the 
concept of admissible strategies developed below will serve very well. 

When defining an appropriate class of trading strategies, then, first of 
all, one has to restrict the choice of the integrands H to make sure that the 
process H.-S exists. Besides the qualitative restrictions coming from the theory 
of stochastic integration considered in the previous chapter, one has to avoid 
problems coming from so-called doubling strategies. This was already noted 
in the paper by Harrison and Pliska [HP 81]. To explain this remark, let us 
consider the classical doubling strategy. We take the framework of a fair coin 
tossing game. We toss a coin, and when heads comes up, the player is paid 2 
times his bet. If tails comes up, the player loses his bet. 

The so-called “doubling strategy” is known for centuries and in French it 
is still referred to as “la martingale” (compare, e.g., [B 14, p. 77]+). The player 


' We cannot resist citing from Bachelier’s book where he discusses the “suicide 
strategy” (see after Theorem 8.2.1 below), which is a close relative to the doubling 
strategy. 

“La martingale est la cause unique des grosses fortunes, ... . Pour devenir trés 
riche, il faut étre favorisé par des concours de circonstances extraordinaires et par 
des hasards constamment heureux. Jamais un homme n’ est devenu trés riche par 
sa valeur.” 

The martingale is the unique cause for big fortunes, ... . To become very rich, 
you have to be favoured by extraordinary circumstances and by constantly lucky 
bets. Never a man became very rich by his value. 
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doubles his bet until the first time he wins. If he starts with 1 €, his final gain 
(last payout minus the total sum of the preceding losses) is 1 € almost surely. 
He has an almost sure win. The probability that heads will eventually show 
up is indeed one (even if the coin is not fair). However, his accumulated losses 
are not bounded below. Everybody, especially a casino boss, knows that this 
is a very risky way of winning 1 €. This type of strategy has to be ruled out: 
there should be a lower bound on the player’s loss. 


Here is the definition of the class of integrands which turns out to be 
appropriate for our purposes. 


Definition 8.1.1. Fiz an R¢-valued stochastic process S = (Si)t>0 as defined 
in Chap. 5, which we now also assume to be a semi-martingale. An R¢-valued 
predictable process H = (Ht)i>0 1s called an admissible integrand for the 
semi-martingale S, if 


(i) H is S-integrable, i.e., the stochastic integral H-S = ((H-S):)i>0 ts well- 
defined in the sense of stochastic integration theory for semi-martingales, 
(ii) there is a constant M such that 


(H-S),>—-M, as., for allt > 0. 


Let us comment on this definition: we place ourselves into the “théorie 
générale” of integration with respect to semi-martingales: here we are on safe 
grounds as the theory, developed in particular by P.-A. Meyer and his school, 
tells us precisely what it means that a predictable process H is S-integrable 
(see Chap. 7 above). But in order to be able to apply this theory we have to 
make sure that S' is a semi-martingale: this is precisely the class of processes 
allowing for a satisfactory integration theory, as we know from the theorem 
of Bichteler and Dellacherie ([B 81], [DM 80]; see also [P 90]). 

How natural is the assumption that S is a semi-martingale from an eco- 
nomic point of view? In fact, it fits very nicely into the present no-arbitrage 
framework: it is shown in Theorem 9.7.2 below that, for a locally bounded, 
cadlag process S, the assumption, that the closure of C*'™P!© with respect to 
the norm topology of L°(P) intersects L°(P)+ only in {0}, implies already 
that S is a semi-martingale. The semi-martingale property therefore is im- 
plied by a very mild strengthening of the no-arbitrage condition for simple, 
admissible integrands. Loosely speaking, the message of this theorem is that 
a no-arbitrage theory for a stochastic process S modelling a financial market, 
only makes sense if we start with the assumption that S' is a semi-martingale. 
For example, this rules out fractional Brownian motion (except for Brownian 
motion itself, of course). There is no reasonable no-arbitrage theory for these 
processes in the present setting of frictionless trading in continuous time. How- 
ever, if one introduces transaction costs, then for fractional Brownian motion 
the picture changes completely and the arbitrage opportunities disappear (see 
[G 05]). 
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Regarding condition (ii) in the above definition: this is a strong and eco- 
nomically convincing requirement to rule out the above discussed doubling 
strategy, as well as similar schemes, which try to make a final gain at the 
cost of possibly going very deep into the red. Condition (ii) goes back to the 
work of Harrison and Pliska [HP 81]: the interpretation is that there is a finite 
credit line M obliging the investor to finance her trading in such a way that 
this credit line is respected at all times t > 0. 


Definition 8.1.2. Let S be an R¢-valued semi-martingale and let 


K= {(H Soo | H admissible and (H-S')x. = jim (H -S'), exists a.s. } ; 
(8.1) 


which forms a convex cone of functions in L°(Q,F,P), and 
C={gEL*(P) |g<f for some fe k}. (8.2) 


We say that S satisfies the condition of no free lunch with vanishing risk 
(NFLVR), if = 
CN L*(P) = {0}, 


where C now denotes the closure of C with respect to the norm topology of 
L*(P). 


Comparing the present definition with the notion of “no free lunch” 
(NFL), the weak-star topology has been replaced by the topology of uni- 
form convergence. Taking up again the discussion following the Kreps-Yan 
Theorem 5.2.2, we now find a better economic interpretation: S allows for 
a free lunch with vanishing risk, if there is f € L3°(P) \ {0} and sequences 
(fn) eo = ((H” - S)0)P_p € K, where (H”)°2.9 is a sequence of admissible 


integrands and (gn)°°p satisfying gn, < fn, such that 
im, \| f = In\loo =0. 


In particular the negative parts ((fn)—)®o and ((gn)—)°2@ po tend to zero 
uniformly, which explains the term “vanishing risk”. 


8.2 The Crucial Lemma 


We now come back to the formulation of a general version of the fundamental 
theorem of asset pricing. We first restrict to the case of locally bounded pro- 
cesses S, as treated in Chap. 9. This technical assumption makes life much 
easier. 


Theorem 8.2.1. (Corollary 9.1.2) The following assertions are equivalent for 
an R¢-valued locally bounded semi-martingale model S = (S;)+>0 of a financial 
market: 
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(i) (EMM), i.e., there is a probability measure Q, equivalent to P, such that 
S is a local martingale under Q. 

(ii) (NFLVR), i.e., S satisfies the condition of no free lunch with vanishing 
risk. 


The present theorem is a sharpening of the Kreps-Yan Theorem 5.2.2, as 
it replaces the weak-star convergence in the definition of “no free lunch” by 
the economically more convincing notion of uniform convergence. The price 
to be paid for this improvement is, that now we have to place ourselves into 
the context of general admissible, instead of simple admissible integrands. 

The proof of Theorem 8.2.1 as given in Chap. 9 and its extension in 
Chap. 14 is surprisingly long and technical; despite of several attempts, no 
essential simplification of this proof has been achieved so far. We are not able 
to go in detail through this proof in this “guided tour”, but we shall try to 
motivate and help the interested reader to find her way through the arguments 
in Chap. 9 below. 

We start by observing that the implication (i) > (ii) is still the easy one: 
supposing that S is a local martingale under Q and 4 is an admissible trading 
strategy, we may deduce from the Ansel-Stricker Theorem 7.3.7 and the fact 
that H -S is bounded from below, that H - S is a local martingale under Q, 
too. Using again the boundedness from below of H - 5, we also conclude that 
H-S is a super-martingale under Q, so that 


Eq|(H - S)s0] < 0. (8.3) 


Hence Eaq|g] < 0, for all g € C, and this equality extends to the norm 
closure C of C (in fact, it also extends to the weak-star-closure of C, but 
we don’t need this stronger result here). Summing up, we have proved that 
(EMM) implies (NFLVR). 


Before passing to the reverse implication let us still have a closer look at 
the crucial inequality (8.3): its message is that the notion of equivalent local 
martingale measures Q and admissible integrands H has been designed in 
such a way, that the basic intuition behind the notion of a martingale holds 
true: you cannot win in average by betting on a martingale. Note, however, 
that the notion of admissible integrands does not rule out the possibility to 
lose in average by betting on S. An example, already noted in [HP 81], is the 
so-called “suicide strategy H” which is just the doubling strategy considered 
at the beginning of this chapter with opposite signs. Consider, similarly as 
above, a simplified roulette, where red and black both have probability 4 and, 
as usual, when winning, your bet is doubled. The strategy consists in placing 
one € on red and then walking to the bar of the casino and regarding the 
roulette from a distance: if it happens that consecutively only red turns up 
in the next couple of games, you may watch a huddle of chips piling up with 
exponential growth (assuming, of course, that there is no limit to the size of 
the bets). But inevitably, i.e., with probability one, black will eventually turn 
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up, which will cause the huddle — including your original € — to disappear. 
Translating this story into the language of stochastic integration, we have a 
martingale S (in fact, a random walk) and an admissible trading strategy H 
such that (H-S')o = 0 while (H-S),. = —1 so that we have a strict inequality 
in (8.3). 

A continuous analogue of the suicide strategy is given by the process S; = 
exp (Wi - st), where W is astandard Brownian motion. This process starts at 
1 and moves up and down in ]0, oo[ according to a fair game (it is a martingale). 
But, as t tends to infinity, S, tends to 0 almost surely. The reader can see that 
the process S can assume quite high values but eventually the player loses the 
initial bet So = 1. 


We now discuss the difficult implication (VFILVR) > (EMM) of Theorem 
8.2.1. It is reduced to the subsequent theorem which may be viewed as the 
“abstract” version of Theorem 8.2.1: 


Theorem 8.2.2 (Theorem 9.4.2). In the setting of Theorem 8.2.1 assume 
that (it) holds true, i.e., that S satisfies (NFLVR). 
Then the cone C C L®(P) is weak-star-closed. 


The fact that Theorem 8.2.2 implies Theorem 8.2.1 follows immediately 
from the Kreps-Yan Theorem 5.2.2, i.e., we find a probability measure Q ~ P 
such that S is a local Q-martingale. Theorem 8.2.2 tells us that we don’t have 
to bother about passing to the weak-star-closure of C any more, as assumption 
(ii) of Theorem 8.2.1 implies that C already is weak-star-closed. In other words, 
our program of choosing the “right” class of admissible integrands has been 
successful: the passage to the limit which was necessary in the context of the 
Kreps-Yan theorem, i.e., the passage from C*™P'* to its weak-star-closure, is 
already taken care of by the passages to the limit in the stochastic integration 
theory from simple to general admissible integrands. 

In fact, Theorem 8.2.2 tells us that — under the assumption of (NFLVR) 
— C equals precisely the weak-star-closure of C*'™P!*, The fact that CS'™P!© is 
weak-star dense in C’ follows from Chap. 7 where the general theory of stochas- 
tic integration is based on the idea of approximating a general integrand by 
simple integrands. 


By rephrasing Theorem 8.2.1 in the form of Theorem 8.2.2, we did not 
come closer to a proof yet. But we see more clearly, what the heart of the 
matter is: for a net (H%)aer of admissible integrands, fa = (H®-S)xo and 
Ja < fa such that (ga)aer weak-star converges in L°(P) to some f, we have 
to show that we can find an admissible integrand H such that f < (H.-S)... 
This will prove Theorem 8.2.2 and therefore 8.2.1. Loosely speaking, we have 
to be able to pass from a net (H®)aer of admissible trading strategies to a 
limiting admissible trading strategy H. 

The first good news on our way to prove this result is that in the present 
context we may reduce from the case of a general net (H) er to the case of 
a sequence (H”)°°_, and therefore to a sequence f, = (H”-S)o.. This follows 
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from a good old friend from functional analysis, the theorem of Krein-Smulian 
as worked out in Proposition 5.2.4 above. 

Once we have reduced the problem to the case of sequences (H”)°°5 
we may apply another good friend from functional analysis, the theorem 
of Banach-Steinhaus (also called principle of uniform boundedness): if a se- 
quence (gn)°> in a dual Banach space X* is weak-star convergent, the norms 
(llgn||)229 remain bounded. This result implies (see Chap. 9 below) that we 
may reduce to the case where the sequence (H”)°2_) admits a uniform admis- 
sibility bound M such that H”.S > —M, for alln EN. 

Putting together these results from general functional analysis, it will suf- 
fice to prove the following result to complete the proof of Theorem 8.2.2. 


Crucial Lemma 8.2.3. Under the hypotheses of Theorem 8.2.2, let (H")°2, 
be a sequence of admissible integrands such that 


(H”-S),>-1, as., fort >0 andneN. (8.4) 


Assume also that fn = (H"-S)o. converges almost surely to f. Then there 
is an admissible integrand H such that 


(HS) >f. (8.5) 


The admissible strategy H can be chosen in such a way that (H-S). is a 
maximal element in the set K. 


To convince ourselves that Lemma 8.2.3 indeed implies Theorem 8.2.2, we 
still have to justify one more reduction step which is contained in the state- 
ment of Lemma 8.2.3: we may reduce to the case, when (fi)? ) converges 
almost surely. This is done by an elementary lemma in the spirit of Kom- 
los’ theorem (Lemma 9.8.1, compare also Lemma 6.6.1 above). In its simplest 
form it states the following: Let (f,)°2 9 be an arbitrary sequence of random 
variables uniformly bounded from below. Then we may find convex combina- 
tions hy € conv{ fr, fn4i,...} converging almost surely to an RU {+00 }-valued 
random variable f. For more refined variations on this theme see Chap. 15. 

Note that the passage to convex combinations does not cost anything in the 
present context, where our aim is to find a limit to a given sequence in a locally 
convex vector space; hence the above argument allows us to reduce to the case 
where we may assume, in addition to (8.4), that (fn)%9 = ((H”: S)oo) 9 
converges almost surely to a function f : Q — RU{+oo}. Using the assumption 
(NFLVR) we can quickly show in the present context that f must be a.s. 
finitely valued. 

Summing up, Lemma 8.2.3 is a statement about the possibility of passing 
to a limit H, for a given sequence (H")°2 of admissible integrands. The 
crucial hypothesis is the uniform one-sided boundedness (8.4); apart from this 
strong assumption, we only have an information on the a.s. convergence of the 
terminal values ((H" + S'})0)7°_9, but we do not have any a priori information 


on the convergence of the processes ((H” - S)4>0)>~9: 
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Let us compare Lemma 8.2.3 with the previous literature. An important 
theorem of J. Mémin [M 80] states the following: if a sequence of stochastic in- 
tegrals ((H” - S)>0)7-_9 on a given semi-martingale S is Cauchy with respect 
to the semi-martingale topology, then the limit exists (as a semi-martingale) 
and is of the form (H - S)>o for some S-integrable predictable process H. 

This theorem will finally play an important role in proving Lemma 8.2.3; 
but we still have a long way to go before we can apply it, as the assumptions 
of Lemma 8.2.3 a priori do not tell us anything about the convergence of the 
sequence of processes ((H” - S)i>0) 7-9. 

Another line of results in the spirit of Lemma 8.2.3 assumes that the 
process S is a (local) martingale. The arch-example is the theorem of Kunita- 
Watanabe ([KW 67]; see also [P90] or [Y 78a] or Chap. 7 above): suppose 
that S is a locally L?-bounded martingale, that each (H” - $):59 is an L?- 
bounded martingale, and that the sequence ((H” - S'});>0)7"_) is Cauchy in the 
Hilbert space of square-integrable martingales (equivalently: that the sequence 
of terminal values ((H”-S'}).5)°%p is Cauchy in the Hilbert space L?(Q, F,P)). 
Then the limit exists (as a square-integrable martingale) and it is of the form 
(H+ S)t>0- 

As the proof of this theorem is very simple and allows some insight into 
the present theme, we sketch it (assuming, for notational simplicity, that S is 
R-valued): denote by d[S] the quadratic variation measure of the locally L?- 
bounded martingale S' as in (7.9), which defines a sigma-finite measure on the 
o-algebra P of predictable subsets of R + x. Denoting by L?(R 4 x Q, P, d[S}) 
the corresponding Hilbert space, the stochastic integration theory is designed 
in such a way that we have the isometric identity 


7 c2@e. x0,P,a[9]) = (A - S) 0lln200,F,P), (8.6) 


for each predictable process H, for which the left hand side of (8.6) is finite 
(see Chap. 7 above). 

Hence the assumption that ((H"-S)>0)7<.) is Cauchy in the Hilbert 
space of square-integrable martingales is tantamount to the assumption that 
(H”)°°_, is Cauchy in L?(R4 x 2,P,d[S]). Now, once more, the stochas- 
tic integration theory is designed in a way that L?(R4 x 0,P,d[S]) con- 
sists precisely of the S-integrable, predictable processes H such that H - S' is 
an L?-bounded martingale. Hence by the completeness of the Hilbert space 
L?(R4 x 0,P,d[S]) we can pass from the Cauchy-sequence (H”)°°.9 to its 
limit H € L?(R4 x ,P,d[S]). This finishes the sketch of the proof of the 
Kunita-Watanabe theorem. 

The above argument shows in a nice and transparent way how to deduce 
from a completeness property of the space of predictable integrands H a com- 
pleteness property of the corresponding space of terminal results (H - S)oo 
of stochastic integrals. In the context of the theorem of Kunita-Watanabe, 
the functional analytic background for this argument is reduced to the — al- 
most trivial — isometric identification of the two corresponding Hilbert spaces 
in (8.6). 
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Using substantially more refined arguments, M. Yor [Y 78a] was able to 
extend this result to the case of Cauchy sequences (H” - S)°°_, of martingales 
bounded in L?(P) or H?(P), for arbitrary 1 < p < oo, the most delicate and 
interesting case being p = 1 (compare also Chap. 15 below). 


After this review of some of the previous literature on the topic of com- 
pleteness of the space of stochastic integrals, let us turn back to Lemma 8.2.3. 

Unfortunately the theorems of Kunita-Watanabe and Yor do not apply to 
its proof, as we don’t assume that S is a local martingale. It is precisely the 
point, that we finally want to prove that S is a local martingale with respect 
to some measure Q equivalent to P. 

But in our attempt to build up some motivation for the proof of Lemma 
8.2.3, let us cheat for a moment and suppose that we know already that S is 
a local martingale under some equivalent measure Q and let (H”)°2, be a 
sequence of S-integrable predictable processes satisfying (8.4). Using again the 
theorem of Ansel-Stricker (Theorem 7.3.7 above) we conclude that (H”-S)°°, 
is a sequence of local martingales; inequality (8.4) quickly implies that this 
sequence is bounded in L1(Q)-norm: 


|Z” - S||r1(q) := sup {Ea [|(H” - S),|]| 7 stopping time} < 2, for n > 0. 


Let us cheat once more and assume that each H”-S is in fact a uniformly 
integrable Q-martingale (instead of only being a local Q-martingale) and 
that ((H” - S)o.)7°9 is Cauchy with respect to the L'(Q)-norm defined above 
(instead of only being bounded with respect to this norm). 

Admitting the above “cheating steps” we are in a position to apply Yor’s 
theorem to find a limiting process H to the sequence (H”)°°_, for which (8.5) 
holds true, where we even may replace the inequality by an equality. But, of 
course, this is only motivation, why Lemma 8.2.3 should hold true, and we 
now have to find a mathematical proof, preferably without cheating. 


We have taken some time for the above heuristic considerations to develop 
an intuition for the statement of Lemma 8.2.3 and to motivate the general 
philosophy underlying its proof: we want to prove results which are — at least 
more or less — known for (local) martingales S, but replacing the martingale 
assumption on S by the assumption that S satisfies (NFLVR). 

As a starter we sketch the proof of a result which shows that, under the 
assumption of (NFLVR), the technical condition imposed on the admissible 
integrand H in (8.1) is, in fact, automatically satisfied. The lemma is taken 
from Theorem 9.3.3 where it is stated for locally bounded semi-martingales, 
but it remains valid for general semi-martingales S. 


Lemma 8.2.4 (9.3.3). Let S be a semi-martingale satisfying (NFLVR) and 
let H be an admissible integrand. 
Then 
(H -S)o5 = Jim (Hf St 


exists and is finite, almost surely. 
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This result is a good illustration for our philosophy: suppose we know 
already that the assumption of 8.2.4 implies that S is a local martingale 
under some Q equivalent to P. Then the conclusion follows immediately from 
known results: from Ansel-Stricker (Theorem 7.3.7) we know that H-S isa 
super-martingale. As H - S is bounded from below, Doob’s super-martingale 
convergence theorem (see, e.g., [W 91]) implies the almost sure convergence of 
(H.-S), as t > oo, to an a.s. finite random variable. 

Our goal is to replace these martingale arguments by some arguments 
relying only on (NFLVR). The nice feature is that these arguments also allow 
for an economic interpretation. 


Proof of Lemma 8.2.4. As in the usual proof of Doob’s super-martingale con- 
vergence theorem we consider the number of up-crossings: to show almost sure 
convergence of (H-S),, for t + oo, we consider, for any 3 < y, the P-measure 
of the set {w | (H-S'),(w) upcrosses ]3,7| infinitely often}. We shall show that 
it equals zero. 

So suppose to the contrary that there is G < y such that the set 


A= {w | (H- 5S), upcrosses |(,y[ infinitely often} 


satisfies P[A] > 0. The economic interpretation of this situation is the follow- 
ing: an investor knows at time zero that, when applying the trading strategy 
H, with probability P[A] > 0 her wealth will infinitely often be less than or 
equal to @ and infinitely often be more than or equal to y. A smart investor 
will realise that this offers a free lunch with vanishing risk, as she can modify 
H to obtain a very rewarding trading strategy K. 

Indeed, define inductively the sequence of stopping times (o,,)°29 and 
(™m)P29 by oo = T = 0 and, for n > 1, 


On = inf {t > ™m-1|(H-S): < 6}, 
Tm =inf{t>on|(H-S):>7}. 


The set A then equals the set where, 0, and Ty, are finite, for each n € N 
(as usual, the inf over the empty set is taken to be +00). 

What every investor wants to do is to “buy low and sell high”. The 
above stopping times allow her to do that in a systematic way: define 
Kk = Hl tuJon,tnJ}, Which is clearly a predictable S-integrable process. 
A more verbal description of K goes as follows: the investor starts by doing 
nothing (i.e., making a zero-investment into the risky assets S!,...,$%) until 
the time o, when the process (H- 5’), has dropped below (3 (If 3 > 0, we have 
ao, = 0)). At this time she starts to invest according to the rule prescribed by 
the trading strategy H; she continues to do so until time 7; when (HS); first 
has passed beyond +. Note that, if 7,(w) is finite, our investor following the 
strategy K has at least gained the amount 7 — (3. At time 7; (if it happens 
to be finite) the investor clears all her positions and does not invest into the 
risky assets until time a2, when she repeats the above scheme. 
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One easily verifies (arguing either “mathematically” or “economically” ) 
that the process K - S' satisfies 


(K-S),>—-M  as., for all t, 
where M is the uniform lower bound for H - S, and 
jim (Kk -S'),=00 as.on A. 


Hence Kk describes a trading scheme, where the investor can lose at most 
a fixed amount of money, while, with strictly positive probability, she ulti- 
mately becomes infinitely rich. Intuitively speaking, this is “something like 
an arbitrage”, and it is an easy task to formally deduce from these proper- 
ties of K a “free lunch with vanishing risk”: for example, it suffices to de- 
fine K” = 4K 1)0,,,,,7,], for a sequence of (deterministic) times (Tn)%2o, to 
let fr = (K"-S)eo = (K"-S),, ar, and to define gn = fn A (y— B)1B 
where B = (\7-_o{tm < Tn}. If (In), tends to infinity sufficiently fast, we 
have P[B] > 0, and one readily verifies that (g,)°2, converges uniformly to 
(y — B)1e. 

Summing up, we have shown that (NFLVR) implies that, for 6 < y, the 
process H - S almost surely upcrosses the interval ]3,7| only finitely many 
times. Whence (H-S), converges almost surely to a random variable (H-S).. 
with values in RU{oo}. The fact that (H-S') is a.s. finitely valued follows from 
another application (similar to but simpler than the above) of the assumption 
of (NFLVR), which we leave to the reader. 


We now start to sketch the main arguments underlying the proof of Lemma 
8.2.3. The strategy is to obtain from assumption (8.4) and from suitable mod- 
ifications of the original sequence (H”)°2, more information on the conver- 
gence of the sequence of processes (H” - S)°29. Eventually we shall be able 
to reduce the problem to the case where (H” - S)°2, converges in the semi- 
martingale topology; at this stage Mémin’s theorem [M 80] will give us the 
desired limiting trading strategy H. 

So, what can we deduce from assumption (8.4) and the a.s. convergence 
of (fn)%o9 = ((H" + S)o0)7-9 for the convergence of the sequence of processes 
(H” . S')°°_)? The unpleasant answer is: a priori, we cannot deduce anything. 
To see this, recall the “suicide” strategy H which we have discussed in the 
context of inequality (8.3) above: it designs an admissible way to lose one €. 
Speaking mathematically, the corresponding stochastic integral H - S starts 
at (H - So = 0, satisfies (H - S), > —1 almost surely, for all t > 0, as well as 
(H-S').. =—1. But clearly this is not the only admissible way to lose one € 
and there are many other trading strategies K on the process S having the 
same properties. Taking up again the example discussed after (8.3), a trivial 
example is, to first wait without playing for a fixed number of games of the 
roulette, and to start the suicide strategy only after this waiting period; of 
course, this is a different way of losing one €. 
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Speaking mathematically, this means that — even when S' is a martingale, 
as is the case in the example of the suicide strategy — the condition (H-S); > 
—las., for all ¢ > 0, and the final outcome (H - $), do not determine the 
process H - S' uniquely. In particular there is no hope to derive from (8.4) and 
the a.s. convergence of the sequence of random variables ((H” - S')o.)%29, a 
convergence property of the sequence of processes (H” - S$). 


The idea to remedy the situation is to notice the following fact: the suicide 
strategy is a silly investment and obviously there are better trading strategies, 
e.g., not to gamble at all. By discarding such “silly investments”, we hopefully 
will be able to improve the situation. 

Here is the way to formalise the idea of discarding “silly investments” : 
denote by D the set of all random variables h such that there is a random 
variable f > h and a sequence (H”)?°, of admissible trading strategies satis- 
fying (8.4), and such that (H”-S).. converges a.s. to f. We call fo a maximal 
element of D if the conditions h > fo and h € D imply that h = fo. 

For example, in the context of the random walk S = (S;)?2, on which we 
constructed the above “suicide strategy”, h = —1 is an element of D, but not 
a maximal element. A maximal element dominating h is, for example, fp = 0. 

More generally, it is not hard to prove under the assumptions of Lemma 
8.2.3 that, for a given f = (H-S). > —1, where H is an admissible integrand, 
there is a maximal element fp € D dominating f (see Lemma 9.4.4). 


The point of the above concept is that, in the proof of Lemma 8.2.3, we may 
assume without loss of generality that f is a maximal element of D. Under this 
additional assumption it is indeed possible to derive from the a.s. convergence 
of the sequence of random variables ((H” - S).>)?<, some information on the 
convergence of the sequence of processes (H” - S)°° 9. 

As the proof of this result is another nice illustration of our general ap- 
proach of replacing “martingale arguments” by “economically motivated argu- 
ments” relying on the assumption (NFLVR), we sketch the argument. Again 
we observe that the proof does not make use of the local boundedness of S. 


Lemma 8.2.5 (9.4.6). Let S be an R¢-valued semi-martingale and let f be 
a maximal element of D. Let (H")°<, be a sequence of admissible integrands 
as in Lemma 8.2.8. 

Then the sequence of random variables 


Fim = sup |(H”"-S),—-(H™-S);| (8.7) 


0<t<oo 
tends to zero in probability, as n,m — oo. 


Proof. Suppose to the contrary that there is a > 0, and sequences (nz, Mx) P21 
tending to infinity s.t. P[supg<,((H™ - S), — (H™* - S)t) > a] = a, for each 
KEN. 
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Define the stopping times T, as 
7, = inf {t | (H™ - S), —(H™ - S), >a}, 


so that we have P[t, < co] >a. 

Define L* as L¥ = A” Vho7,] + 4™* 1y7,,c0of- Clearly the process L* is 
predictable and Lk.S>-1. 

Translating the formal definition into prose: the trading strategy L* con- 
sists of following the trading strategy H”* up to time 7,%, and then switching 
to H™*. The idea is that L* produces a sensibly better final result (L* - $) 
than either (H”*-S). or (H'™*-S).5, which will finally lead to a contradiction 
to the maximality assumption on f. 

Why is L* “sensibly better” than H™ or H™*? For large k, the ran- 
dom variables (H"* - S). as well as (H™* - S'). will both be close to f 
in probability; for the sake of the argument, assume that both are in fact 
equal to f (keeping in mind that the difference is “small with respect to 
convergence in probability”). A moment’s reflection reveals that this im- 
plies that the random variable (L* - S),. equals f plus the random vari- 
able ((H”™* - S),, — (H™* - Sx) 17, <0oo}. The latter random variable is non- 
negative and with probability a greater than or equal to a; this means that 
this difference between f and (L*- S$), is not “small with respect to conver- 
gence in probability”; this is, what we had in mind when saying that L* is a 
“sensible” improvement as compared to H”* or H™*., 

Modulo some technicalities, which are worked out in Lemma 9.4.6 below, 
this gives the desired contradiction to the maximality assumption on f, thus 
finishing the (sketch of the) proof of Lemma 8.2.5. 


Lemma 8.2.5 is our first step towards a proof of Lemma 8.2.3: it gives 
some information on the convergence of the sequence of processes (H” - S')°°, 
in terms of the maximal functions defined in (8.7). But the assertion that 
these maximal functions tend to zero in probability is still much weaker than 
the convergence of (H” - S)°°_, with respect to the semi-martingale topology, 
which we finally need in order to be able to apply Mémin’s theorem. There is 
still a long way to go! 

But it is time to finish this “guided tour” towards a proof of Theorem 8.2.2 
and to advise the interested reader to find the remaining part of the proof in 
Chap. 9 below. We hope that we have succeeded to give some motivation for 
the proof and for the “economically motivated” arguments underlying it. 


8.3 Sigma-martingales and the Non-locally Bounded 
Case 


To finish this chapter we return to the basic assumption in Sect. 8.2 that the 
process S is locally bounded. What happens if we drop this — technically very 
convenient — assumption? 
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Before starting to answer this question, we remark that this question is 
not only of “academic” interest. It is also important from the point of view of 
applications: if one goes beyond the framework of continuous processes S — 
and there are good empirical reasons to do so — it is quite natural to allow 
for the jumps of the processes to be unbounded. As a concrete example we 
mention Lévy processes or the family of ARCH (Auto-Regressive Conditional 
Heteroskedastic) processes and their relatives (GARCH, EGARCH etc.). The 
former find increasing applications in financial engineering. The latter are very 
popular in the econometric literature: these are processes in discrete time 
where the conditional distribution of the jumps is Gaussian. In particular, 
these processes are not locally bounded (compare Example 8.3.3 below). There 
are many other examples of processes which fail to be locally bounded, used 
in the modelling of financial markets. 


The answer to the question, whether Theorem 8.2.1 can be extended to this 
setting, is as we expect it to be: mutatis mutandis the fundamental theorem 
of asset pricing as well as the related theorems carry over to the case of not 
necessarily locally bounded R¢-valued semi-martingales S. Not coming as a 
surprise, the techniques of the proofs have to be refined: in particular, we 
cannot entirely reduce to the study of the space L°(Q,F,P), and the weak- 
star and norm topology of this space: there is no possibility anymore to reduce 
to the case of (one-sided) bounded stochastic integrals and we therefore have 
to use larger spaces than L°(Q, F,P). Yet it turns out — and this is slightly 
surprising — that the duality between L°(P) and L1(P) still remains the 
central issue of the proof. 

Here is the statement of the extension of the fundamental theorem of asset 
pricing as obtained in Chap. 14. 


Theorem 8.3.1 (Main Theorem 14.1.1). The following assertions are 
equivalent for an R¢-valued semi-martingale model S = (S;)t>0 of a finan- 
cial market: 


(i) (ESMM), i.e., there is a probability measure Q equivalent to P such that 
S is a sigma-martingale under Q. 

(ii) (NFLVR), i.e., S satisfies the condition of no free lunch with vanishing 
risk. 


There is a slight change in the statement (i) as compared to the state- 
ment of Theorem 8.2.1 above: the term “local martingale” in the definition 
of (EMM) was replaced by the term “sigma-martingale” thus replacing the 
acronym (EMM) by (ESMM). On the other hand, condition (ii) remained 
completely unchanged. 

The notion of a sigma-martingale is a generalisation of the notion of a 
local martingale: 


Definition 8.3.2 (Chap. 14). An R¢-valued semi-martingale S = (St)1>0 
is called a sigma-martingale if there is a predictable process p = (Yt)t>0, 
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taking its values in |0,0o[, such that the R4¢-valued stochastic integral yp - S' is 
a martingale. 


To motivate this definition we recall Emery’s example 7.3.4: we have seen 
there that the process X = H- M defined in (7.15) fails to be a local martin- 
gale. Nevertheless, the above definition gives us a tool to interpret the process 
X as “something which has the essential features of a martingale”: defining 
yt = t we find a (deterministic and therefore predictable) process y such that 
yp: X = (pH). M = M is a martingale. Hence X is a sigma-martingale. 


The notion of sigma-martingales was introduced (using slightly different 
notation) by Chou [C77] and further analyzed by Emery [E80]. It is tailor- 
made for our present purposes for the following two reasons: 


Fact 1: In the setting of Theorem 8.3.1 (i) it is unavoidable to pass to a 
concept going beyond the notion of a local martingale. 

Fact 2: For the purposes of hedging contingent claims the notion of a sigma- 
martingale is just as useful as the notion of a local martingale (or even 
that of a martingale). 


To justify these two facts we start with the second one: assume that 
S = (S:)t>0 is a sigma-martingale so that there is a ]0, co[-valued predictable 
process y such that S= yp: S isa martingale. Let H be any R4-valued pre- 
dictable process. Then H is S-integrable, iff H := a is S-integrable and in 
this case the processes H - S and H - § are identical. This follows from the 
rather trivial formula 


H-S=(4)-(p-S)=H-S. 


As a consequence, the class of processes {H - S | H is S-integrable} and 
{H ie | H is S-integrable} coincide. Every statement pertaining only to this 
class (such as Theorem 8.3.1 (ii)) remains unaffected by the passage from the 
sigma-martingale S to the martingale S. 

As regards Fact 1 above, we construct in Example 14.2.3 a slight variant of 
Emery’s Example 7.3.4 with the following property: the process S is a sigma- 
martingale (under P) but, for each Q < P, S fails to be a local Q-martingale. 
Hence the process S' satisfies (VFLVR), but there is no probability measure 
Q <P such that S is a local Q-martingale. 


We now try to give a sketch of the strategy for the proof of Theorem 8.3.1, 
where S' is a general (not necessarily locally bounded) semi-martingale. As 
usual the implication (i) = (ii) is the easy one: it follows from the discussion 
of Fact 2 above and the Ansel-Stricker Theorem 7.3.7 that, if S is a sigma- 
martingale under Q, and H an admissible integrand for S, the process H - S 
is a super-martingale under Q. Hence Eg[f] < 0, for all f € C, which implies 
Theorem 8.3.1 (ii) by the usual arguments. 
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The subtle issue is the implication (ii) = (i) of Theorem 8.3.1. The 
first good news is that for the validity of Theorem 8.2.2, which asserts that 
(NFLVR) implies the weak-star-closureness of the cone C’ defined in (8.2), the 
assumption of local boundedness is not needed: The proof of Theorem 8.2.2 
does not use the local boundedness of S and works in full generality. Hence 
we may apply the Kreps-Yan Theorem 5.2.2 also under the assumptions of 
Theorem 8.3.1 (ii) to find a probability measure Q ~ P such that E@[f] < 0, 
for each f € C. The set of these probability measures, i.e., the probability 
measures Q < P such that Q|c < 0 is denoted by M¢& in Proposition 14.4.5. 
Y.M. Kabanov [K 97] proposed the name “separating measures” for this set. 

In the case of S being (locally) bounded we have seen that, for a sepa- 
rating measure Q, the semi-martingale S$ is a (local) Q-martingale. We have 
used this rather obvious fact (Lemma 5.1.3) to deduce Theorem 8.2.1 from 
Theorem 8.2.2 above. But in the present case of a general semi-martingale 
S this implication breaks down. The subsequent easy example illustrates the 
situation. 


Example 8.3.8. Let X be a normally distributed real random variable with 
mean j € R and variance 0” > 0. Define the process S = (S;)+>0 by 


5. = 0, forO<t<1, 
Bt Ne. POR ee Th 


which we consider under its natural filtration (F;);¢>0. 

Observe that, for every admissible integrand H, we have H- S = 0. Ex- 
pressing this property in prose: the only admissible way, i.e., with uniformly 
bounded risk, to bet on the random variable X, is the zero bet. This follows 
from the fact that X is unbounded from below as well as from above. 

Hence the cone K defined in (8.1) is reduced to zero, and the cone C 
defined in (8.2) equals the negative orthant D°(Q,F.,P). It follows that 
every probability measure Q < P is a separating measure. But S' is a sigma- 
martingale w.r. to Q, iff it is a martingale w.r. to Q, iff Eg[X] = 0. 


The example shows that, if we allow S to have unbounded jumps, the sep- 
arating measures Q are not necessarily sigma-martingale measures any more. 
The important observation which will eventually prove Theorem 8.3.1 is the 
following: the set M& of measures Q ~ P such that S is a sigma-martingale 
under Q is dense in the set of separating measures M§ (see Proposition 14.4.5) 
which we restate here for convenience). Of course, this density assertion is a 
more precise information than the assertion of Theorem 8.3.1 that M& is not 
empty. 


Proposition 8.3.4. Denote by M§ the set of probability measures 
Ms ={Q|Q~P and for each f EC: Eg [f] < 0}. 
If S satisfies (NFLVR), then 
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Mé = {Q|S is a Q sigma-martingale} , 
is dense in M& with respect to the norm of L1(Q, Foo, P). 


Let us illustrate this fact for the easy Example 8.3.3 above: fix pw € R, 
ao” > 0, € > 0 and a probability measure Q; ~ P. We want to find a measure 
Q ~P, ||Q; — Q|| < e such that Eg[X] = 0. Suppose w.l.g. that Ea, [X] < 0. 
(If Eq, [X] = 0 there is nothing to prove; if E@,[X] > 0 it suffices to reverse 
the inequalities in (8.8).) 

Define, for € €R,a>1,0< 6 <1, the measure Q(€, a, 3) by 


dQ(E, a, 3) 
— — =al 1 ; 8.8 
IQ, Oltx>e} + Plrx<e} (8.8) 
As X is unbounded under the measure Qj, one easily verifies that one may 
find (€, a, 8) such that Q := Q(€, a, 3) is a probability measure and such that 
||Q — Q,|| < € as well as Eag[X] = 0 (compare Lemma 14.3.4). 


Summing up, we have shown the validity of Proposition 8.3.4 in the very 
special case of Example 8.3.3. This strategy of proof also applies to the proof 
of Proposition 8.3.4 in full generality, modulo some delicate technicalities as 
we now shall try to explain. 


To sketch the idea of the proof of Proposition 8.3.4 suppose that S = 
(S:)e>0 is a semi-martingale satisfying (NFLVR), so that M§ is non-empty. 
Fix Qi € ME. 

The problem is that Qi may fail to be a sigma-martingale measure; this 
is due to the fact that the semi-martingale S may have “big jumps”. So 
let us deal with the jumps in a systematic way. We know from the general 
theory [D 72, DM 80] that the jumps of a cadlag process S can be exhausted 
by countably many stopping times; in addition, these stopping times can be 
classified into the predictable ones and the totally inaccessible ones (Definition 
7.2.2 and 7.2.3). More precisely, for a given cadlag process S we may find 
sequences (T?)°°, and (T)°°, such that T? (resp. T?) are predictable (resp. 
totally inaccessible) stopping times and such that 


{(w,t) €EQxR, | AS(w) 40}¢ YUU. (8.9) 


In addition we may assume that the sets ([T?])°_, and Ces are 
mutually disjoint. 

To sketch the idea of the proof of Proposition 8.3.4 we start by considering 
the case where there is only one predictable jump in (8.9), ie. 


{(w,t) € 2x Ry | ASi(w) £0} C (TI, (8.10) 


for some predictable stopping time T?. This is the case, e.g., in Example 
8.3.3, where T? = 1. In order to show Proposition 8.3.4 we proceed similarly 
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as in this example (supposing for the moment that S is real-valued and that 
Fr» is trivial to simplify even further). If the jump AS» is unbounded from 
above as well as from below we may proceed just as in (8.8) above to find 
a probalility measure Q € Mé with ||Q — Qi||1 < € such that EQ[AS7» | 
Fr] = Eq[ASr] = 0. Hence Q € MS as we now have that the (conditional) 
expectation at the jump time 7? assumes the correct value, namely zero. 

Now suppose that the jump AS'‘7p is only one-sided bounded, say bounded 
from below, but unbounded from above. This is a slight variation of the situa- 
tion of Example 8.3.3. In this case it is important to note that, for Qi € Mé§, 
we must have that 


Eq, [AS | Fr | = Ea, [AStr>| <0. (8.11) 


Indeed, the predictable process H = 1;r»] then is admissible and we have 
(H+ S')x, = AS» which implies (8.11). 

In the case when we have strict inequality in (8.11) (otherwise there is 
nothing to prove) we can again change the measure Q, to a probability mea- 
sure Q similarly as in (8.8) above to increase the value Eq[ASr»] by putting 
more mass of the probability on the upper tail of the distribution of AS'rp 
(recall that AS'rp is assumed to be unbounded from above). Hence we may 
increase this value until we have equality in (8.11). 

Summing up, we have managed to pass from a given Q; € M§ toQ € M& 
such that ||Q—Qz:||1 < €; but we have used some very restrictive assumptions. 
Now let us get rid of them. The most obvious step is to drop the assumption 
that F» is trivial: it suffices to apply the above arguments conditionally on 
Fy». More delicate is the passage from R-valued processes S$ to R¢-valued 
ones. In the R-valued case there are only two possibilities of one-sided bound- 
edness of AX 7», i.e., either from above or from below. For d > 2 we have 
to consider general cones of directions in R?¢ into which the jump AX7> is 
bounded. The corresponding arguments are worked out in Chap. 14 below. 
Finally, we can generalise the assumption (8.10) to the case when the jumps 
of S are exhausted not by one stopping time T? but by a sequence (T?)°2, of 
predictable stopping times: repeat inductively the above argument and apply 
an 57-argument. This program takes care of the predictable stopping times 


in (8.9). 


We still have to deal with the totally inaccessible stopping times (T?)°_, 
in (8.9). They form a different league as in this case we cannot argue con- 
ditionally on Fri) as in the predictable case above. Instead we have to 
consider the compensators of the jumps of S' at the totally inaccessible stop- 
ping times T’. This requires some machinery from semi-martingale theory as 
developed, e.g., in [JS 87]. The technicalities are more complicated than in the 
case of predictable stopping times; nevertheless it is possible to proceed in a 
similar spirit and to argue inductively on (T)°°., to make sure that all the 
relevant conditional expectations are well-defined and have the desired value, 
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namely zero. This program is worked out in Chap. 14 below in full detail and 
eventually yields a proof of Proposition 8.3.4 and therefore of Theorem 8.3.1. 


After proving the Fundamental Theorem of Asset Pricing in the version of 
Theorem 8.3.1 in the first part of Chap. 14 we also extend its twin, the “su- 
perreplication theorem” (see Theorem 2.4.2 for the most elementary version) 
to its natural degree of generality in the setting of general semi-martingale 
models (see Theorem 14.5.9). 


We now arrived at the point where we finish this “guided tour” which 
should help to develop the intuition by some informal arguments. Now we 
have to refer the reader to the original papers for a rigorous mathematical 
treatment. 


Part II 


The Original Papers 


9 


A General Version of the Fundamental 
Theorem of Asset Pricing (1994) 


9.1 Introduction 


A basic result in mathematical finance, sometimes called the fundamental the- 
orem of asset pricing (see [DR 87]), is that for a stochastic process (5;)ter ,, 
the existence of an equivalent martingale measure is essentially equivalent 
to the absence of arbitrage opportunities. In finance the process (S;)rer , 
describes the random evolution of the discounted price of one or several finan- 
cial assets. The equivalence of no-arbitrage with the existence of an equivalent 
probability martingale measure is at the basis of the entire theory of “pricing 
by arbitrage”. Starting from the economically meaningful assumption that 
S does not allow arbitrage profits (different variants of this concept will be 
defined below), the theorem allows the probability P on the underlying proba- 
bility space (Q, F, P) to be replaced by an equivalent measure Q such that the 
process S' becomes a martingale under the new measure. This makes it possi- 
ble to use the rich machinery of martingale theory. In particular the problem 
of fair pricing of contingent claims is reduced to taking expected values with 
respect to the measure Q. This method of pricing contingent claims is known 
to actuaries since the introduction of actuarial skills, centuries ago and known 
by the name of “equivalence principle” . 

The theory of martingale representation allows to characterise those assets 
that can be reproduced by buying and selling the basic assets. One might get 
the impression that martingale theory and the general theory of stochastic 
processes were tailor-made for finance (see [HP 81]). 

The change of measure from P to Q can also be seen as a result of risk 
aversion. By changing the physical probability measure from P to Q, one 
can attribute more weight to unfavourable events and less weight to more 
favourable ones. 


[DS 94] A General Version of the Fundamental Theorem of Asset Pricing. Mathema- 
tische Annalen, vol. 300, pp. 463-520, Springer, Berlin, Heidelberg, New York (1994). 
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As an example that this technique has in fact a long history, we quote the 
use of mortality tables in insurance. The actual mortality table is replaced 
by a table reflecting more mortality if a life insurance premium is calculated 
but is replaced by a table reflecting a lower mortality rate if e.g. a lump sum 
buying a pension is calculated. Changing probabilities is common practice in 
actuarial sciences. It is therefore amazing to notice that today’s actuaries are 
introducing these modern financial methods at such a slow pace. 

The present paper focuses on the question: “What is the precise meaning 
of the word essentially in the first paragraph of the paper?” The question has 
a twofold interest. From an economic point of view one wants to understand 
the precise relation between concepts of no-arbitrage type and the existence 
of an equivalent martingale measure in order to understand the exact lim- 
itations up to which the above sketched approach may be extended. From 
a purely mathematical point of view it is also of natural interest to get a bet- 
ter understanding of the question which stochastic processes are martingales 
after an appropriate change to an equivalent probability measure. We refer to 
the well-known fact that a semi-martingale becomes a quasi-martingale under 
a well-chosen equivalent law (see [P 90]); from here to the question whether 
we can obtain a martingale, or more generally a local martingale, is natural. 

We believe that the main theorem (Theorem 9.1.1 below) of this paper 
contributes to both theories, mathematics as well as economics. In economic 
terms the theorem contains essentially two messages. First that it is possible 
to characterise the existence of an equivalent martingale measure for a general 
class of processes in terms of the concept of no free lunch with vanishing risk, 
a concept to be defined below. In this notion the aspect of vanishing risk 
bears economic relevance. The second message is that — in a general setting 
— there is no way to avoid general stochastic integration theory. If the model 
builder accepts the possibility that the price process has jumps at all possible 
times, he needs a sophisticated integration theory, going beyond the theory 
for “simple integrands”. In particular the integral of unbounded predictable 
processes of general nature has to be used. From a purely mathematical point 
of view we remark that the proof of the Main Theorem 9.1.1 below, turns 
out to be surprisingly hard and requires heavy machinery from the theory 
of stochastic processes, from functional analysis and also requires some very 
technical estimates. 

The process S, sometimes denoted (S;);er, is supposed to be R-valued, 
although all proofs work with a d-dimensional process as well. However, we 
prefer to avoid vector notation in d dimensions. If the reader is willing to 
accept the 1-dimensional notation for the d-dimensional case as well, nothing 
has to be changed. The theory of d-dimensional stochastic integration is a little 
more subtle than the one-dimensional theory but no difficulties arise. 

The general idea underlying the concept of no-arbitrage and its weaken- 
ings, stated in several variants of “no free lunch” conditions, is that there 
should be no trading strategy H for the process S, such that the final pay- 
off described by the stochastic integral (H - S)., is a non-negative function, 
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strictly positive with positive probability. The economic interpretation is that 
by betting on the process S and without bearing any risk, it should not be 
possible to make something out of nothing. If one wants to make this intu- 
itive idea precise, several problems arise. First of all one has to restrict the 
choice of the integrands H to make sure that (H - S). exists. Besides the 
qualitative restrictions coming from the theory of stochastic integration, one 
has to avoid problems coming from so-called doubling strategies. This was 
already noted in the papers [HK 79] and [HP 81]. To explain this remark let 
us consider the classical doubling strategy. We draw a coin and when heads 
comes out the player is paid 2 times his bet. If tails comes up, the player loses 
his bet. The strategy is well-known: the player doubles his bet until the first 
time he wins. If he starts with 1 €, his final gain ( = last pay out — total sum 
of the preceding bets) is almost surely 1€. He has an almost sure win. The 
probability that heads will eventually show up is indeed one, even if the coin is 
not fair. However, his accumulated losses are not bounded below. Everybody, 
especially the casino boss, knows that this is a very risky way of winning 1 €. 
This type of strategy has to be ruled out: there should be a lower bound on 
the player’s loss. The described doubling strategy is known for centuries and 
in French it is still referred to as “la martingale”. 

One possible way to avoid these difficulties is to restrict oneself to simple 
predictable integrands. These are defined as linear combinations of buy and 
hold strategies. Mathematically such a buy and hold strategy is described as 
an integrand of the form H = f1jr,,7,], where T, < T> are finite stopping 
times and f is Fr,, measurable. The advantage of using such integrands is that 
they have a clear interpretation: when time T\(w) comes up, buy f(w) units of 
the financial asset, keep them until time T2(w) and sell. A linear combination 
of such integrands is called a simple integrand. An elementary integrand is 
a linear combination of buy and hold strategies with stopping times that are 
deterministic. This terminology agrees with standard terminology of stochas- 
tic integration (see [P 90, DM 80, CMS 80]). Even if the process $' is not a semi- 
martingale the stochastic integral (H - S) for H = f1)7,,7,] can be defined as 
the process (H-S); = f-(Smin(t,T2)—Smin(t,T,))+ Also the definition of the limit 
(H-S') 5 = limtooo(H-S), = f-(Sr,—S'r,) poses no problem. The net profit of 
the strategy is precisely (H- S),.. The use of stopping times is interpreted as 
the use of signals coming from available, observable information. This explains 
why in financial theories the filtration and the derived concepts such as pre- 
dictable processes, are important. It is clear that the use of simple integrands 
rules out the introduction of doubling strategies. This led [HK 79, K 81, HP 81] 
to define no-arbitrage and no free lunch in terms of simple integrands and 
to obtain theorems relating these notions to the existence of an equiva- 
lent martingale measure. In various directions these results were extended 
in [DH 86, Str 90, DMW 90, AS 93, MB 91, L92, D92, $94, K 93]. 

To relate our work to earlier results, let us summarise the present state of 
the art. The case when the time set is finite is completely settled in [DMW 90] 
and the use of simple or even elementary integrands is no restriction at all 
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(see [S92, KK 94, R94] for elementary proofs). For the case of discrete but 
infinite time sets, the problem is solved in [S94]. The case of continuous and 
bounded processes in continuous time, is solved in [D 92]. In these two cases 
the theorems are stated in terms of simple integrands and limits of sequences 
and by using the concept of no free lunch with bounded risk. We shall review 
these issues in Sect. 9.6. 

In the general case, i.e. a time set of the form [0,co[ or [0,1] and with 
a possibility of random jumps, the situation is much more delicate. The ex- 
istence of an equivalent martingale measure can be characterised in terms of 
“no free lunch” involving the convergence of nets or generalised sequences, 
see e.g. [K 81, L 92]. S. Kusuoka [K 93] used convergence in Orlicz spaces and 
Fuffie, Huang and Stricker [DH 86, Str 90] used L? convergence for 1 < p < co. 
In the latter case the restrictions posed on S were such that the new mea- 
sure has a density in L4 where q = —*. Contrary to the case of continuous 
processes or to the case of discrete time sets, no general solution was known 
in terms of “no free lunch” involving convergent sequences. Hence there re- 
mained the natural question whether for a general adapted process S, the 
existence of an equivalent martingale measure could be characterised in such 
terms. 

The answer turns out to be no if one only uses simple integrands. In 
Sect. 9.7, we give an example of a process S = M+ A where M is a uniformly 
bounded martingale, A is a predictable process of finite variation, S admits 
no equivalent martingale measure but there is “no free lunch with bounded 
risk” if one only uses simple integrands. A closer look at the example shows 
that if one allows strategies of the form: “sell before each rational number 
and buy back after it”, then there is even a “free lunch with vanishing risk”. 
Of course such a trading strategy is difficult to realise in practice but if we 
allow discontinuities for the price process at arbitrary times, then we should 
also allow strategies involving the same kind of pathology. The example shows 
that we should go beyond the simple integration theory to cover these cases as 
well. To back this assertion let us recall that the basis of the whole theory of 
asset pricing by arbitrage is, of course, the celebrated Black-Scholes formula 
(see [BS 73, M 73]), widely used today by practitioners in option trading. Also 
in this case the trading strategy H, which perfectly replicates the payoff of the 
given option, is not a simple integrand. It is described as a smooth function 
of time and the underlying stock price. Being a smooth function of the stock 
price, its trajectories are in fact of unbounded variation. One can argue that 
in practice already this strategy is difficult to realise. In this case, however, 
one shows that the integrand can be approximated by simple integrands in 
a reasonable way; for details we refer the reader to books an stochastic inte- 
gration theory with special emphasis an Brownian motion, e.g. [KS 88]. In the 
case of the example of Sect. 9.7, this reduction is not possible and as already 
advocated, general integrands are really needed. 

Summing up we are forced to leave the framework of simple integrands. 
However, we immediately face new problems. First the process S should be re- 
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stricted in order to allow the definition of integrals H-S for more general trad- 
ing strategies. S has to be a semi-martingale to realise this. This is precisely 
the content of the Bichteler-Dellacherie theorem (see [P 90]). It turns out that 
this is not really a restriction. From the work of [FS 91, AS 93], we know that 
no free lunch conditions stated with simple integrands, imply that a cadlag 
adapted process is a special semi-martingale. (A process is called cadlag, if 
almost every trajectory admits left limits and is right continuous). We refer 
to Sect. 9.7 of this paper for a general version of this result, adapted to our 
framework. The second difficulty arises from the fact that doubling-like strate- 
gies have to be excluded. This may be done by using the concept of admissible 
integrands H, requiring that the process H - S is uniformly bounded from be- 
low, a concept going back to [HP 81] and developed in [D 92, MB91, S$ 94]. 
The concept of admissible integrand is a mathematical formulation of the 
requirement that an economic agent’s position cannot become too negative, 
a practice sometimes referred to as “your friendly broker calls for extra mar- 
gin”. The third problem is to make sure that (H-S).. = limp.o(H-S); has 
a meaning. We shall see that this problem has a very satisfactory solution if 
one restricts to admissible integrands. 

The condition of no free lunch with vanishing risk (NFLVR) can now be 
described as follows. There should be no sequence of final payoffs of admissible 
integrands, f, = (H”-S'). such that the negative parts f;, tend to 0 uniformly 
und such that f,, tends almost surely to a [0, co]-valued function fo satisfying 
P[fo > 0] > 0. We will give a detailed discussion of this property below 
in Sect. 9.3. For the time being let us remark that the property (NFLVR) is 
different from the previously considered concept of no free lunch with bounded 
risk in the sense that we require that the risk taken, the lower bounds on the 
processes (H” - S'), tend to zero uniformly. In the property (NFLBR) one only 
requires that this risk is uniformly bounded below und that the variables f> 
tend to zero in probability. The main theorem of the paper can now be stated 
as: 


Theorem 9.1.1. Let S be a bounded real-valued semi-martingale. There is an 
equivalent martingale measure for S if und only if S satisfies (NFLVR). 


One implication in the above theorem is almost trivial: if there is an equiv- 
alent martingale measure for S then it is easy to see that S satisfies (NFLVR), 
see the first part of the proof in the beginning of Sect. 9.4. The interesting 
aspect of Theorem 9.1.1 lies in the reverse implication: the (economically 
meaningful) assumption (NFLVR) guarantees the existence of an equivalent 
martingale measure for S und thus opens the way to the wide range of appli- 
cations from martingale theory. 

If the process S is only a locally bounded semi-martingale we still obtain 
the following partial result: 


Corollary 9.1.2. Let S be a locally bounded real-valued semi-martingale. 
There is an equivalent local martingale measure for S if and only if S' sat- 
isfies (NFLVR). 
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In [DS 94a] counter-examples are given which show that in the above corol- 
lary one can only assert the existence of a measure Q under which Sis a local 
martingale. Even if the variables S;, are uniformly bounded in L? for some 
p > 1, this does not imply that S is a martingale. On the other hand we 
do not know whether the hypothesis of local boundedness is essential for the 
corollary to hold. There is some hope that the condition is superfluous but 
at present this remains an open question.’ In the discrete time case the local 
boundedness assumption is not needed as shown in [S 94]. 

The proof of Theorem 9.1.1 is quite technical and will be the subject of 
Sect. 9.4. The rest of the paper is organised as follows. Sect. 9.2 deals with 
definitions, notation and results of general nature. In Sect. 9.3 we examine 
the property (NFLVR) and we prove that under this condition, the limit 
(H-S).5 = limpso(H-S); exists almost surely for admissible integrands. The 
fifth section is devoted to the study of the set of local martingale measures. 
Here we give a new characterisation of a complete market. It turns out that 
if each local martingale measure that is absolutely continuous with respect to 
the original measure, is already equivalent to the original measure, then the 
market is complete and there is only one equivalent (absolutely continuous) 
local martingale measure. These results are related to results in [AS 94, J 92]. 
We also show that the framework of admissible integrands allows to formulate 
a general duality theorem (Theorem 9.5.8). In Sect. 9.6 we investigate the 
relation between the no free lunch with vanishing risk (NFLVR) property 
and the no free lunch with bounded risk (NFLBR) property. In the case of 
an infinite horizon the latter property permits to restrict to strategies that 
are of bounded support. They have a more intuitive interpretation since they 
only require ’planning’ up to a bounded time. In Sect. 9.7 we introduce the 
no free lunch properties (VFLVR), (NFLBR) and (NFL) stated in terms of 
simple strategies. It is shown that in the case of continuous price processes 
one can avoid the use of general integrands and restrict oneself to simple 
integrands. The result generalises the main theorem of [D 92] in the case of 
a finite dimensional price process. The relation between the no free lunch 
with vanishing risk property for simple integrands and the semi-martingale 
property is also investigated in Sect. 9.7. We also give examples that show 
that the use of simple integrands is not enough to obtain a general theorem 
and relate the present results to previous ones, in particular to [D 92, $94]. 
Appendix 9.8 contains some technical lemmas already used in [S 94]. We state 
versions which are more general and provide somewhat easier proofs. 


T Note added in this reprint: The answer to this question is given in Chap. 14 below. 
In fact the notion of a local martingale measure has to be replaced by the notion 
of a sigma-martingale measure. This is precisely the theme of Chap. 14 below. 
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Throughout the paper we will work with random variables and stochastic 
processes which are defined on a fixed probability space (Q,7,P). We will 
without further notice identify variables that are equal almost everywhere. 
The space L°(Q,F,P), sometimes written as L°, is the space of equivalence 
classes of measurable functions, defined up to equality almost everywhere. 
The space L® is equipped with the topology of convergence in measure. It is 
a complete metrisable topological vector space, a Fréchet space, but it is not 
locally convex. The space L1(Q,F,P) is the Banach space of all integrable 
F-measurable functions. The dual space is identified with D°(Q,F,P) the 
space of bounded measurable functions. The weak-star topology on L® is the 
topology o(L®, L*). 

The existence of an equivalent martingale measure is proved using Hahn- 
Banach type theorems. Central in this approach is the construction of a convex 
weak-star-closed subset of L°°. To prove that a set is weak-star-closed we will 
use the following result. The proof essentially consists of a combination of the 
classical Krein-Smulian theorem and the fact that the unit ball of L°° under 
the weak-star topology is an Eberlein compact. (see [D 75] or [G54, Exercise 
1, p. 321]. 


Theorem 9.2.1. If C is a convex cone of L° then C is weak-star-closed if 
and only if for each sequence (fn)n>1 in C that is uniformly bounded by 1 and 
converges in probability to a function fo, we have that fo € C. 


The properties of stochastic processes are always defined relative to a fixed 
filtration (F;):er,. This filtration is supposed to satisfy the usual conditions 
i.e. the filtration is right continuous and contains all negligible sets: if BC 
A€ F and P[A] = 0 then B € Fo. We also suppose that the o-algebra F is 
generated by Ujs9 F:. Stochastic intervals are denoted as [T, 5] where S < T 
are stopping times and [T, S] = {(t,w) |t € Ry, w EN, Tw) <t< S(w)}. 
Stochastic intervals of the form ]|T,S] etc. are defined in the same way. The 
interval [7,7] is denoted by [T] and it is the graph of the stopping time 
T, {(T(w),w) | T(w) < co}. We note that according to this definition the set 
[0, co] equals R4 x Q. Stochastic processes are indexed by a time set. In this 
paper the time set will be R,. This will cover the case of infinite horizon 
and indeed represents the general case since bounded time sets [0,¢] can of 
course be imbedded by requiring the processes to be constant after time t. It 
also contains the case of discrete time sets, by requiring the processes and the 
filtration to be constant between two consecutive natural numbers. A mapping 
X:R4xQ— R is called an adapted stochastic process if for each t € R+ the 
mapping w+ X(t,w) = X;(w) is F;-measurable. X is called continuous (right 
continuous, left continuous), if for almost all w € 0, the mapping t + X;(w) 
is continuous (right continuous, left continuous). Stochastic processes that 
are indistinguishable are always identified. Other concepts such as optional 
and predictable processes are also used in this paper and we refer the reader 
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to [P90] for the details. The predictable o-algebra P on Ry x Q is the o- 
algebra generated by the stochastic intervals [0,7], where T runs through all 
the stopping times. A predictable process H is a process that is measurable 
for the o-algebra P. For the theory of stochastic integration we refer to [P 90] 
and to [CMS 80]. If X is a real-valued stochastic process the variable X* is 
defined as X* = sup;s |Xz(w)|. This variable is measurable if X is right or left 
continuous. Sometimes we will use X7 which is defined as sup; ,50 |Xu(w)|- 
X* is called the maximum function and it plays a central role in martingale 
theory. If X is a cadlag process, i.e. a right continuous process possessing left 
limits for each t > 0, then AX denotes the process that describes the jumps 
of X. More precisely (AX), = X; — X;— and (AX) = Xo. 

If X is a semi-martingale then X defines a continuous operator on the 
space of bounded predictable processes of bounded support into the space L°. 
The space of semi-martingales can therefore be considered as a space of linear 
operators. The semi-martingale topology is precisely induced by the topology 
of linear operators. It is therefore metrisable by a translation invariant metric 
given by the distance of X to the zero semi-martingale: 


D(X) =sup{ 5) 2-"B [min (|(H -X),|,1)]] H predictable, |H| <1 


n>1 


For this metric, the space of semi-martingales is complete, see [E79]. 
A semi-martingale X is called special if it can be decomposed as X = M+A 
where M is a local martingale and A is a predictable process of finite varia- 
tion. In this case such a decomposition is unique and it is called the canonical 
decomposition. It is well-known (see [CMS 80]) that a semi-martingale is spe- 
cial if and only if X is locally integrable, i.e. there is an increasing sequence 
of stopping times T;,, tending to oo such that X77, is integrable. The follow- 
ing theorem on special semi-martingales will be used on several occasions, for 
a proof we refer to [CMS 80]. 


Theorem 9.2.2. If X is a special semi-martingale with canonical decompo- 
sition X = M+ A and if H is X-integrable then the semi-martingale H .X 
is special if and only if 


(1) H is M-integrable in the sense of stochastic integrals of local martingales 
and 
(2) H is A-integrable in the usual sense of Stieltjes-Lebesgue integrals. 


In this case the canonical decomposition of H-X is given by H-X =H-M+ 
H.-A. 


The following theorem seems to be folklore. Essentially it may be deduced 
from (the proof of) an inequality of Stein ([St 70]), see also [L78, Y 78b]. 
For a survey of these results and related inequalities see [DS 95d]. For con- 
venience of the reader we include the easy proof, suggested by Stricker, of 
Theorem 9.2.3. 
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The theorem and more precisely its Corollary 9.2.4, will be used in 
Sect. 9.4. It allows to control the jumps of the martingale part in the canonical 
decomposition of a special semi-martingale. 


Theorem 9.2.3. If X is a semi-martingale satisfying ||(AX)*||p < co, where 
l<p<o, then 


(a) X is special and has a canonical decomposition X = M+ A 


(b) A satisfies ||(AA)*\lp < 52 7l|(AX)" ll; 
(c) M satisfies ||(AM)* lp < P= ||(AX)* lp. 


Proof. Since X is locally p-integrable it is certainly locally integrable and 
hence is special. (a) is therefore proved. Let X = M + A be the canonical 
decomposition where A is the predictable process of finite variation and M 
is the local martingale part. Let Y be the cadlag martingale defined as Y; = 
E(AX)* | Ful. 

Since A is predictable the set {AA # 0} is the union of a sequence of sets 
of the form [T,,] where T), are predictable stopping times. For each predictable 
stopping time T we have that AAr = E[AXr | Fr_] and hence 


|AAr| < El|AXz| | Fr_] < E[(AX)* | Fr_] =Yr-<Y". 


This implies that (AA)* < Y*. From Doob’s maximal inequality, see 
[DM 80], it now follows that 


IY" ll> < SaHAX)" lp and therefore 


* (AX)"llp- 


(AA)"lp S pale) Ilp and ||(AM)"||p < = 


Corollary 9.2.4. If T is a stopping time then: 


(AA)rllp < pH ANI 


(AM)rllp < a AX)*llp- 


Corollary 9.2.5. /f 1 < p < o and the semi-martingale X satisfies 
sup{||(AX)r||, | LI stopping time } = N < ov, then for p' < p there is 
constant k(p,p’) depending only an p and p’ such that 


I|(AA)* lp S kp, PN 


Proof. Let the stopping time T be defined as T = inf{t | |(AX),| > c}. 
From the hypothesis we deduce that { |AX7| < N” and this implies, by the 
Markov-Tchebycheff inequality, that c?P|(AX)* > c] < N?. The rest follows 
easily. 
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Remark 9.2.6. In Corollary 9.2.4 we cannot replace (AX)* by (AX)r. The 
following example illustrates this. We construct a bounded semi-martingale 
X such that for each ¢ > 0 there is a stopping time T with |AAr| = 1 
and |AX7| < e. This clearly shows that there is no constant AK such that 
|(AA)r||p < K||(AX)-7||p. The construction is as follows: For 0 <t < 1 put 
X, = 0. We now proceed by recursion. For n a natural number we suppose 
the process X is already constructed for t < n. The filtration F, is defined 
as Fz = o(Xyj;u < s) and Fy, = o(Xu;u < s). At t = n we put a jump 
(AX), such that |(AX),,| is uniformly distributed over the interval [0, 2] and 
is independent of the past F,— of the process. This means that |(AX),| is 
independent of the variables (AX)j,...,(AX),-1. If (X)n— > 0 then (AX), 
is uniformly distributed over the interval [—2, 0], otherwise if (X),— <0 then 
(AX), is uniformly distributed over [0,2]. Forn < t <n+1 we put X; = Xp. 
The filtration F, is clearly right continuous and if we augment it with the null 
sets we obtain that the natural filtration of X satisfies the usual conditions. 
For € > 0 we now define T = inf{t | |(AX);| < e}. Clearly T < 00 almost 
surely and satisfies the desired properties. 


If A is a predictable process of finite variation with Ag = 0, we can as- 
sociate with it a (random) measure on Rx. The variation of A, a process 
denoted by V, is given by 


V, = sup S- |As, = Aste i 


k=1 


deca cance th, 


The process V is predictable and it also defines a (random) measure on 
R+. The process V defines a o-finite measure 4y on the predictable o-algebra 
on Ry x Q. The definition of yy is, for K a predictable subset of Ry x Q: 


uy(K) =E i (1x nav,| 


The measure jv, is defined in a similar way, but its definition is restricted to 
a o-ring to avoid expressions like 00 — oo. It is well-known, see [M 76, Chap. I]), 
that the measure py is precisely the variation measure of 4. From the Hahn 
decomposition theorem we deduce that there is a partition of Ry x 9, in two 
sets, By and B_, both predictable, such that (1g, - A) and (—1z_- A) are 
increasing. Moreover V = ((1g, —1,_)- A). For almost all w the measure dA 
on R¥ is absolutely continuous with respect to dV and the Radon-Nikodym 
derivative is precisely 1p, — 1p_ where Fy = {t | (t,w) € Bs}. We will 
refer to this decomposition as the Hahn decomposition of A. Note that 
the difficulty in the definition of the pathwise decomposition of the measures 
dA(w) comes from the fact that the sets F, and F_ have to be glued together 
in order to form the predictable sets By and B_. See [M 76, Chap. I] for the 
details of this result which is due to Cathérine Doléans-Dade. 
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Throughout the paper, with the exception of Sect. 9.7, S will be a fixed 
semi-martingale. As mentioned in the introduction S represents the discounted 
price of a financial asset. 


Definition 9.2.7. Let a be a positive real number. An S-integrable predictable 
process H is called a-admissible if Hy) = 0 and (H-S) > —a (i.e. for all 
t>0:(H-S) > —a almost everywhere). H is called admissible if it is 
admissible for someae Ry. 


Given the semi-martingale S we denote, in a similar way as in [Str 90], by 
Ko the convex cone in L°, formed by the functions 


Ko = {(H Soo lH admissible and (H - S).. = jim (7 - S), exists a.s. } : 


By Co we denote the cone of functions dominated by elements of Ko i.e. 
Co = Ko- Ee. With C and K we denote the corresponding intersections with 
the space L© of bounded functions K = Ky L® and C = CoN L®. By C 
we denote the closure of C with respect to the norm topology of L° and by 


C we denote the weak-star-closure of C. 


Definition 9.2.8. We say that the semi-martingale S satisfies the condition 


(i) no-arbitrage (NA) if CO LS = {0} 
(ii) no free lunch with vanishing risk (NFLVR) if CO L& = {0}. 


It is clear that (ii) implies (i). The no-arbitrage property (NA) is equiv- 
alent to Ko M L°. = {0} and has an obvious interpretation: there should be 
no possibility of obtaining a positive profit by trading alone (according to an 
admissible strategy): it is impossible to make something out of nothing with- 
out risk. It is well-known that in general the notion (NA) is too restrictive to 
imply the existence of an equivalent martingale measure for S, see Sect. 9.7. 
Compare also to the results in [DMW 90] and [S 94, Remark 4.11]. 

The notion (NFLVR) is a slight generalisation of (NA). If (NFLVR) is 
not satisfied then there is a fo in LS? not identically 0, as well as a sequence 
(fn)n>1 of elements in C, tending almost surely to fo such that for all n we 
have that f, > fo -— 1. In particular we have f, > —i. In economic terms 
this amounts to almost the same thing as (NA), as the risk of the trading 
strategies becomes arbitrarily small. See also Proposition 9.3.7 below. 

We emphasize that the set C and hence the properties (NA) and (NFLVR) 
are defined using general admissible predictable processes H. This is a more 
general definition than the one usually taken in the literature and used by 
the authors in previous papers (see [$94, D92]). These classical concepts 
were defined using simple integrands or/and integrands with bounded sup- 
port. In these cases we will say that S' satisfies (NA) for simple integrands, 
(NFLVR) for integrands with bounded support, etc. These notions will reap- 
pear in Sect. 9.7, where we will emphasize on the differences between these 
notions. 


160 9 Fundamental Theorem of Asset Pricing 


We close this section by quoting a result due to Emery and Ansel and 
Stricker. The result states that under suitable conditions the stochastic inte- 
gral of a local martingale is again a local martingale. A counter-example due 
to [E80] shows that in general a stochastic integral of a local martingale need 
not be a local martingale. From Theorem 9.2.2 it follows that if M is a local 
martingale with respect to a measure P, then H - M is a local martingale if 
and only if it is a special semi-martingale, i.e. if it is locally integrable. The 
next theorem gives us a criterion that is related to admissibility of H. 


Theorem 9.2.9. If M is a local martingale and if H is an admissible in- 
tegrand for M, then H- M is a local martingale. Consequently H - M is 
a super-martingale. 


Proof. We refer to [E80] and [AS 94, Corollaire 3.5]. It is an easy consequence 
of Fatou’s lemma that if H- M is a local martingale uniformly bounded from 
below, then it is a super-martingale. 


9.3 No Free Lunch with Vanishing Risk 


The main result of this section states that for a semi-martingale S, un- 
der the condition of no free lunch with vanishing risk (NFLVR), the limit 
(H-S). = limy+o(H -S); exists and is finite whenever the integrand H is 
admissible. To get a motivation for this result, consider the case where we 
already know that there is an equivalent local martingale measure Q. In this 
case, by Theorem 9.2.9, the stochastic integral H - S' is a Q-local martingale 
if H is admissible. This implies that it is a super-martingale and the classical 
convergence theorem shows that the limit (H -S).. = limz.(H -$'):, exists 
and is finite almost everywhere. But of course we do not know yet that there 
is an equivalent martingale measure Q and the art of the game is to derive 
the convergence result simply from the property (NFLVR). We start with two 
preparatory results. 


Proposition 9.3.1. If S is a semi-martingale with the property (NFLVR), 
then the set 


{(H- Soo | H is 1-admissible and of bounded support} 
is bounded in L°. 


Proof. H 1-admissible means that H is S-integrable and (H-S'), > —1. Being 
of bounded support means that H is 0 outside [0,7] where T is a positive real 
number. The limit (H-S).. = limi+o(H-S); exists without difficulty because 
(H - S'), becomes eventually constant. Suppose that the set {(H-S).. | H is 
1-admissible and of bounded support} is not bounded in L°. This implies the 
existence of a sequence H” of 1-admissible integrands of bounded support and 
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the existence of a > 0 such that P[(H”-S).. > n] > a > 0. The sequence f, = 
min (+(H” - 8)o,1) is in C,P[fn = 1) > a > 0 and ||f; || < +. By taking 
convex combinations we may take g, € conv{(fn, fn41,---} that converge a.s. 
to g: Q = [0,1]. (We can use Lemma 9.8.1, but a simpler argument in L° 
can do the job, compare [S 94, Remark 3.4]). Clearly E[g] > a and therefore 
Pl[g > 0] = 8 >a>0. By Egorov’s theorem g, — g uniformly on a set ' of 
measure at least 1 — g The functions h, = min(gn,1Q/) are still in the set C 
and hy, — glq in the norm topology of L®. Since P[glg > 0] > B > 0 we 
obtain a contradiction to (NFLVR). 


Proposition 9.3.2. If S is a semi-martingale satisfying (NFLVR), then for 
each admissible H the function (H - S)* = supg<,|(H - S):| ts finite almost 
everywhere and the set {(H - S)* | H 1-admissible} is bounded in L®. 


Proof. If the set is not bounded, we can find a sequence of 1-admissible in- 
tegrands H”, stopping times T,, and a > 0 such that P[T, < «] >a>0 
and (H”- S)r, > n on {T, < oo}. For each natural number n take t,, large 
enough so that a < P[T;,, < t,] and observe that for K” = H"1)0 min(T, ,t») 
we have that K” is of bounded support and P[(K"-S), > n| >a > 0, 
a contradiction to Proposition 9.3.1. 


We now prove the main result of this section. It extends from [S 94, Propo- 
sition 4.2] to the present case of a general semi-martingale S. 


Theorem 9.3.3. If S is a semi-martingale satisfying (NFLVR), then for H 
admissible the limit (H-S).. = limi+o(H-S'), exists and is finite almost 
everywhere. 


Proof. We will mimic the proof of the martingale convergence theorem of 
Doob. The classical idea of considering upcrossings through an interval [3, +] 
may in mathematical finance be interpreted as the well-known procedure: 
“Buy low, sell high”. We may suppose that H is l-admissible and hence 
(H - S)* = supge;|(H - S)| < 00 almost surely by Proposition 9.3.2. We 
therefore only have to show that liminf;...(H - 9); = limsup;_,,.(H + $): 
a.s.. Suppose this were not the case and that P[liminf:..(H: S): < 
lim sup;_,,,(H-S);] > 0. Take 6 < y anda > 0so that P[liminf;...(H-S): < 
B<y < limsup;_,,,(H-S):] > a. We will construct finite stopping times 
(Un, Vn)n>1, Such that 


(Qt Ste Se ee Oa es, 
(2) L” = oy_, H1yu,,y,] is (1 + B)-admissible 
(3) P[(Z"- S)oo > my — 8) > F- 


The existence of such a sequence clearly violates the conclusion of Propo- 
sition 9.3.2 and this will prove the Theorem. 

The stopping times are constructed by induction. Take (€,)n>1 strictly 
positive and such that the sum 7,5, €n < 7§5- Let A be the set defined as 
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A= {liminf;..(H-5); < 6 < y < limsup;,_,,,(H - S)¢}. Since the Boolean 
algebra Up<, Fi is dense in the o-algebra F we have that there is t; and 
Ai € F;, such that P[AA Aj] < €1. For w # A; we put U; = V; =t; and we 
concentrate on w € Aj}. 
First define 
Uy = inf{t|t >t, and (H- S$); < G} for w in Ay 
Vi = inf{t|t > U) and (H-S); >} forw in A,. 
The variables U; and V/ are clearly stopping times and take values in 
(0, co]. By construction of A; we have that 


P[V{ < co] > P[AN Ai] >a—e1. 
Take s; > t; so that P[V/ < s1] > a —e, and define 


U, = min(U}, 1), 

Vi = min(Vj, 51). 
The set B} = {(H-S)u, <6 <y7<(A-S)y,} isin F,, and P[B,N A] > 
a—€,. Put K! = H1ju,,v,]. We claim that K! is (1 + 3)-admissible. Indeed 


on Af clearly (K+ - S$); = 0 for all t. For w € A; and t < Uj; we also have 
(K1-S),(w) =0. For w € A; and U; <t < V; we have 


(K'-S):=(H-S):-(H-S)u, 2-1-8 =-(1+8). 


Let us put L' = K+. We now apply the same reasoning on the set (By, A) 
i.e. we take tg > 51, Ao © F;, such that Ag C Bi, P[A2A(BinA)] > a—e1—€2. 
On the set A» we define 

Us = inf{t | t > te and (H- S); < GB} 
Vz =inf{t|t>U, and (H-S); >}. 

P[VZ < co] > a — 1 — €2 and we select sz > tg so that P[V < 52] > 

Qa — €1 — €2. Take 
U2 = min(U3, 82) 
V2 = min(V5, s2) 
K?= Al qu2,va] - 

The integrand is (1 + @)-admissible, but outside the set B, the process 
(K?-S) is zero. On the set By, however, (L1-S');, = (L'-9),, > y—6 > 0. The 
integrand L? = L! + K? remains therefore (1 + 3)-admissible. Furthermore 


P[(L?- S$), > 2(y — B)] > a— 1 — €2. This permits us to continue the 
construction and to define L” by induction. 


The rest of this section is devoted to some results giving a better under- 
standing of the property (NFLVR) of no free lunch with vanishing risk and 
relating this property to previous results of [D 92, $ 94]. 
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Corollary 9.3.4. If the semi-martingale S satisfies (NFLVR) then the set 
{(H-S). | H is 1-admissible} 
is bounded in L®. 


Proof. This follows immediately from the existence of the limit (H- S$). and 
from Proposition 9.3.1. 


Remark 9.3.5. The convergence theorem shows in particular that in the defi- 
nition of Ko the requirement that the limit exists is superfluous. We also want 
to point out that to derive the above results 9.3.1 to 9.3.4, we only used the 
condition (NFLVR) for integrands with bounded support, i.e. for integrands 
that are zero outside a stochastic interval [0, k] for some real number k. 


The next result only uses the (very weak) assumption of no-arbitrage. 
We emphasize that the property (NA), as we defined it, refers to general 
integrands. 


Proposition 9.3.6. (compare [S 94, Proposition 4.2]) If the semi-martin- 
gale S' satisfies (NA) then for every admissible integrand H, such that (H - 
S)oo = limyo(H- S$); exists, we have for eacht € Ry: 


Proof. If || +S); |loo > ||CH + S)X|loo then we define the set A € F; as 
A={(H1-S)¢ < —||(H-S)xllo}- 


The integrand K = 1,1}:,.7 is admissible, the random variable (KX - 5). 
exists, is non-negative and P[(K - S$). > 0] > 0. This violates (NA). 


The next result may be seen as a sharpening of [S 94, Proposition 1.5]. It 
combines the property (NA) with the conclusion of Proposition 9.3.1. 


Proposition 9.3.7. If the semi-martingale S fails the property (NFLVR) 
then either S fails (NA) or there exists fo : Q — [0,00] not identically 0, a se- 
quence of variables (fn)n>1 = ((H"-S)oo)n>1 in Ko with H” a +-admissible 
integrand and such that limyn—oo fn = fo in probability. 


Proof. It is clear that the existence of such sequences violates (NFLVR). Indeed 
the set {n(H” - S).;n > 1} is unbounded in L°, whereas the integrands 
(nH”)n>1 are 1-admissible. This contradicts Proposition 9.3.1. 

The converse is less obvious. Suppose that S satisfies (NA) and suppose 
that (gn)n>1 is a sequence in C’ such that go = limn—oo gn in L®, go > 0, 
Plgo > a] > a > 0. From the hypothesis on the sequence (gn)n>1 we deduce 
that ||g7 ||. tends to 0. By passing to a subsequence, if necessary, we may 
suppose that ||g7 ||. < +. For each n we take a function h, in Ko such that 


—n 
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hn > gn- If hn = (L”- S)oo then ||hz lloo < + and hence L” is +-admissible 
by Proposition 9.3.6 and the property (NA) of S. Lemma 9.8.1 allows us to 
replace hy, by fn € conv{hy, hn41,...} such that f, converges to fp : Q > 
(0, co] in probability. Let H” be the corresponding convex combination of the 
integrands (L*),>,. Obviously H” is still 4-admissible and f, tends to 0 in 
L°°. For n large enough we have ||gn — gollo < § and hence P{h, > 0] > 
Plgn > $] > $. Lemma 9.8.1 now shows that P[fo > 0] > 0. 


The following corollary relates the condition (NFLVR) with the condition 
(d) in [D 92] (which in turn is just reformulating the concept of (NFLBR) to 
be defined in Sect. 9.6 below). 


Corollary 9.3.8. The semi-martingale S satisfies the condition (NFLVR) if 
and only if for a sequence (gn)n>1 in Ko, the condition ||g; ||o — 0 implies 
that gn tends to 0 in probability. 


Proof. We first observe that the condition stated in the corollary implies (NA). 
The corollary is now a direct consequence of the Proposition 9.3.7 and the 
Lemma 9.8.1. 


Corollary 9.3.9. Under the assumption (NA), the semi-martingale S satis- 
fies the condition (NFLVR) if and only if the set 


{(H +S). | H 1-admissible and of bounded support} 
is bounded in L°. 


Proof. From the proof of Proposition 9.3.2, it follows that the set {supg<;(H - 
S), | H 1-admissible} is also bounded in L®. If the sequence (gn)n>1 in Ko, 
satisfies ||g> ||. — 0, then by the (NA) property and Proposition 9.3.6, gn = 
(H”-S)5. where H” is €,-admissible with ¢, = ||g;, |loo. The sequence >In 
has to be bounded which is only possible when g,, tends to 0 in probability. 
The conclusion now follows from the preceding corollary. 


9.4 Proof of the Main Theorem 


In this section we prove the main theorem of the paper. The proof follows 
the following plan: prove that the set C, introduced in Sect. 9.2, is weak-star- 
closed in L® and apply the separation theorem of Kreps and Yan (see [S 94]), 
which in turn is a consequence of the Hahn-Banach theorem. We use similar 
arguments as in [D 92] and [S94]. The technicalities are, however, different 
and more complicated. 


Definition 9.4.1 (compare [MB 91] and [S 94], Definition 3.4). A sub- 
set D of L® is Fatou closed if for every sequence (fn)n>1 uniformly bounded 
from below and such that f, — f almost surely, we have f € D. 
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We remark that if D is a cone then D is Fatou closed if for every sequence 
(fn)n>1 in D with f, > —1 and f, — f almost surely, we have f € D. 
The next result is the technical version of the main theorem. 


Theorem 9.4.2. If S is a bounded semi-martingale satisfying (NFLVR), then 


(1) Co is Fatou closed and hence 
(2) C= CoN L® is o(L©, L*)-closed. 


Proof. We will not prove the first part of Theorem 9.4.2 immediately, its proof 
is quite complicated and will fill the rest of this section. 

The second assertion is proved using Theorem 9.2.1. If Co is Fatou closed 
then we have to prove that C = Cp L® is closed for the topology o(L®, L'). 
Take a sequence (f,)n>1 in C, uniformly bounded in absolute value by 1 and 
such that f, — f almost surely. Since Co is Fatou closed the element f belongs 
to Co and hence also f € C. 


We now show how Theorem 9.4.2 implies the main theorem of the paper. 
For convenience of the reader we restate the main Theorem 9.1.1. 


Theorem 9.1.1 (Main Theorem). Let S be a bounded real-valued semi- 
martingale. There is an equivalent martingale measure Q for S if and only if 
S' satisfies (NFLVR). 


Proof. We proceed on a well-known path ({[D 92, MB91, $92, Str90, L92, 
$94]). Since S satisfies (VA) we have CM LS = {0}. Because C is weak- 
star-closed in L°° we know that there is an equivalent probability measure 
Q such that Ea[f] < 0 for each f in C. This is precisely the Kreps-Yan 
separation theorem, for a proof of which we refer to [S$ 94, Theorem 3.1]. For 
each s < t, B € Fs, a € R we have a(S; — S;)1gp € C (S is bounded)). 
Therefore Ea[(S; — S;)1z] = 0 and Q is a martingale measure for S. 

The condition (NFLVR) is not altered if we replace the original probability 
measure by an equivalent one. In the proof that condition (NFLVR) is also 
necessary, we may therefore suppose that P is already a martingale measure 
for the bounded semi-martingale S. If H is an admissible integrand then 
by Theorem 9.2.9 we know that the process (H - S) is a super-martingale. 
Therefore E[(H - S).] < E[(H - $)o] = 0. Every function f in C' therefore 
satisfies E[f] <0. The same applies for elements in the norm closure C of C. 
Therefore CN L& = {0}. 


We now show how the main theorem implies Corollary 9.1.2 pertaining to 
the locally bounded case. We refer to [DS 94a] for examples that show that 
we can only obtain an equivalent local martingale measure for the process S. 
The proof of Corollary 9.1.2 is similar to [S 94, Theorem 5.1]. 


Corollary 9.1.2. Let S be a locally bounded real-valued semi-martingale. 
There is an equivalent local martingale measure Q for S if and only if S 
satisfies (NFLVR). 
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Proof. Since S' is locally bounded, there is a sequence a, — +00 and an 
increasing sequence of stopping times T;, > co so that on [0,T,,] the process 
S is bounded by a,,. We replace S' by 


1 


ee ae ai ean 


n>1 


(jr, .Tai} 9)» 


S is bounded and satisfies (NFLVR) since the outcomes of admissible 
integrands are the same for S and S.A martingale measure for S is a local 
martingale measure for S and therefore the corollary follows from the main 
theorem. The proof of the necessity of the condition (NFLVR) is proved in 
the same way as in the Theorem 9.1.1. 


Remark 9.4.8. The necessity of the condition (NFLVR) and Theorem 9.4.2 
show that if S is a locally bounded local martingale then the set Co is Fatou 
closed. 


We now proceed with the proof of Theorem 9.4.2. The bounded semi- 
martingale S will be assumed to satisfy the property (NFLVR). We take 
a sequence hyn € Co, hn > —1 and hy, — h as.; we have to show h € Cp. 
This is the same as showing that there is a fo € Ko with fo > h. For each 
n we take g, € Ko such that gn > hyn. The sequence gy, is not necessarily 
convergent and even if it were, this does not give good information about the 
sequence of integrands used to construct gn. To overcome this difficulty we 
introduce a maximal element (compare Remark 9.4.5 below). Define D as the 
set D = {f | there is a sequence K” of 1-admissible integrands such that 
(K"-S). > f as. and f > h}. 


Lemma 9.4.4. The set D is not empty and contains a maximal element fo. 


Proof. D is not empty. Indeed 9 contains an element g that dominates h. 
To see this we take g, as above and apply Lemma 9.8.1. Next observe that 
the set D is bounded in L® since it is contained in the closure of the set 
{(H +S). | H 1-admissible} which is bounded by Corollary 9.3.4. The set D 
is clearly closed for the convergence in probability. We now apply the well- 
known fact that a bounded closed set of L° contains a maximal element. For 
completeness we give a proof. We will use transfinite induction. For a = 1 
take an arbitrary element f; of D. If a is of the form a = 6+ 1 and if fg 
is not maximal then choose fy > fg; P[fa > fg] > 0 and fa € D. If a is 
a countable limit ordinal then a = lim, where 3, is increasing to a. The 
sequence fg, is increasing and converges to a function f, finite a.s. (D is 
bounded!). In this way we construct for each countable ordinal the variable 
fa. Since Elexp(—fa)] is well-defined and form a decreasing “long sequence” , 
this sequence has to become eventually stationary, say at a countable ordinal 
ag. By construction fo = fa, is maximal. 
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Remark 9.4.5. Let us motivate why we introduced the maximal element fo 
in the above lemma. As already observed the sequence gy, introduced before 
Lemma 9.4.4 is not of immediate use. Our goal is, of course, to find a 1- 
admissible integrand Hp which is, in some sense, a limit of the sequence H, 
of the 1-admissible integrands used to construct the sequence g,. But the 
convergence of (gn)n>1 (which we may assume by Lemma 9.8.1) does not 
imply the convergence of the sequence (H,,)n, in any reasonable sense. We 
illustrate this with the following example in discrete time. Let (Tm)m>1 be 
a sequence of Rademacher functions i.e. a sequence of independent identically 
distributed variables with Pir, = +1) = P[rm = —1] 4. Let, = ire 
and Sp = 0. For each n, an odd natural number, we take for the strategy H” 
the so called doubling strategy. This strategy is defined as 


Hea 17 if m=... =MN-1=1 


~ | 0 elsewhere. 
Clearly (H” - S'), = Hf'r; +---+ H7_,r; hence we obtain 


i _ f 2'-1 with probability 2~* 
Meee = 1 with probability 1—27¢ 


For odd n the final outcome g,, satisfies gn = limy..(H”"-S), = —1 almost 
surely. 

For each n, an even natural number, we introduce a “doubling strategy” 
A” starting at time n. More precisely 


0 for t<n 
AP = <2" —) SP = nm and rap =. = fea = 1 
0 elsewhere. 


Clearly for t < n: (H”-S), = 0 and for t > n: (A"- 8S), = AP (nai) + 
+--+ Hf, (rt) hence for t > n: 


(H™. 8), = 2(—") 1 with probability 2-¢-”) 
— -1 with probability 1 —2-(-"), 


Again, for each even number n, the final outcome g,, satisfies g, = 


limy+0(H” - S$), = —1 almost surely. Hence all the variables g,, for odd 
as well as for even n, are equal to —1 almost surely and hence trivially 
g = limgn = —1 as.. On the other hand the sequence H”, along the even 


numbers, tends to zero on R+ x Q. Along the odd numbers the sequence H” is 
constant and equal to the same doubling strategy. The sequence H” is there- 
fore not converging. Note, however, that the limit function g is not maximal 
in the sense of Lemma 9.4.4. If we take limits along the even numbers then 
the pointwise limit H of H” is zero and hence (H- S),, = 0. The example 
suggests that the outcome 0, which is larger than g, can be obtained by look- 
ing at limits of the strategies H”. So the remedy is to replace the function g 
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by the larger outcome 0. Replacing g by a maximal element is in this sense a 
“best try”. 

Of course, this is only a very simple example and the reader may construct 
examples where even more pathological phenomena occur. But the present 
example shows in a convincing way, that the convergence of the final outcome 
Qn does not imply any kind of convergence of the corresponding integrands H”. 

The difficulties arising from the above introduced “suicide strategies” H” 
were already addressed in [HP 81]. 

We finish this remark by giving an example of a process (.5;):>0 such 
that K = Ko N L® is not o(L®, L*)-closed. This underlines again the im- 
portance of considering the cone Co of elements dominated by elements of 
Ko, a phenomenon already encountered in the Kreps-Yan theorem (see [S 94, 
Theorem 3.1]). The example is in discrete time. We consider a sequence Y,, 
of independent variables taking 3 possible values {a,b,c}. The probability is 
defined as P[Y, = a] = $; P[Y, = }] = $-4-"; P[Y, = c] = 4-”. We 
again use the sequence of Rademacher functions defined this time as r, = 1 
if Y, =a, and r, = —1 if Y, = 06 orc. Let T be defined as the first n so that 


Y, = ¢. It is clear that P[there is n such that Y, = c] < 4. We define the 


3 
process Sas Sj, = Sn)». More precisely we take the sum of the first 


m Rademacher functions but we stop the process at 7’. The original measure 
is clearly a martingale measure for S. Let us now define B,, as the set {T > n} 
and let H” be the doubling strategy starting at time n. From the definition 
of T it follows that the final outcome g, = (H”-S).. = —1g,,. The sequence 
gn tends weak-star to g = —1,7=.}. This random variable g, however, is 
not in the set kK. Suppose on the contrary that H is a predictable integrand 
such that (H - S).. = —1yr=o0}. On the set {T < n — 1} we can without 
disturbing the final outcome, replace H,...,H,, by 0. This new integrand is 
still denoted by H. Let now n be the first integer such that H,, is not iden- 
tically 0. On the set {T = n} the product Hy, is also the final outcome. 
Since this set is disjoint from the set {T = co} we find that H,, = 0 on the set 
{T =n}. The variable H,, is ¥,,-1-measurable and by independence of F,-1 
and Y;,, we therefore have H,, = 0 on the set {T > n— 1}. This contradicts 
the assumption on n. 


For the rest of the proof of Theorem 9.4.2 we will denote by fo a maximal 
element of D, (fn)n>1 is a sequence of elements, obtained as fy, = (H”-S)oo, 
where H” are l-admissible strategies H”, and the sequence f, converges to 
fo almost surely. Remark that if we can prove that fo € Ko, we finish the 
proof of Theorem 9.4.2. 


Lemma 9.4.6. With the notation introduced above we have that the random 
variables 


Frm = ((H" — H™)- S$)" = sup |(H"- 8): —(H™- S)| 


teRy 


tend to zero in probability as n,m — oo. 
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Proof. Suppose to the contrary that there is a > 0, sequences (ng, Mx)k>1 
tending to co and for each k: P [sup;s9 ((H"* - S$): — (A - S)1) > a] > a. 
Define the stopping times 7; as 


Ty = inf {t |(H" - 9); -—(H™ = - 9): >a} 


so that we have P[T;, < co] > a. 

Define L* as L* = A” 10.7, +4 1yp7,,ccf- The process L* is predictable 
and it is 1-admissible. Indeed for t < T;, we have (L*- S); = (H™ +s); >—1 
since H”* is 1-admissible. For t > Ty we have 


(L*. S), = (H™ - S)r, + (H™ - 5), —(H™ - S)x, 
> (H™-8),+a>-l+a. 
Denote lim;_...(L" - S); by pz. From the preceding inequalities we deduce 
that p, can be written as pp = yp +, where 
Pk = frel et, =co} + frl tr, <co} and Ply, > al >a. 


By assumption y, — fo and by taking convex combination as in Lem- 
ma 9.8.1 we may suppose that ~%, — wo where Pio > 0] > 0. Therefore 
convex combinations of p, converge almost surely to an element fo + wo, 
a contradiction to the maximality of fo. 


Remark 9.4.7. Let us give an economic interpretation of the argument of the 
proof. At time 7; we know that the trading strategy H"* has obtained the 
result (H"* - S)r,, which is at least a better than (H™* - S')7, on a set of 
measure bigger than a. On the other hand we know that, for k big enough, 
both strategies yield at time oo a result close to fp. Having this information 
the economic agent will switch from the strategy H”* to H™* since, starting 
from a lower level, H™* yields almost the same final result, i.e. the gain on 
the interval ]T},, oo[ is better for H™* than for H"*. The strategy L* precisely 
describes this attitude. 


The proof used convergence in probability. In the rest of the proof we will 
make use of decomposition theorems, estimation of maximal functions etc. 
These methods are easier when applied in an “L?-environment”. We therefore 
replace the original measure P by a new equivalent measure Q we will now 
construct. 

First we observe that (H” - S'), converges uniformly in t. The variable 
q = sup, sup, |(H”- S);| is therefore finite almost surely. For Q we now take 
a probability measure equivalent with P and such that q € L?(Q) e.g. we 
can take Q with density a = moe From the dominated convergence 
theorem we then easily deduce that 


=0. 


“lim, [lsup (8). — "Salsa 
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From now on Q will be fixed. Since S' is bounded it is a special semi- 
martingale and its canonical decomposition (with respect to Q) will be de- 
noted as S = M+ A, where M is the local martingale part and A is of finite 
variation and predictable. The symbols M and A are from now on reserved 
for this decomposition. 

The next lemma is crucial in the proof of the main theorem. It is used to 
obtain bounds on H”-M. Because we shall need such an estimate also for other 
integrands we state it in a more abstract way. For > 0, let 7H) be the convex 
set of 1-admissible integrands H with the extra property ||(H-S)*||z2(q) < A. 


Lemma 9.4.8. For \ > 0 the set of maximal functions {(H-M)* | H € Hy} 
is bounded in L°(Q). 


Proof. Fix 4 > 0 and abbreviate the set H) by H. The semi-martingales H-S 
where H is in H, are special (with respect to Q) because their maximal func- 
tions are in L?(Q). Therefore, by Theorem 9.2.2, the canonical decomposition 
of H-S comes from the decomposition S$ = M+ Ai.e., H- M is the local 
martingale part of H-S and H- A is the predictable part of finite variation. 

Because the proof of the lemma is rather lengthy let us roughly sketch the 
idea, which is quite simple. If K” is a sequence in H such that (K"-M)* is un- 
bounded in probability, then K”- A is also unbounded and — keeping in mind 
that kK”. A is predictable — using good strategies we might take advantage 
of positive gains. This turns out to be possible as the calculations will show 
that the gains coming from the predictable part A in the long run overwhelm 
the possible losses coming from the martingale part M. This will contradict 
the property (NFLVR). Very roughly speaking, the gains coming from the 
predictable part A add up proportionally in time, whereas the expected losses 
from the martingale part only add up proportionally to time. These phe- 
nomena are due to the orthogonality of martingale differences, whereas the 
variation of the predictable part over the union of two intervals is the sum of 
the variations over each interval. 

Let us now turn to the technicalities. If {(H-M)* | H € H} in not bounded 
in L°, there is a sequence (K”)n>1 in H, as well as a > 0, such that for all 
n> 1 we have Q[(K”"- M)* > n°] > 8a. From the L? bound on (H - $)* and 
Tchebycheff’s inequality we deduce that Q[sup, |(K"- S);| > n] < x and for 
n large enough (say n > N) this expression is smaller than $. For each n we 
now define J), as 


Tp = inf {t||(K"-M),| > n° or |(K"- S):| > n}. 


If we now define the integrand L” = 4K"1)9,7,] we obtain that 


(i) L”-M are local martingales 

(i) Q[(L"-M)* > n] > Q[(K"-M)* > n?]-Q[(K"-8)* > n] > 80-45 > Ta 
for aln > N. 

(iii) L”- M is constant after Ty. 
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(iv) The jumps of L” - S are bounded from below by — “+. Indeed the process 


(K" - $)?™ is bounded above by n on [0,7;,[. Its value is always bigger 
than —1 and hence jumps of (K” - S)7" are bounded from below by 
—(n+1). 

(v) |\(Z"-M)*||r2(q) < nt ||A(L”-M)z, ||r2(q) < n+ 34. The last inequality 
follows from Corollary 9.2.4 and the inequality ||(L" - $)*||z2(q) < +. 


The local martingale L” - M is therefore an L?(Q)-martingale. For each n 
we define a sequence of stopping times (Tn,i)i:>0. We start with T,,,9 = 0 and 
put (eventually the value is +00) 


Tri = inf {t | t > Tps—1 and |(L”-M),—(L"- M)r,,_,| > 1}. 
We then may estimate 


|| (2” M)r,, (L” : M)r,4-1 Il z2(Q) <1i+ | A(z” Q M)r,,; 


3X 
Sp See foraln>N. 
n 


st 


L2(Q) 


Let k, be the integer part of 4+. We claim that for 1 = 1,...,k, and all 
n > N, we have Q[T,,; < co] > 6a. An inequality of this type is suggested by 
the fact that the variables f,,; = (L"-M)r,, —(L"- M)r,.,_, are bounded 
by 2 in L?(Q) but their sum has to be large, so we need many of them. To 
prove that for each i < k, we have Q[T;,,; < co] > 6a, it is of course sufficient 
to prove that 


QiTn,k, < 00] = QU(L"» Myr, 4, — (L" + M) ty na] 2 W] > bev. 


Put B = {Tnx < co} and estimate, for n > N, the L?(Q)-norm of 
(LM) pe: 


I|(Z” - M)*"1B6llp2(Q) 
kn 
Sor" Tn i-1,Tn,i -M)*1p¢ 


i=l 


< 


L?(Q) 


kn 
= > |\(2"1 Tn,i-1,Tn,i -M)*1B¢ L2(Q) 
t=1 


kn 
<hr, "lle 
t=1 


k 


< 25° (2° Lr, 4 1Ta ed” M)ooll 12(Q) (by Doob’s inequality) 
i=1 
< 4k, 


< na. 
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Tchebycheff’s inequality now yields Q[(L"-M)*1pe > n] < a? which 
implies Q[B°N {(L” - M)* > n}] < a? < a and hence 


QB] > Q[(L" - M)* > n] — QIB°N {(L"- M)* > n}] > Ta— 0 = 6a. 


For n > N andi = 1,...,kn, the random variables f,,,; are bounded in 
L?(Q)-norm by 2 but in L°(Q) they satisfy the lower bound Q||fn,i:| > 1) > 
6a. This will allow us to obtain a lower L°(Q) estimate for f,;. Let 6 = a? 
and Bri = {f,; > «}. We will show that Q[B,,,;] > 8. 

The martingale property implies that 

Ea||fn.il 


Ealf,.i] = Eq| nil = — i > 3a. 


Therefore as Lon , is bounded by a outside By i: 
Ealfnite,s] 2 Eqlf,i] —a > 2a. 
On the other hand the Cauchy-Schwarz inequality gives 
= 1 1 
Falf, 18,1 < Il fr,éll t2(Q) Q[ Bn, ? < 2Q|P ni]? 3 


Both inequalities show that Q[B,,;] > a? = 8. 

We now turn to L”- A. Because L”-S = L”.-M+ LL". A and we know 
that L” - S is small and the negative parts of L” - M are big, we can deduce 
that positive parts in L”- A are also big. Let us formalise this idea: from the 
definition of A we infer that for all 2 


= 6 2X 
\|(L -S)r, ; oe (L -S)r,, «-1|l22(Q) < oe 


Tchebycheff’s inequality implies 


20 7 
Q[|e"-5)n..- 0" -Syn12 A] <(B) ean, 


m2} Ade 


Because Q[((L"- M)r,, — (L" - S)r, ,-.)~ = a] > G we necessarily have 
Q[(L"- A)r,,, — (Z"- A)r,,;-, > a- #4] > B—n-? and this holds for all 
i<ky, andn>WN. 

We will now construct a strategy that allows us to take profit of these k, 
positive differences. The process L”- A is of bounded variation. The Hahn de- 
composition of this measure, see the discussion preceding Definition 9.2.7, pro- 
duces a partition of R + x Q in two predictable sets Bi and B™ on which this 
measure is respectively positive and negative. The processes (L"1,» - A) and 
(—L”" 1,» -A) are therefore increasing. Let R” be the process L°15%90,T rin] 

The process (R” - A) = (L" 1 p2q[0,Tn,n,] ‘ A) satisfies 


(R” -A)t, _ (R” 5 A) Ty i-1 2 (L” -A)t, _ (L” : A)T, i-1 
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and we therefore obtain 
Q (Rh Abn = (Re Ale 


fori=1,...,k, andalln>WN. 

Unfortunately we do not know that R” is 1-admissible or even admissible. 
A final stopping time argument and some estimates will allow us to control 
the “admissibility” of R”. The jumps of R”-S are part of the jumps of L”- S$ 
and hence 


APG) S ACs Ets. = 
n n 
An upper bound for (R” - M) is obtained by 
[|(R” ; Mc lpatey = IK L". M)r, late lees 


< > Il frallta(q) - 
i=1 


For n > N this is smaller than 4k,. Doob’s maximal inequality applied on 
the L?(Q)-martingale (R"- M)?.n yields 


< AW kn « 


12(Q) 


sup |(R” - M)¢| 
t>0 


This inequality will show that R” - S will not become too negative on big 
sets. First note that we may estimate (R” - S') from below by R” - M. Indeed, 
R".S = R”-M+R”"-A> R”"-M since R"- A is increasing and hence positive. 
The following estimates hold 


Q inti S)i< ~iyn4| 


<Q lsup|cae -M),| > kn] 
t>0 

Jn 
kn 


1 
< 64a—. 


< 16— by Tchebycheff’s inequality and the above estimate 


Let now U, = inf{t | (R"- S$), < —kyn77}. The preceding inequality 
says that Q/Un < oo] < 64aze. We define yet another integrand: let as = 
ER 1)0,u,]- The jumps of V"- S' are then bounded from below by == and 
the process (V”-S) is therefore bounded below by —n~7— a The ice ande 
V” are therefore admissible and their uniform lower bound tends to zero. We 
now claim that (V” - S').o is positive with high probability. 
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From Q[(R"- A)r,, — (R”- A), 
Corollary 9.8.7 we dedieb that 


Q [(a". as es > B(a-3) (6-n~)| ae ie Lie 


It follows that 


>a—74]) > B-—n and from 


Tn,i-1 


afr aina 


or 
a x B-n-? 1 
nr, > pens 2 a =>. 
av <a *) (6 7 a f= 610 
Since (¢ — 4) (8—n-?) tends to y = 28 we obtain that for n large enough, 
say n > N’ 


n aie 
>= = 
Q lv A)oo = y > 7 
Let us now look at (V” =(V"-M).o+(V"- Ajo. The first term 


S) 
(V"-M).. tends to zero in 12(Q). Indeed 


i 1 1 
IV" M)oclluacqy $A" Mt, a9 leaqy S 2FE > O- 


The second term satisfies Q [(V" - A)oo > 3] > 4. 
Tchebycheff’s inequality therefore implies that for n large enough, say 


n > N” we have 


B 


Q[(V"-8)0> 7] 24-@[(R"-a)r,,., > T] =F. 


4 


The functions g, = (V"-S).> have their negative parts going to zero in 
the norm of L°°. This is a contradiction to Corollary 9.3.8. 


The next step in the proof is to obtain convex combinations LZ” € 
conv{H";n > 1} so that the local martingales L” - M converge in the semi- 
martingale topology. lf we knew that the elements H” -M were bounded in 
L?(Q) then we could proceed as follows: by taking convex combinations the 
elements H” can be replaced by elements DL” such that L”-M converge in the 
L?(Q)-topology, whence in the semi-martingale topology. Afterwards we then 
should concentrate on the processes L” - A. Unfortunately we do not dispose 
of such an L?(Q)-bound but only a L°-bound and a slightly more precise 
information given by the preceding lemma. It suggests that we should stop 
the local martingales H” - M when they cross the level c > 0, apply Corol- 
lary 9.2.4 to control the final jumps in L?(Q) and apply some L?-argument 
on the so obtained L?-bounded martingales. Afterwards we should take care 
of the remaining parts and let c tend to oo. Again the idea is simpler than 
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the technique. Let us introduce the following sequence of stopping times (c is 
supposed to be > 0). 

T? = inf{t | |(H”-M),| > c}. The local martingales (H” - M) will be 
stopped at 7”, causing an error kK? M where K? = A” 1jrn oof. 


Lemma 9.4.9. For all ce > 0, there is co > 0 such that for arbitrary n, for all 
convex weights (A1,...,An) and all c > co, we have 


Q [(Sox4:-a1) > <eé. 
i=1 


Proof. Suppose on the contrary that there is a > 0 such that for all co there 
are convex weights (Ai,..., An) and c > co, such that 


* 


Q [(doxx:-ar) >| >a. 


From this we will deduce the existence of a sequence of 1-admissible inte- 
grands L” such that sup, ||(L”-S)*||,2(q@) is bounded and such that (L". M)* 
is unbounded in L°(Q). This will contradict Lemma 9.4.8. 

Let N be large enough so that Qiq > N] < $ (remember q = sup,, 
sup, |(H”-S);|). This is easy since q is finite a.s.. If we define 7 as the stopping 
time 

7 =inf{t| forsomen>1: |(H”-S):| > N} 


we trivially have Q[r < co] < ¢. From Lemma 9.4.8, applied with \ = sup 
|(H” - S)*||2(q), we deduce that lim,_,.. sup,, Q(T’ < oo] < lim... sup, Q 
[((H" - M)* > c] = 0. For 0 <6 < F, let c, be chosen so that for all n and all 
c > c1 we have Q[T” < ox] < 6”. For each n we have 


(Ae + S)"l22(Q) S [2A S)"L ere <co} |] 22(Q) 
< AllallzaqyQlte < o*. 
If follows that there is cz so that for all n and all c > co 
(AR S)*"ILz2(qy <4. 
For c > max(ci,¢2) take A1...An a convex combination that guarantees 
Q | (TL AKi-M)* > a] > aandlet o = inf {t| |(L, AKi- M),| > a}. 
Put K = (Oi AiK¢) Upo.min(oy)- 


Clearly Q[(K -M)* > aj > a— Q[r < oo] = * and the inequality 


(K-S)* < S07, Ai( KE. S)* implies ||(K-S)*||12(q) < 6. Let us now investigate 
whether K is admissible. 
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(ik . S)t = S- Ailesri} ((H’ " S interne) i (H" is S) min(Ti,7,0)) 


i= 


2 S Nl esri}(-1 — N) 
i=1 


>-(N+1) > Algsry 
i=1 
BUN el) Ee 


where F is the process F = )>;._, Ailpri,cop- / is an increasing adapted left 
continuous process, it is therefore predictable. By construction Ea@[Fx0] < 6? 
and therefore Q[F, > 6] < 6. This implies that the stopping time v, defined 
as v = inf{t | F, > 6}, satisfies Qly < co] <6 < ¥. 

This implies that K’ = K1)o,,1, satisfies 


(A S)*|z2(qy $6 


and ; 
QUA". M)* > a] > a — Qlr < oo] — Q(v < 00) 2 5 


as well as 
(K'-S)>-(N+1)6. 


The integrand L° = ~*_— therefore is 1-admissible and 
8 (N+1)0 


1 
Beesy lye < | —— }. 
I(2°- 8)" lia < (a9) 


Furthermore Q [iz -M)* > ot > §. 
For 6 tending to zero this produces a contradiction to Lemma 9.4.8. 


The following lemma relates, in the L°-topology, the maximal function of 
a local martingale with the maximal function of a stochastic integral for an 
integrand that is bounded by 1. The proof uses the fact that the sequence 
(H”-M)n>1 is a sequence of local L?-martingales with uniform L?-control of 
the jumps. 


Lemma 9.4.10. With the same notation as in Lemma 9.4.9, for alle > 0 
there is co > 0 such that for all h predictable |h| < 1, all convex weights 
(Ar..-An) and all c > co 


af |(adoani] a] >< 2s 


In particular D (So \;Ki- M)" < 2e where D is the quasi-norm introduced 
in Sect. 9.2 and inducing the semi-martingale topology. 
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Proof. Let ¢ > 0 and take co as in Lemma 9.4.9 i.e. 


Q [(So wie)” >e| <e 


for all (Ay...An) convex combination and all c > co. By enlarging co we 
also may suppose that sup,, ||(K? - $)*||z2(q) < § (see the proof of the 
Lemma 9.4.9). Corollary 9.2.4 now implies that for all n and every stopping 
time o 

|A(KE : M)olln2(Qy S €- 


Take now h predictable and bounded by 1, take c > cp, 41... An a convex 
combination. Define o as 
> el. 


aint (Sac an,) 
<e+ 5 di |A(KE- M).|. 


The following estimate holds: 


> aa) -M 
w=1 


The L?-norm of the left hand side is therefore smaller than 2¢ and we have 
an L?-martingale. This implies that the martingale (h > A;K?) 1)0,0] -M is 
in L? and its norm is smaller than 2¢. Hence 


a [GL xk: a) > vel 
<Q[((AD AK) 1yoo1-M) > vé] + Ql < oo] 


Ae? 
<—+e=5e. 
E 


sup 
t<o 


t 


Lemma 9.4.11. There is a sequence of convex combinations L” € conv{H*,k > 
n} such that (L"-M) converges in the semi-martingale topology. 


Proof. We use the notation introduced before Lemma 9.4.9. For ¢ = 4 we 
apply Lemma 9.4.10 to find c, such that 


m 1 
D (( y wt, . w) < — for all convex weights A, ...Am - 
n 
i=1 


For each n and each k we have (H"1po,re J -M)* < Cn t+|A(H*-M) rx | and 
an application of Corollary 9.2.4 yields that each A 1 pore J -M is an L?(Q)- 
martingale with bound c,, + 3||q||z2(q). A standard diagonalisation argument 
shows the existence of convex weights MK, AK,..., AN, such that 
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Nx 
Yn = SOMA pore M. 
j=0 


is, for each n, converging in the space of L?(Q)-martingales. An easy way to 
prove this assertion, is via the following reasoning in Hilbert spaces. 

Let M? be the Hilbert space of L?(Q)-martingales and let § = (> 0M?) 
be its £?-sum (see [D 75]). An element of this space is a sequence X = (Xn)n 
where each X,, is in. M?. This space is also a Hilbert space when equipped with 
the norm ||.X||? = >>,,s, || Xn||3. The sequence X*, defined by the co-ordinates 


1 


a 
ar (es + 3}lallz2(q)) 


n 


(4'tpo.rs,1° 1) 


is bounded in the Hilbert space § and hence there are convex combinations 
Y* € conv{X*, X**t!,...} that converge with respect to the norm of 9. It 
follows that each “co-ordinate” converges in M?. This implies the existence 
of convex weights \h, A¥,..-, AN such that 


Ni 
Yn = APH 1po.re 1M 
j=0 


is, for each n, converging in the space of L?(Q)-martingales. 
The sequence L* = ee, AV H**) . M is now a Cauchy sequence in the 


space of semi-martingales. Indeed for given ¢ > 0 take N such that x <€. 
We find that for k, I: 


D((r = 5!) -Mf 


<D(YN -Yy)+D[{SOMKEN-M)+D[ SON KE. M 
j=l j=l 


< D(V# — Y}) +2e. 


For k and | large enough this is smaller than 3e. 


Lemma 9.4.12. The sequence (L"),>1 of Lemma 9.4.11 is such that (L* - A) 
converges in the semi-martingale topology. 


Proof. We know that L* -§ > —1 and that (L* - M) converges in the 
semi-martingale topology. To show that (L* - A) converges in the semi- 
martingale topology we have to prove that for each t > 0 the total variation 
if |d((L* —L™). A)| converges to 0 in probability as k and m tend to oo. 
We will show the stronger statement that ine |a((L* — L™) - A)| tend to 0 
in probability as k and m tend to oo. If this were not the case then by the 
Hahn decomposition, described in Sect. 9.2, we could find h* predictable with 
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values in {+1,—1},a > 0 and two increasing sequences (tx, jx)g>1 Such that 
Qn > a] > a where 


Ye = if hid((L'* — Lis) . A), 
[0,c0| 
= | AK (Lik — LJ) dA, 
[0,0c0[ 
=f |nik- nit] dau). 
[0,c0| 


We now define the integrand R* as 
RE = (L* + $(1 + h*)(L** — Lie) 
= 3(z + [5® + AP( Le — Ls) 


The idea is simple if h¥ = 1 ie. if (L** — LJ*)- dA > 0 we take L’*, if 
hk = —1 i.e if (L — LJ")dA < 0 we take L4*. In some sense R* takes the best 
of both. The processes (R* — L**) and (R* — LJ«)- A define positive measures 
and are therefore increasing. Indeed 


(RE — Lit). A= ((L% — L*) +4 (1+h*) (L% — Liv). A 
= 4( (nh - 1) (Li — Lie). A and 
(RE — Lit). A= $( (nk ~1) (Lis — Lis) ) A. 
Both measures are positive by the construction of h*. Also 
Pr = ((R*— L*)- A), + ((R¥ — Ls). A), 


We may therefore suppose that Q [((R* — L’*)- A). > $] > ¢ (if neces- 
sary we interchange i; and j, and take subsequences to keep them increas- 
ing). Because (R¥ — L**)- M = 3((h* — 1)(L** — L3*) - M) and because 
(L** — LJ’). M tend to zero in the semi-martingale topology on [0,00o[ we 
deduce that the maximal functions ((R* — L’*)- M)* tend to zero in proba- 
bility. The same holds for ((R* — LJ*) - M)*. Let now (d,)x>1 be a sequence 
of strictly positive numbers tending to 0. By taking subsequences and by 
the above observation we may suppose that Q[((R* — L’»)-M)* > 6d, or 
((R* — LJ"). M)* > dx] < dy holds for all k. This implies that the stopping 
time 7, defined as 7 = inf{t | (R*- M), < max((L’* - M)z, (L7* - M)+) — dg} 
satisfies Q[t, < oo] < dx. Define now R* = R*1jpo,,,). We claim that the 
integrands R* are (1 + 5,)-admissible! 

For t < T, we have 
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(R*.S), =(R*-S), 
= (R*. A), +(R*-M) 
> max ((L" - A), (L’* - A)s) + (R*- M) 


> max ((L'* -A)e, (L?* A)1) + Max ((L* -M)s, (L** - M)t) — 9k 
max ((L“* - S)z, (L7* - 8)z) — d¢ 
> -1- 6g. 


At time 7 the jump A(R - 9) is either A(L* - S) or A(L7* - S) and 
hence (R* - S),, > —1— 6, because the left limit of (R*- S) at tT, is at least 
max((L**-S),,_,(L%-S),,_) — dk. 

The integrands (1+ d,)~1R* are 1-admissible. We will use them to con- 
struct a contradiction to the maximal property of fo = limp —.oo(L?" + S)oo = 
lint aias GH 8) oe 


RF ’ 1 ye : Ok 
Se te. = k_ pir). ae L’® - S) oo 
(4 2 s) Tra, Mh ) 8) ,, Tt a! ) 

1 ~p 
= —L'*).A 
(=) (R ) a 
- : (RF -L*).M) — bk (L** . S) 
1+ Op co 14+ bE 


This first term is estimated from below 


Q | (RY - D%)- A), > S] > 5 and ((R* - L*)-A),, 20. 


2 


The second term is estimated from above 


Q | (RY - Lit) -M),, < -oe] <5, and ((R* — Lit) M),, 0. 


Co 


The third term tends to zero since 6, — 0. From Lemma 9.8.1 we know 
that there are convex combinations V* € conv{ R*, R*+!,...} such that (V* - 
S)oo will converge to a function g. Because (L’* -S).. — fo and because 
Q (RE — L**)-S)o > ¥- 5x > $— dx we deduce from Lemma 9.8.6 that 
Qlg > fo] > 0. Also g > fo, a contradiction to the construction of fo. 


Final part of the proof of Theorem 9.4.2. From Lemmas 9.4.12 and 9.4.11 
we deduce the existence of 1-admissible integrands L* € conv{H*, H**1,...} 
such that L*-M and L*.A both converge in the semi-martingale topology. The 
sequence (L* - $);>1 is therefore convergent in the semi-martingale topology. 
Mémin’s theorem (see [M 80]) now implies the existence of a predictable pro- 
cess L such that L*. S$ — L-S in the semi-martingale topology. In particular 
L is 1-admissible and the final value satisfies 
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I 


(L Z S Jes 


jim (L-S),= Jim lim (L” - S'); 

= lim jim (L”-S), = lim (L"- S)oo = fo. 
The interchange of the limits is allowed because almost surely (L”-S); > 

(L- S$), uniformly in t, by Lemma 9.4.6. Indeed (H” - S), converge uni- 

formly on R4 and the convex combinations L* € conv{H*, H*+!,...} pre- 

serve this uniform convergence. This shows that fo € Ko and as remarked 

before Lemma 9.4.6 this implies Theorem 9.4.2. 


Remark 9.4.18. The topology of semi-martingales was defined in Sect. 9.2. It 
was defined using the open end interval [0, oo[. A similar but stronger topology 
could have been defined using the time interval [0, co]. This amounts to using 
the distance function: 


D(X) = sup{E[min(|(H - X).|,1)] | H predictable, |H| <1}. 


The difference between the two topologies is comparable to the difference 
between uniform convergence on compact sets of [0,00[ and uniform conver- 
gence on [0,00]. A careful inspection of the proofs, mainly devoted to checking 
the existence of the limits at oo, shows that the semi-martingales (L”-S) tend 
to (Z- S) in the semi-martingale topology on [0,00] and not only on (0, oo]. 
We preferred not to use this approach in order to keep the proofs easier. 


9.5 The Set of Representing Measures 


In this section we use the results obtained in Ansel and Stricker [AS 94] “Cou- 
verture des actifs contingents” and we give a new criterion under which the 
market is complete. Throughout this paragraph the process S' is supposed to 
be locally bounded and to be a local martingale under the measure P. This 
will facilitate the notation. We will study the following sets of “represent- 
ing measures” defined on the o-algebra F (see e.g. [D 92] for an explanation 
concerning the name “representing measures” ): 


M(P) = {Q|Q <P, Q iso-additive and S is a Q-local martingale} 
M*(P) = {Q|Q ~P, Q iso-additive and S is a Q-local martingale} . 


The space M(P) consists of all absolutely continuous local martingale 
measures and it can happen that some of the elements will give a measure 
zero to events that under the original measure are supposed to have a strictly 
positive probability to occur. This phenomenon was studied in detail in [D 92]. 
We will show that M°(P) = M(P) implies M(P) = {P}. 

We will need the following set of attainable assets: 


W° ={f | there is an S-integrable H, H - S$ bounded and (H - 9). = f}. 
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The set W°® is a subspace of L°. There is no problem in this notation 
since if H- S is bounded, then H as well as (—H) is admissible and therefore 
f = (H-S)qo exists and is a bounded random variable. From Proposition 9.3.6 
it follows that W° = KN(—K) . The same notation for a space related to W° 
is already used in [D 92]. The set W is simply {a+ f | a € Rand f € W°}. 
Because S is supposed to be locally bounded these vector spaces are quite 
big. The following lemma seems to be obvious but, because unbounded S- 
integrable processes are used, it is not so trivial as one might suspect. The 
proof we give uses rather heavy material but it saves place. 


Lemma 9.5.1. If H is S-integrable and H-S is bounded, then H-S is a Q- 
martingale for allQ € M(P). 


Proof. Take Q € M(P). Clearly S is a special semi-martingale under the 
measure Q. Since it is a local martingale it decomposes as S = S +0. The 
stochastic integral H - S is bounded and hence is a special martingale under 
Q. Its decomposition is, according to Theorem 9.2.2, H:-S = H-S+H-0, i.e. 
H-S is a Q-local martingale. Being bounded it is a martingale under Q. 


It follows from the martingale property that if H and G are two S- 
integrable processes such that H-S and G.-S are bounded and such that 
(H-S')oo = (G-S)o. then necessarily (H.-S) = (G-S). (This also follows from 
arbitrage considerations.) 

The following theorem is due to [AS 94] and [J 92] (see also Chap. 11). 
Earlier versions can be found in [KLSX 91]. The theorem is particularly im- 
portant in the setting of incomplete markets (e.g. semi-martingales with more 
than one equivalent martingale measure). It shows exactly what elements can 
be constructed or hedged, using admissible strategies. 


Theorem 9.5.2. If f € L°(Q,F,P) with f~ € L°(Q,F,P) then the follow- 


ing are equivalent 


(i) there is H predictable, S-integrable, Q © M°(P) anda € R such that 
H-S is a Q-uniformly integrable martingale with f= a+t(H-S)xo 
(ii) there is Qe M°(P) such that Er[f] < E@l[f] for all Re M°(P). 


For f bounded these two properties are also equivalent to 
(iii) Eg[f] 2s constant as a function of R € M(P). 


Proof. We refer to [AS 94, Theorem 3.2]. For (iii) we remark that M°(P) is 
L1(P)-dense in M(P) and hence Er[f] is constant on M°(P) if and only if 
it is constant on M(P). 


Corollary 9.5.3. W is o(L®, L')-closed in L® . 


Proof. This follows immediately from (iii) of the theorem. W is the subspace 
of these elements in L® that are constant on a subset of L1. 
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Remark 9.5.4. The corollary was known long before Theorem 9.5.2 was known. 
The earliest versions of it are due to Yor [Y 78a]. Contrary to intuition, the 
boundedness condition needed in (iii) of Theorem 9.5.2 cannot be relaxed to 
f being a member of L}(R) for each R in M°(P). A counter-example can be 
found in [S 93]. 


The next theorem is a new criterion for the completeness of the market. 


Theorem 9.5.5. If S is locally bounded and P is a local martingale measure 
for S, then 


(i) M(P) is a closed convex bounded set of L1(Q,F,P) 
(ii) M(P) = M°(P) implies that M(P) = {P}. 


Proof. (i): We only have to show that M(P) is closed. Take Q,, a sequence 
in M(P) and suppose that Q,, converges to Q. Take T a stopping time such 
that ST is bounded. If t < s and A € F; then we can see that: Eg[$7 1,4] 
= lim Eq,, [$714] = lim Eg, [S714] = Eq, [S714]. This proves Q € M(P). 
(ii): If M(P) = M°(P) then M°(P) is a closed, bounded, convex set. 
The Bishop-Phelps theorem, see [D 75], states that the set G of elements f of 
L°(Q,F,P) that attains their supremum on M°(P), is a norm dense set in 
L~(0,F,P). The preceding theorem, part (ii), states that G is a subset of 
W. Since W is weak-star-closed it is certainly norm closed. Since W is closed 
and G is dense for the norm topology we obtain W = L™~(Q,F,P) . By the 
Hahn-Banach theorem, two distinct elements of L1 can be separated by an 
element of L° i.e. by an element of W. However, elements of W are constant 
on M(P). This implies that M(P) = {P}. 


As we remarked in the introduction our results remain true for R¢-valued 
processes. The same holds for Theorem 9.5.5. As the example of [AH 95] shows, 
Theorem 9.5.5 is no longer true for an infinite number of assets. The example 
uses the set {0,1} as time set, but as easily seen and stated in [AH 95] it is 
easy to transform the example into a setting with continuous time. 

In [D 92] the following identity was proved for a continuous process S. For 
every f € L®: 


sup Eg[f]=inf{r| there ish € W° with z+h®> f}. 
QeM(P) 


In the general case this equality becomes false as the following example in 
discrete time shows. The left hand side of the equality is always dominated by 
the right hand side. The example shows that a “gap” is possible. Some further 
properties displayed by Example 9.5.6 are: W° is weak-star-closed but the set 
we- LS? is not even norm closed. We will also see that the norm closure and 
the weak-star-closure of W° — LS? are different. 


Example 9.5.6. The set Q is the set N = {1,2,3,...} of natural numbers. The 
o-algebra F,, is the o-algebra generated by the atoms {k} for k < 3n and the 
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atom {3n4+ 1,3n+4 2,...}. So = 0 and S,, — S,_1 is defined as the variable 
Gn(3(n — 1) +1) = nj; gn(8(n — 1) + 2) = 1; gn (8n) = —-1. The process S' is 
not bounded but a normalisation of the functions g, allows us to replace S$ 
by a bounded process. To keep the notation simple we prefer to continue with 
the locally bounded process S' given above. For the measure P we choose any 
measure that gives a strictly positive mass to all natural numbers and such 
that for all n we have Ep{g,] = 0. The space W° is precisely the set: 


S- anGn | (NGn)n>1 is bounded \ 


n>1 
Take now for f the function defined as 
foralln >1: f(83(1—1)4+1) =0; f(8(n—-—1)4+2) =1 and f(3n) =0. 


From the description of W° it follows that for h in W° and x € R the 
random variable x +h can only dominate f if x > 1. The constant function 1 
clearly dominates f. This shows that 


inf{a| there ish €W°® witha +h>f}=1. 


On the other hand if Q is a local martingale measure for S then nQ[3(n — 
1) +1) + Q[3(n—1) +2] = Q[3n] implies that Q[3(n—1) +2] < $Q[{3(n—1)+ 
1,3(n — 1) + 2,3n}], with strict inequality if Q is equivalent to P. Therefore 
Ea([f] < $ with strict inequality for Q in M°(P). If we take any measure Q 
such that Q[3(n — 1) +1] = 0 and Q[3(n— 1) +2] = Q[3n] then Q is in M(P) 
and Eg[/] = 4. It is now clear that maxge mp) Ea[f] = 3. 

This example also shows that in Theorem 9.5.2 (ii), the condition Q € 
M°*(P) may not be replaced by the condition Q € M(P). Referring to the 
proof of [D 92, Lemma 5.7], we remark that in this example the function f 
is not in $ + W® — L& but it is in the weak-star-closure of it. To see this 
let fn be the function defined as f,(3(k — 1) + 2) = 1 for all k < n and 0 
elsewhere. The functions f,, are smaller than $ + )7;_,(49x) and therefore 
are in $ + W® — L%, they converge weak-star to f. The set W° — LS° is not 
even norm closed as the following reasoning shows. An element h in W° — Ls 
is of the form )>.) angn — k where k is in LS and |na,| is bounded, say by 
m. If ay is positive then h(3(n—1)+2) < angn < ™ and if a, is negative then 
h(3(n — 1) + 2) < 0. In any case h(3(n — 1) + 2) < @. Take now the function 
p defined as p(3(n — 1) + 1) = 0, p(8(n — 1) + 2) = Rr and p(3n) = am It 
is easy to see that p is in the norm closure of W° — LS° but it cannot be in 
W° — LS since the converge of p(3(n — 1) +2) to 0 is too slow. This reasoning 
also shows that the element f, described above, cannot be in the norm closure 
of the set «+ W° — LS® for any « <1. 


To remedy this “gap” phenomenon, well-known in infinite dimensional 
linear programming, we will use another set to calculate the infimum. The 
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set we will use is precisely the set C introduced in Sections 9.2, 9.3 and 9.4. 
In Sect. 9.4, Theorem 9.4.2, it is proved that C is weak-star-closed in L°. 
In the case of processes which are not necessarily continuous, C' is the exact 
substitute for the set W° — LS, so useful in the continuous case. The polar 
C° of the cone C' is by definition 


C°={g|g EL’, Elgh] <0 for all hin C}. 
Theorem 9.5.7. 
M(P) = {Q|QeEL’, QQ] =1 andQEC*}. 


Proof. If Q is in M(P) then for H admissible we know by Theorem 9.2.9 
that H-S is a Q-super-martingale. Therefore Ea{h] < 0 for every A in C. 
Conversely let Q be in L!, of norm 1 and Q € C°. The set —LS is a subset 
of C and hence every element of C° is in Li. Therefore Q is a probability 
measure. If T is a stopping time and $7 is bounded then the random variables 
a(S! — S?)1,4 for u>t, a real and A in F;, are in C and hence Q is a local 
martingale measure for S. 


The following theorem is the precise form of the duality equality stated 
above. We will prove it for bounded functions, referring to [AS 94] for the case 
of measurable functions with bounded negative parts. 


Theorem 9.5.8. For every f in L° we have 
sup Ealf]= sup Ealf] 
Qem?(P) QeM(P) 
=inf{x| thereisheEC witha+h> f} 
=inf{z| thereisheC witha+h=f}. 


Proof. From the definition of C it follows that c+h > f for h in C if and only 
if there is h in C with f = 2+h. The second equality is therefore obvious. 
From the preceding theorem it follows that 


sup E@[f] < inf{v| thereishe Cwithr+h> f}. 
QeM(P) 


If z <inf{a| there ish eC with x+h> f} then f — z is not an element of 
the weak-star-closed cone C’. By the Hahn-Banach theorem there is a signed 
measure Q € L', Eq[h] < 0 for all h in C and Eg/f — z] > 0. The preceding 
theorem shows that Q can normalise as Q[Q] = 1 and then it is in M(P). It 
follows that z < Ea[f] < supRep) Er[f]. This shows that 


sup EgQ[f] > inf{v| thereishe Cwithr+h=f}. 
QeM(P) 


Remark 9.5.9. The infimum is a minimum since C’ is weak-star and hence 
norm closed. 
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Remark 9.5.10. Let us recall that the dual of L% is ba(Q,F,P), the space of 
all bounded, finitely additive measures on the o-algebra F, absolutely contin- 
uous with respect to P. We can try to define the set of all finitely additive 
measures that can be considered as local martingale measures for S. It is not 
immediately clear how this can be done in a canonical way. But, if we define 
Moa(P) = {Q | Q € ba, Q[Q] = 1, E@[h] < 0 for all h in C}, then it is easy 
to see, via the equality in Theorem 9.5.8, that M(P) is o(ba, L°)-dense in 
Mboa(P). In other words Mya(P) is the o(L®, L")-closure of M(P) in the 
space ba(Q, F,P), the dual of L°. This is of course the good definition of 
Mboa(P). We remark that the set C has to be used and not just the set W°. 
Indeed Example 9.5.6 shows that the set M(P) is not necessarily o(ba, L°)- 
dense in the set {Q | Q finitely additive, positive, Q[Q] = 1 and Eg[{h] = 
0 for all h in W°}. To see this, we observe that the function f defined in Ex- 
ample 9.5.6 is not in the norm closure of « + W° — LS for any x < 1. By the 
Hahn-Banach theorem there is a finitely additive positive probability Q such 
that Ea[f] = 1 and E@{h] = 0 for all h in W°. Because supge mp) Ea[f] = 5 
this element Q cannot be in the o(ba, L®)-closure of the set M(P). This sug- 
gests that the “good” definition of such finitely additive measures should use 
the inequality Ea[h] < 0 for all h in C and not only for all h in W° — LS’. 


9.6 No Free Lunch with Bounded Risk 


In this section we will compare the property of no free lunch with vanishing risk 
(NFLVR) with the previously used property of no free lunch with bounded risk 
(NFLBR). This property was used in a series of papers: [MB 91, D 92, $ 94]. 
The property (NFLBR) is a generalisation of the property (NFLVR). To define 
this property we need some more notation. By C we denoted the closure of 
C with respect to the norm topology of L°, by C’ we will denote the weak- 
star-closure of C’. The set C' is the set of all limits of weak-star converging 
sequences of elements of C’. Although the fact that a convex set in L° is weak- 
star-closed if and only if it is sequentially closed for the weak-star topology, the 
closure of a convex set cannot necessarily be obtained by taking all limits of 
sequences. (In [B 32, Annexe théoréme 1] one can find for each k, examples of 
convex sets such that after k iterations of taking weak-star limits of sequences, 
the weak-star-closure is not obtained, but after k + 1 iterations the closure is 
found.) Therefore in general, there is a difference between C’ and C and the 
use of nets is essential to find the weak-star-closure of C. 


Definition 9.6.1. If S is a semi-martingale then we say that S satisfies the 
property 

(i) no free lunch with bounded risk (NFLBR) fC NLS = {0}, 

(ii) no free lunch (NFL) if C9 LY = {0}. 
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From the definitions and the results of Sect. 9.3 it follows that (NFL) 
implies (VFLBR) implies (NFLVR) implies (NA). As regards the notion of 
no free lunch (NFL), this was introduced by [K81] and is at the basis of 
subsequent work on the topic. It requires that there should not exist fo in 
LY, not identically 0, as well as a net (fa) of elements in C such that 
fa, converges to fo in the weak-star topology of L°. Because nets are used, 
there is no bound on the negative part f7 of fa. It is not excluded that 
e.g. || fa |loo tends to oo, reflecting the enormous amount of risk taken by the 
agent. It is well-known that for bounded cadlag adapted processes S$, (NFL) 
(even when defined by simple strategies) is equivalent to the existence of an 
equivalent martingale measure. See [S 94] for a proof of this theorem which 
is essentially due to [K 81, Y 80]. The drawback of this theorem is twofold. 
First it is stated in terms of nets, a highly non-intuitive concept. Second it 
involves the use of very risky positions. The main theorem of the present 
paper remedies this drawback. We therefore focus attention on variants of 
the properties (VFLVR). The following characterisation, the proof of which 
is almost the same as the proof of Proposition 9.3.7 and Corollary 9.3.8, 
was proved in [S94]. The proof makes essential use of the Banach-Steinhaus 
theorem on the boundedness of weak-star convergent sequences. 


Proposition 9.6.2. The semi-martingale S satisfies the condition (NFLBR) 
if and only if for a sequence of 1-admissible integrands (H”)n>1 with final 
values g, = (H”- S').. the condition g, — 0 in probability implies that gn 
tends to 0 in probability. 


Proof. Suppose that S' satisfies the property (VFLBR) and let (H”),>1 be 
a sequence of 1-admissible integrands (H”),>1 with final values g, = (H” - 
Soo such that g> — 0 in probability. Suppose that this sequence does not 
tend to 0 in probability. By selecting a subsequence, still denoted by (gn)n>1 
we may suppose that there is a > 0 such that Plgn > a] > a for all n. By 
Lemma 9.8.1 we may take convex combinations f, € conv{g,;k > n} that 
converge in probability to a function f. The negative parts f, still tend to 
0 in probability and hence f : Q — [0,co]. The function f satisfies P[f > 
0] > 0. The functions h, = min(f,,1) are in the convex set C' and converge 
in probability to h = min(f,1). The functions h, are uniformly bounded 
by 1 and therefore the convergence in probability implies the convergence 
in the weak-star topology of L°°. The function h is therefore in C' and the 
property (NFLBR) now implies that h = 0 almost everywhere. This, however, 
is a contradiction to P[f > 0] > 0. 

Suppose conversely that S satisfies the announced property. It is clear that 
S satisfies the no-arbitrage property (NA). Suppose now that h,, is a sequence 
in C that converges weak-star to h. We have to prove that h = 0 almost 
everywhere. By the Banach-Steinhaus property on weak-star bounded sets, the 
sequence h,, is uniformly bounded. Without loss of generality we may suppose 
that it is uniformly bounded by 1 and hence h,, > —1 almost surely. Since the 
sequence h,, tends to h weak-star in L°° it certainly converges weakly to h in 
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L?. Therefore there is a sequence of convex combinations g, € conv{hyz; k > n} 
that converges to h in L? and therefore in probability. The sequence gy is 
bigger than —1 and by the no-arbitrage property gp is the final value of 1- 
admissible integrands H,, (see Proposition 9.3.6). The property of S now says 
that h = 0. 


The difference between (NFLVR) and (NFLBR) is now clear. In the no 
free lunch with vanishing risk property we deal with sequences such that the 
negative parts tend to 0 uniformly. In the no free lunch with bounded risk 
property we only require these negative parts to tend to 0 in probability and 
remain uniformly bounded! 

If the case of an infinite time horizon the set Ko was defined using general 
admissible integrands. The infinite time horizon and especially strategies that 
require action until the very end, are not easy to interpret. It would be more 
acceptable if we could limit the properties (VFLBR) and (NFLVR) to be 
defined with integrands having bounded support. The following proposition 
remedies this. (We recall as already stated in the remark following Corol- 
lary 9.3.4 that an integrand H is of bounded support if H is zero outside 
a stochastic interval [0, k] for some real number k.) 


Proposition 9.6.3. 


(1) If the semi-martingale S satisfies (NFLBR) for integrands with bounded 
support, then it satisfies (NA) for general admissible integrands. 

(2) If the semi-martingale S satisfies (NFLVR) for integrands with bounded 
support and (NA) for general integrands, then it satisfies (NFLVR) for 
general integrands. 


Proof. We start with the remark that if S satisfies (VFLVR) for integrands 
with bounded support then from Theorem 9.3.3 it follows that for each ad- 
missible H, the limit (H - S$). = limr...(H - S$); exists and is finite almost 
everywhere. We now show (1) of the proposition. Let g = (H- S)x. for H 
l-admissible and suppose that g > 0 almost everywhere. Let gy, = (H-S)n. 
Clearly g;, tends to 0 in probability and each gp, is the result of a 1-admissible 
integrand with bounded support. The property (NFLBR) for integrands with 
bounded support shows that g > 0 implies that g = 0. The semi-martingale 
therefore satisfies (NA) for admissible integrands. 

We now turn to (2) of the proposition. Let gn = (H”- S)o with H” 
admissible, be a sequence such that the sequence g, tends to 0 in D°-norm. 
Because the process S' satisfies (NA) it follows from Proposition 9.3.6 that 
each H” is ||q;, ||.o-admissible. For each n we take t,, big enough so that hy, = 
(H”-S),,, is close to gn in probability, e.g. such that E[min(|hn —gn|, 1)] < +. 
Since each h,, is the result of a ||g7 ||.o-admissible integrand with bounded 
support, the property (NFLVR) for integrands with bounded support implies 
that h, tends to 0 in probability. As a result we obtain that also g, tends to 
0 in probability. 


9.6 No Free Lunch with Bounded Risk 189 


The Proposition 9.6.3 allows us to obtain a sharpening of the main theorem 
of [S 94, Theorem 1.6]. We leave the economic interpretation to the reader. 


Proposition 9.6.4. Let (S,)n be a locally bounded adapted stochastic process 
for the discrete time filtration (Fn)n. If there does not exist an equivalent local 
martingale measure for S then at least one of the following two conditions must 
hold: 


(1) S' fails (NA) for general admissible integrands, i.e. there is an admissible 
integrand H such that (H-S). >0a.s. and P[(H-S). > 0] >0. 

(2) S fails (NFLVR) for elementary integrals, i.e. there is a sequence (Hn) n 
of elementary integrals such that (H;,-S) > —n~! and (Hn + S)oo tends 
almost surely to a function f :W — (0, co] with P[f > 0] > 0. 


Proof. For discrete time processes, elementary integrands and general inte- 
grands with bounded support are the same. Therefore if S satisfies both con- 
ditions (1) and (2), then by Proposition 9.6.3, S also satisfies (NFLVR) for 
general integrands. The main Theorem 9.1.1 now asserts that S admits an 
equivalent local martingale measure. The proposition is the contraposition of 
this statement. 


The following example shows that in general the no free lunch with van- 
ishing risk property for admissible integrands with bounded support does not 
imply the no free lunch with vanishing risk property for general admissible in- 
tegrands! As Proposition 9.6.3 indicates there should be arbitrage for general 
integrands. 


Example 9.6.5. We give the example in discrete time. The extension to contin- 
uous time processes is obvious. The set 2 is the compact space of all sequences 
of —1 or +1: {—1,+1}%. The o-algebras G,, of the filtration are defined as 
the smallest o-algebras making the first n co-ordinates measurable. On 2 we 
put two measures P and Q. The measure P is defined as the Haar mea- 
sure, this is the only measure such that the co-ordinates r, are a sequence 
of independent, identically distributed variables with P[r, = +1] = 4. The 
measure Q is defined as +(P + 6a), where 6, is the Dirac measure giving all 
its mass to the element a, the sequence identically 1. Define f as the vari- 
able f = —1,a} + 1\{a}. Clearly Eg[f] = 0. Define now the process S,, by 
Sn = Eg|f | Gn]. The o-algebras F,, of the filtration are defined as the small- 
est o-algebras making the S),...,5,, measurable, i.e. the natural filtration of 
S. The o-algebra F is generated by the sequence ($;,),. It is easy to see that 
on F, S admits only one equivalent martingale measure, namely Q. We will 
now consider the process S under the measure P. On each o-algebra F,, the 
two measures, P and Q, are equivalent. Suppose now that H” is a sequence of 
boundedly supported predictable integrands such that gn = (H"- S)o > => 
almost everywhere for the measure P. For each n there is k, big enough such 
that gn is measurable for F,. Therefore also Q [In Zz =) = 1 for each n. 
Since Q is a martingale measure for S it follows that Ea[g,] = 0 and that 
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the sequence (gn)n>1 tends to 0 in L'(Q). Therefore the sequence (gn)n>1 
tends to 0 in probability for the measure Q. Because P is absolutely contin- 
uous with respect to Q we deduce that gn tends to 0 in probability for the 
probability P. This implies that S' satisfies the (NFLVR) property for inte- 
grands with bounded support. Because Q is the only martingale measure for 
S and because Q is not absolutely continuous with respect to P, the process 
S cannot satisfy the no free lunch with vanishing risk property for general in- 
tegrands (Theorem 9.1.1). In fact, precisely as predicted in Proposition 9.6.4, 
there is already arbitrage if general integrands are allowed! Take e.g. H the 
predictable process identically one. Because Sp = 0, we have H.-S = S and 
HZ is therefore admissible. Now S,, tends to f for the probability Q and hence 
S, tends to 1Q\ {a} for the measure P, i.e. tends to the constant function 1 for 
the probability P. The process S does not satisfy (NA) for general integrands. 


9.7 Simple Integrands 


In this section we investigate the consequences of the no-free-lunch like prop- 
erties when defined with simple integrands. It turns out that there is a relation 
between the semi-martingale property and the no free lunch with vanishing 
risk (NFLVR) property for simple integrands. For continuous processes we are 
able to strengthen Theorem 9.1.1 and the main theorem of [D 92]. 


Definition 9.7.1. A simple predictable integrand is a linear combina- 
tion of processes of the form H = fljyr, 7,1 where f is Fr,-measurable and 
T, < Tp are finite stopping times with respect to the filtration (Fi)ier, (see 
also [P 90]). The expression “elementary predictable integrand” is reserved for 
processes of the same kind but with the restriction that the stopping times are 
deterministic times. 


Simple predictable integrands seem to be the easiest strategies an investor 
can use. The integrand H = f1)7, 7] corresponds to buying f units at time 
T, and selling them at time T>. The requirement that only stopping times and 
predictable integrands are used reflects the fact that only information available 
from the past can be used. The interpretation of simple integrands is therefore 
straightforward. The use of general integrands, however, seems more difficult 
to interpret and their use can be questioned in economic models. It is therefore 
reasonable to investigate how far one can go in requiring the integrands to be 
simple. 
As pointed out in Sect. 9.2, we can define the concepts such as no-arbitrage, 

. with the extra restriction that the integrands are simple. In the case of 
simple integrands, stochastic integrals are defined for adapted processes. In 
this section we therefore suppose that S is a cadlag adapted process. The 
following theorem shows that the condition of no free lunch with vanishing 
risk for simple integrands, already implies that S is a semi-martingale. In 
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particular this theorem shows that in the Main Theorem 9.1.1, the hypothesis 
that the price process is a semi-martingale is not a big restriction. The theorem 
is a version of [AS 93, Theorem 8]. The proof follows the same lines but control 
in L?-norm is replaced by other means. The theorem only uses conditions that 
are invariant under the equivalent changes of measure. The context of the 
following theorem is therefore more natural than the same theorem stated in 
an L?-environment. We, however, pay a price by requiring the process S$ to 
be locally bounded. A counter-example will show that the local boundedness 
cannot be dropped. 


Theorem 9.7.2. Let S: Ry x Q:— R be an adapted cadlag process. If S is 
locally bounded and satisfies the no free lunch with vanishing risk property for 
simple integrands, then S is a semi-martingale. 


The proof requires some intermediate results that have their own merit. 
Since S' is locally bounded there is an increasing sequence of stopping times 
(T™m)n>1 such that each stopped process S™ is bounded and 7, — oo a... 
To prove that S is a semi-martingale it is sufficient to prove that each S™ 
is a semi-martingale. We therefore may and do suppose that S is bounded. 
To simplify notation we suppose that |S < 1. In the following lemmas it is 
always assumed that S' satisfies (VFLVR) for simple integrands. 


Lemma 9.7.3. Under the assumptions of Theorem 9.7.2, let H be a family 
of simple predictable integrands each bounded by 1, i.e. |Hi(w)| <1 for all t 
andw €Q. If 
{ supp<;(H - S); | HEH} is bounded in L°, then 
{ supp<:(H - 5S) | H €H} is also bounded in L°. 
Proof. Suppose that the set {supg<,(H - $);° | H € H} is not bounded in L°. 
This implies the existence of a sequence c, — co, H” € Hand ¢ > 0 such that 
P[supo<;(H-S)/ > cn] > e. Take K such that P[supp<,(H-S); <—K] < § 
for all n and all H € H and define the stopping times 
T., = inf{t|(H"-S): > cn}, 
U,, = inf{t | (H”-S); < —K}. 


Clearly (H”- S'), > —K —2 on [0,U,] since each H” is bounded by 1 and 
|S |< 1. Take T,, = min(T,,, U;,) and observe that 


P((H”-S)r, > cn, sup (H”-S),< K4+2) > 5. 
0<t<T,, 


Take now 6,, — 0 so that 6,c, — oo and remark that 


(a) (on 4" 1)0,7,] . S)x < On( Kk + 2) 
b fn = bn 1 0,Tr] * S)o0 satisfies Plfn 2 bnCn] 2 5: 
[0,7] 2 
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By Lemma 9.8.1 there are gn, € conv{ fn, fn41---} such that gn — g ae. 
where g : 2 — [0,00]. Also P[g > 0] > 0. If gn = AG fn +--: +ARfn+e is the 
convex combination, let us put K" = WH" +---+ MHA"**, Clearly 


(a) ||(K"-S)x|| > 0 and 
(b) (K"- SS) 2 g:Q = [0, co]. 


Since P[g > 0] > 0, this is a contradiction to (NFLVR) with simple inte- 
grands. 


Lemma 9.7.4. The set 


G= Gray — Sr)? 


k=0 


0<To9<% <...< Thi < c stopping times] 


is bounded in L®. 


Proof. For 0 < Tg < T, <...< Tn41 < co stopping times put: 


A= 25° Str. Lyr, Tet] : 
k=0 


Because | S |< 1 we have that H is bounded by 2. Also 


(H- S)oo = Y(Stea, — Sr)? — 83,,, + 53, 


esa: 


> 
Il 


0 


and hence (H - S$), > —1. The same calculation applied to the sequence of 
stopping times min(T),t),...,min(T,,¢) yields (H - S), > —1 and therefore 
supp<;(H - S); <1. The preceding lemma now implies that G is bounded in 
a” 


Proof of Theorem 9.7.2. We have to show that if H” is a sequence of simple 
predictable processes such that H” — 0 uniformly over R+ x Q, then (H” - 
S$). — 0 in probability. By the Bichteler-Dellacherie theorem this implies the 
classical definition of a semi-martingale. (In [P 90] this property is used as the 
definition of a semi-martingale). It is of course, sufficient to show that the 
sequence (H,,- So. is bounded in L°. If this were not true then there would 
exist a subsequence of simple integrands, still denoted by (H”),>1, such that 


(a) H” > 0 uniformly over R4 x Q; 
(b) P[(H”-S)~ >n|] >e>0. 
(c) Each H” can be written as 


Nn 
A” = 0 PE Urp re] 
k=0 
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where 0 < To <... < Ty, 41 < © are stopping times and the functions 
fy are Fyrp-measurable functions, bounded by 1. 
For each n we put ¢;’ the process defined as 


CG = So (Ste, — Ste)”, 


where the summation is done over the set of indices k = 0,...,. Nn such 
that Ty, < t. 


Since by the preceding lemma G is bounded in L°, there is ¢ > 0 such 
that P[c% = ¢ < §. Let for each n the stopping time T,, be defined as 


T., = inf{t | C? > c}. This definition implies that T” takes values in the 


n 
set {To,.-.,Tn41,00} and is a stopping time with respect to the discrete 


rever 


P[T,, < «| < 5 are straightforward. Take now A” = H"1)9 7") and observe 


that P[((K”- S$). > nj > §. 
Each discrete time, stopped, process (Srnin(Te,7")) no _.N,, 41 18 now de- 
composed according to the discrete time Doob decomposition: 


n 


M. ie M i (Saher na = Stier) 


n no 7 ; " 
Tea Te E [Since 74) Smmin(TE,T,) | Fr; 


-E|S.ninrp, 2%) . Simin(T,T!) | Fre . 


(Min) po... Nv,+1 8 now a martingale bounded in L*. Indeed 


N, 


B[(Mfy,_,)°] = cB[(Mtp,, - Mty)"] +B[(0ee,)"] 


Nn 

<S S- E | (Since) =_ Smintrp.2%)) | +E |(Smincrg.!)) | 
k=0 

< [(Gu)?] +1 <e+5. 


For each t we put MP = B[ Mp, | F| and we take a cadlag version 


of this martingale. Because of the optional sampling theorem this definition 
coincides with the previously given construction of M;” for times t = Tx, . In 


344 n n fn ee Tas n > n 
the definition ee we now replace each f;’ by f= fy sign (43p,, Ate). 
The functions fj’ are still measurable with respect to the o-algebra Fr». The 
resulting process is denoted by K ie. 


Nn 
Kr = S- Fe lyre re, 4] : 
k=0 


194 9 Fundamental Theorem of Asset Pricing 


Since | K” |< 1 we still have 
Pe 2 
E (a : M")re .) | <cet+5. 


On the other hand 


(KR? <8) p= (K™ S)re 


Nnt1 
~ Nn 
= (K"-M)re_., + SOLE ABs, — Abel 
k=0 
~ Nn 
ROM SG Ate, SA) 
k=0 
>(K"-M)rg + (K+ S)oo —(K"-M) rg. 


Because the sequences (” ‘M)rr ,, and (K"-M)rx _. are bounded in 
L? and the sequence (K”-$)+, is unbounded in L®, the sequence (K” - S})oo is 


necessarily unbounded in L°. On the other hand supg<,(K”-S); is a bounded 
sequence in L°. Indeed for t = T;" we have 


(K”- S)in < (K"- M)rp Seip | (K"-M), |. 
<t 


And for T? <t < Tf, we find: 


(K"-S)y < (K"- S)zp +|f2| [St — Srp| S$ 2+ sup |(K" - M),| 
O<t 


and hence 
sup(K"- S$); || < 2+ ||sup(K"- M); 
O<t 7 O<t 2 


<2+2||(K"-M)ulle 
2+2Vc+5 (by Doob’s maximum inequality). 


_ This proves the boundedness in L°. From Lemma 9.7.3 it now follows that 
(K".$)* is bounded in L°. This contradicts the choice of the sequence kK”. 


The following example shows that the requirement that S is locally 
bounded cannot be dropped. The same notation will also be used in a later 
example. 


Example 9.7.5. We suppose that on a probability space (0,F7,P) following 
sequences of variables are defined: a sequence (7,)n>1 of Gaussian normalised 
N (0,1) variables, a sequence (Y~n)n>1 of random variables with distribution 
Ply, = 1] = 27” and Ply, = 0] = 1 — 27”. All these variables are supposed 
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to be independent. The countable set of rationals in the interval ]0, 1[ is enu- 
merated as (gn)n>1- Because > P[yn = 1] < oo the Borel-Cantelli lemma 
tells us that for almost all w € 2 there are only a finite number of natural 
numbers n such that y, = lL. 

The stochastic process X defined as 


X= S- Onn 


nN; Gn <t 


is therefore right continuous, even piecewise constant (by the above Borel- 
Cantelli argument). The natural filtration generated by this process is there- 
fore right continuous (see [P 90, Theorem 25] for a proof that can be adapted 
to this case) and so is the filtration augmented with the negligible sets. The 
filtration so constructed therefore satisfies the usual conditions. 

Take now F' : [0,1] — R a continuous function of unbounded varia- 
tion, e.g. F(t) = tsin($). Let now S, = X;+ F(t). It is easy to verify 
that X is an L?-martingale and hence it is a semi-martingale. If S were 
a semi-martingale then F would also be a semi-martingale. This, however, 
implies that F' is of bounded variation. We conclude that S is not a semi- 
martingale. We will now show that S' satisfies the (NFL) property for sim- 
ple integrands. This certainly implies that S satisfies the (VFLVR) property 
for simple integrands and it shows that the local boundedness condition in 
Theorem 9.7.2 is not superfluous. To verify the (NFL) property with simple 
integrands, let us start with an integrand H = fljr,7 where T < T” are 
two stopping times and f is F7-measurable. We will show that H -S is not 
uniformly bounded from below unless H = 0. Suppose on the contrary that 
PUT < T’}A{f > 0} > 0 (the case {f > 0} is similar). Take t real and 
Qm rational such that t < q and P[{f > O} N{T < thn {an < T’}] > 0. 
Because f is Fr-measurable, t < gq, and T” is a stopping time we obtain 
that A= {f > O}N{T < t} AN {an < T’'} € Fy, and hence is indepen- 
dent of Ynyn. Because YnYn is unbounded from below (and from above for 
the other similar case) we obtain that P[AN {Qnyn < —K}] > 0 for all 
Kk > 0. It is now easy to see that this implies that H -S is unbounded 
from below. It also follows that the only simple integrand H for which H- S$ 
is bounded from below is the zero integrand. Since there are no admissi- 
ble simple integrands, the (NFL) property with simple integrands is trivially 
satisfied! 


Theorem 9.7.2 and the Main Theorem 9.1.1 allow us to strengthen the 
main theorem in [D 92]. The theorem shows that in the case of continuous 
price processes and finite horizon, the condition (d) in [D 92], an equivalent 
form of the no free lunch with bounded risk for simple integrands, can be 
relaxed. The case of infinite horizon is already treated in Example 9.6.5. By 
using the techniques developed in [S93] one can translate this example into 
an example where S is a continuous process. 
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Theorem 9.7.6. 


(a) If S : [0,1] x Q > R its a continuous semi-martingale having the no- 
arbitrage property (NA), if S satisfies (NFLVR) for simple integrands, 
then S has an equivalent local martingale measure.* 

(b) If S :R4xQ — R ts a continuous semi-martingale having the no-arbitrage 
property (NA), if S' satisfies the no free lunch with bounded risk property 
(NFLBR) for simple integrands, then S has an equivalent local martingale 
measure.! 


Proof. Let H” be a sequence of general admissible integrands. Suppose that 
Gn = (H”-S'); > —e€,, where €,, tends to zero. By (NA) the integrand H” is now 
Eyn-admissible. We have to prove that g,, tends to 0 in probability, which will 
prove part (a) in view of the Main Theorem 9.1.1. From the theory of stochas- 
tic integration (see [CMS 80]) we deduce that there are simple integrands L” 
such that P[ supge¢<, |(L"-S):—-(H”S):| = En] < en. For each n we define the 
stopping time Ty, as inf{t | (L” - 9); < —2e,}. Clearly P[T,, < 1] < én. Since 
the process S' is continuous, the random variables h,, = (L"-S')r, are bounded 
below by —2¢,, and are therefore results of 2¢,-admissible simple integrands. 
Because P[T;, < 1] < én and P[ suppe;<; |(L" S$): —(H” + S)t| > en] < en the 
sequence hy, — gn tends to 0 in probability. From the property no free lunch 
with vanishing risk (NFLVR) for simple integrands we deduce that hy, and 
hence g,, tend to 0 in probability. Therefore the property no free lunch with 
vanishing risk property (NFLVR) is satisfied and by the Main Theorem 9.1.1 
there is an equivalent martingale measure. 

For the second part we refer to [S$ 94, Sect. 5, Proposition 5.1]. 


The above theorem seems to indicate that for continuous processes simple 
integrands are sufficient to describe no-arbitrage conditions. This is not true in 
general. The Bes?(1)-process, (Rz)o<t<1 gives a counter-example. This process 
can be seen as the Euclidean norm of a three dimensional Brownian motion 
starting at the point (1,0,0) of R%. It plays a major role in the theory of con- 
tinuous martingales and Brownian motion, see [RY 91] for details. The process 
R satisfies the no-arbitrage (NA) property for simple integrands but fails the 
no-arbitrage (NA) property for general integrands. We refer to [DS 95c] for 
the details. The inverse of this process, L = R~', a local martingale, has been 
used in [DS 94a]. 

As a general question one might ask whether for continuous processes the 
no-arbitrage (NA) property for general integrands is sufficient for the existence 
of an equivalent local martingale measure. The following example shows that 
this is not true. 


T Note added in this reprint: In the original paper [DS 94] the hypothesis that S$ 
satisfies (NA) for general admissible integrands was forgotten but used in the 
proof! Several people (including ourselves) have noted this. A counter-example 
for a process satisfying (NFLVR) for simple integrands but not satisfying (NA) for 
general admissible integrands is the Bessel process in dimension 3 (see [DS 95c]). 
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Example 9.7.7. We take a standard Wiener process W with its natural filtra- 
tion (Gi)o<i<i1- Before we define the price process S, we first define a local 
martingale of exponential type by: 


i= uae casa weet 
0, ift=1. 


where f is the deterministic function defined as f(t) = =: 


We define the stopping time T as T = inf{t | L, > 2}. The stopped process 
L™ is a bounded martingale starting at zero. Clearly Ly = 2 if T < 1 and 
equals 0 if T = 0. Therefore P[T < 2] = 3. We now define the price process 
by its differential 


Vi-t 


dW,+— dt, ift<T 
i= {f) i a 


The filtration is now defined as (Fi)o<t<1 = (Gmin(t,r) )o<t<1- Except for sets 
of measure zero, this is also the natural filtration of the process S and of the 
stopped Wiener process W7. All local martingales with respect to this filtra- 
tion are stochastic integrals with respect to the Wiener process (stopped at 
T) (see [RY 91, Theorem 4.2] and stop all the local martingales at the stop- 
ping time T). Girsanov’s formula therefore implies that the only probability 
measure Q, absolutely continuous with respect to P and for which S is a local 
martingale, is precisely the measure Q defined through its density on F, as 
dQ = LrdP. As we shall see, S satisfies the property of no-arbitrage (NA). 
Important in the proof of this, is the fact that for t < 1, the measures Q and P 
are equivalent on F;, (the density L7 is strictly positive). Because the process 
S is continuous the proof that S satisfies (NA) reduces to verifying the state- 
ment that for H admissible, (H - S); cannot be almost everywhere positive 
without being zero a.s.. Take H admissible and suppose that (H-S), > 0, P- 
a.s.. This certainly implies that (H-S); > 0, Q-a.s.. Because S is a continuous 
Q-local martingale, we know that H-S is a continuous Q-local martingale and 
because H is admissible for Q, Q being absolutely continuous with respect to 
P, H-S is a Q-super-martingale. From this it follows that E@[(H - 5)i] <0 
and by positivity of (H - $'),, this in turn implies that (H - S$); = 0, Q-as.. 
Under the probability Q, the process S' is a local martingale and hence sat- 
isfies (NA) with respect to Q! For each « > 0, let now V be the stopping 
time defined as inf{t | (H.-S); > e}. The integrand K = (1), yj) is clearly 
admissible and (K - S); = 0 on {V = 1}, whereas on {V < 1} the outcome 
is €, i.e. strictly positive. The (NA) property for S (under Q!) implies that 
Q|V < 1] = 0. In other words the process H - S never exceeds € Q-a.s.. This 
implies (H - S), < 0, Q-a.s. for all t < 1. Because Q and P are equivalent 
on F;, for t < 1, this is the same as (H- S); < 0, P-a.s. for all t < 1. From 
this and the continuity of the process (H - S) we deduce that (H- S)1 < 0, 
P-a.s.. This in turn implies that (H.-S), = 0, P-a.s.. The process S therefore 
satisfies (NA) under the probability P. 
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We now give some more examples motivating the introduction of gen- 
eral integrands. As seen in the above theorems and examples, the case of 
continuous processes can essentially be reduced to simple integrands. The 
following examples show that for general semi-martingales the no free lunch 
with bounded risk (NFLBR) property for simple integrands is not sufficient 
to imply the existence of an equivalent local martingale measure. 

The examples are very similar in nature; the problems arise from the fact 
that the jumps do not occur at an increasing sequence (T;,)n>1 of predictable 
stopping times (a case already solved in [S94]). In our examples the jumps 
occur at an increasing sequence of accessible stopping times, similarly as in 
Example 9.7.5. The first example of this kind is an unbounded process but it 
contains all the ingredients and the general idea. The second example of this 
kind gives a bounded process. Of course the price to pay is the use of more 
technique. 


Example 9.7.8. The first example uses the process X introduced in Exam- 
ple 9.7.5. The semi-martingale S we will need, is defined as S; = X,+t. The 
process S' is now a special semi-martingale and again if H is simple predictable 
with H - S bounded from below then H = 0. Therefore S trivially satisfies 
the no free lunch (NFL) property with simple integrands. If, however, we put 
H = 1(0,1)\Q)x@ (sell before each rational and buy back immediately after 
it) we have (H -S), = t (for 0 < t < 1) and this violates (NA) for general 
integrands. If Q were an equivalent local martingale measure for the process 
S, then because H = 1((9,1)\Q)x@ is bounded, H - S is also a local martingale 
(see [P 90, Theorem 2.9]). This is absurd. 


The previous example has at least one disadvantage: the process S$ is un- 
bounded. The next example overcomes this problem. This time we will work 
with a doubly indexed sequence of Rademacher variables (1njm)n>1,m>1; 1-€. 
variables with distribution Plrnm = 1] = Plrnm = —1] = 3, and with 
a doubly indexed sequence of variables (Yn,m)n>1,m>1 With the property 
Plonm = 1) = 27™ and Plgam = 0] = 1— 27'+™, We also need 
a sequence of Brownian motions W” starting at 0. All these variables and 
processes are supposed to be independent. The rationals in ]0,1[{ are again 
enumerated as (dn)n>1- We first define the L?-martingales Y™ as: 


m : 
Y; = PrnymTn,m - 


3 Gn Xt 


The Borel-Cantelli implies, as in Example 9.7.5, that each Y” is piecewise 
constant. We define the stopping time T;,, as: 


Tm = min (inf {¢ | |W/"| =m or Y;” # O}, 1). 


We make the crucial observation that 
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P[Tm <1} <P | sup |W;"| > m| + S- pera 
O<t<1 


m>1 
21 _m? 
aN ea 
Tm 


and hence }*P[Tin < 1] < co. This implies, via the Borel-Cantelli lemma, 
that for almost all w € 2, Tm(w) becomes eventually 1. 
The process Z™ is now defined as 


gm. [Vir + Am(W/" + mt) fort 217. 
a7 YP. + Qm(Wr + We Lia) fork. = P<. 


The sequence a, will be chosen later, but will satisfy 0 << a», <1. 
The process Z™ is clearly bounded by 1+ (m+™?)am < 1+m-+m?. 
Finally we define 


oa 4Z} for0<t<1, 
oo Sma1 + 27720" m1) for m—-1<t<m. 


The process S is cadlag and |S| < }7,,5;27°™(1+m+m?)am < 24. It is 
a semi-martingale with decomposition S = M + A, where A is given by the 
recurrence relations 


A ae = 2-™a,,m7t fort <Tin, 
Be Se ES NO et Tn, Tor Dae Sb 
The martingale M is uniformly bounded on each interval [0, mJ. 
With respect to its natural filtration, augmented with the zero sets, S is 
a special semi-martingale and the filtration satisfies the usual conditions. The 
last statement is not trivial to verify but it follows from the same property of 
the filtration of the Brownian motion. 


Lemma 9.7.9. For each sequence (Qm)m>1 in |0,1], the process S fails the 
equivalent (local) martingale property. 


Proof. Consider the sequence (H™),,>1 defined as 
H”™ = Oe. tm 2 oe aaa nay KG ; 


Each H™ is a deterministic process, hence predictable. The process (H™-S/) is 
uniformly bounded from below by —1 and ((H™ + S)oo)m>1 equals +>W? + 
Tn 2 Ine. 

Because T;, = 1 for m big enough we see that (H™-S) tends to 1 
for m tending to oo. This clearly violates (NFLVR). Because of the Main 
Theorem 9.1.1 we see that S cannot have an equivalent martingale measure. 
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Lemma 9.7.10. If (@m)m>1 is @ sequence in ]0,1] such that am — 0 fast 
enough, then S satisfies (NFLBR) for simple integrands. 
(By fast enough we mean that for all mo we have: 


S- Ql? an x Brno where Bm = exp(—3m9)) - 
m>mMo 2mo 

Proof. For each m natural number, we know that the process $™, i.e. S 
stopped at m, admits an equivalent martingale measure Q,,. Indeed we can 
use a Girsanow transformation to find an equivalent martingale measure such 
that for k fixed, the process (W/* + k?t)o<:<1 stopped at T;, is a martingale. 
The density of this measure is given by exp(6Wf, — 56°T,) where 6 = —k?. 
This density is bounded above by exp(k?) and below by exp(—k? — $k*). 
The density of Qm on Fm is therefore bounded below by exp(— 77, (k? + 
$k*)) > exp(—2m*) and bounded above by exp( >; k?) < exp(m*). Under 
the measure Q,,, the process $” is a martingale and hence for each H that is 
l1-admissible, H-S™ is a Q,,-super-martingale (by Theorem 9.2.9) and hence 
for each 1-admissible integrand we find 


Eq, (A S)n) S$ Ean [(H - S)m] 
and hence 
exp(—2m°)Ep[(H - $);,] < exp(m*)Ep[(H - S) 7] 


and 
Ep|(H-S)>] > BmEp((H-S)*,] for Bm = exp(—3m’). 


We will show that if a, — 0 as announced, the process S' satisfies (VFLBR) 
with simple integrands. 

Suppose on the contrary that S does not satisfy the (VFLBR) property 
for simple integrands. We then choose H/ simple, predictable, 1-admissible 
such that (H’ - S$). tends to fo > 0 where P[fo > 0] > 0. Find mo so 
that Ep[{min(fo,1)] > =. For each j we define the stopping time U; as 
inf{t | (H?-S), > 1} and let L? = H!1)o,v,). For each j the simple predictable 
process L/ is still 1-admissible and (L’ - S),. > min((H? - $).,1), therefore 
lim infj;.00(L) + S)o0 > min(fo, 1). Each L is of the form 7p) felvy_,,vil 
where f;, is Fr,-measurable and Vo < Vi <...< Vy < oo are stopping times. 

If JVe—-1, VeJNJm — 1,m —1+4+T,,] is not equivalent to the zero process, 
then the probability of a jump between V,_; and Vj, is strictly positive by 
the same arguments as in Example 9.7.5. Because the jumps of $ are positive 
or negative with the same probability we conclude that the downward jump 
of (L/ - S) cannot be smaller than —2. (Indeed the process is always bigger 
than —1 and is stopped when it hits the level 1). We conclude that also the 
positive jump is bounded by 2. Therefore |L4, AS'r,,| < 2. We conclude that 
|L7| < 2+! on Jm—1,m—1+T,,]. Because we stopped the process (L/ - S) 
when it exceeds the level 1, we see that: 


9.7 Simple Integrands 201 
min((Z? - $)m,1) — min((L’ - $)m—1,1) < (L7-S)m — (4 + S)m-1- 


The process L/ is bounded in intervals [0,m] and because S$ is also uniformly 
bounded with only one jump in each interval [&,k + 1], the semi-martingale 
L/ - § is locally bounded, therefore special and decomposed as Li - 5 = Li - 
M+. A. The local martingale part is a square integrable martingale and 
hence: 

Ep[(L? - M)m — (3 - M)m_1] = 0. 


This yields the following estimates: 

Ep|[min((L/ - $),1) — min((L? - $)m—1, 1)] 
% Ep[(L/ Sm — (L? S)m-1] 
= ( ] 


< Ep|(L) - A) — (L/ Docs 


i Hon? 
]Jm—1,m] 


<2" tm am, . 


< Ep 


This implies that 


Ep|[min((L/ - $)m,,1)] 
> Ep[min((L? - $)o0,1)] — S> 2*?m?am 


> Ep[min((L? - S$), 1)] — 


= (by the choice of am). 


Because 


2 
lim inf Ep|min((L’ - S)., 1)] > — we can deduce that 
JITe Mo 
2 os 1 
inne Oe Se 
JOO. mo 2mo mo 


We may now suppose that Ep[min((L/ - $),,,1)] > a for all 7. Because of 
the choice of (,, we also see that 


Ep[min((L/ - $);,,,1)] 
in 


= BmEp [min ((L? : Due 1) 2 BmEp[min((L? . S)mos 1)] > mo : 


Let the set A; be defined as A; = {(L)-$)m. < Of. 
Because liminfj;—.. min((L? - $)..,1) > min(fo,1) we also have that 


lim inf ;.0(14, min((L? - $)oo,1)) > liminf;.0(1.4, min(fo, 1)). 
An application of Fatou’s lemma yields that 
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Ep hin inf(14, min(fo, 1p) 
IMC 


< Ep him int 14, min((L? - S)oo, | 
IMC 
< liminf Ep [14, min((L’ - $).., 1)] 
Jao 


< liminf Ep [14, min((L - $)mo,1)] 


Jao 


+ S© Ep [min((L/ - $)m,1) — min((L? - $)m—1,1)] 


m>mMo 

< —Bmo ati S- 21 Amn 
mo m>mMo 

< Bo 
2mo 


This is clearly a contradiction to fo > 0. 
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In this appendix we prove two lemmas we used at several places. We assume 
that, especially regarding the second lemma, the results are known, but we 
could not find a reference. We therefore give full proofs and we also add some 
remarks that are of independent interest but are not used elsewhere in this 
paper. The first lemma was already proved in [S92, Lemma 3.5]. We give 
a similar but simpler proof. 


Lemma 9.8.1. Let (fn)n>1 be a sequence of [0,co[-valued measurable func- 
tions on a probability space (Q,F,P). There is gn € conv{ fn, fnti,---}, such 
that (gn)n>1 converges almost surely to a [0,0o]-valued function g. 

If conv{ fn; n > 1} is bounded in L®, then g is finite almost surely. If there 
are a >0 and 6 >0 such that for all n: P[fn >a] > 4, then Pig > 0] > 0. 


Proof. Let wu: R4 U {+00} — [0,1] be defined as u(x) = 1 — e~*. Economists 
may see u as a utility function but there is no need to. Define s,, as 


sn = sup{E[u(g)] | g € conv fu, fntis-- 3} 


and choose gy € conv{ fn, fn41,---} so that 


Clearly s,, decreases to s9 > 0 and limy_.0. E[u(gn)] = 80. We shall show that 
the sequence (gn)n>1 converges in probability to a function g. We will work 


9.8 Appendix: Some Measure Theoretical Lemmas 203 


with the compact (metrisable) space [0,00]. A sequence (%n)n>1 of elements 
of [0, co] is a Cauchy sequence in [0,00] if and only if for each a > 0 there is 
no so that for all n,m > no we have |%_ — 2m| < a@ or min(x%p, 2m) > art. 
From the properties of u it also follows that for a > 0 there is @ > 0, so that 
|x — y| > a and min(a,y) < a7, implies u (444) > $(u(x) + u(y)) + 8. 

We can now easily proceed with the proof of the lemma. By the observation 
on the topology of [0,00] we have to show that limp m—+oo P[|gn — gm| > @ 
and min(gn, 9m) < a~'] = 0. 

For given a > 0 we take ( as above and we obtain 


Blu (24% )) > Lefu(gn)] + 2B lu(om)] 
2 2 2 


+BP[|9n + 9m| > @ and min(gn, 9m) < a7’). 


By construction E[u (242")] < s,, but by concavity of u we have 


From this it follows 
BP [lon —. Im >a and min(Gn, Gm) < am" 


< Bu (252) | — 5 wlu(gn)] + Elulon)) 

The choice of the sequence (gn)n>1 implies that the right hand side tends 
to 0. We therefore proved that (gn)n>1 is a Cauchy sequence in probability 
and hence there is a function g : Q — [0,00] so that g, converges to g in 
probability. If one wants a sequence converging almost surely one can pass to 
a subsequence. 

If conv{ fn3n < 1} is bounded in L° then for each ¢ > 0 there is N so 
that P[h > N] < ¢ for all h € conv{f,;n > 1}. In particular this implies 
that Pig, > N] < and hence P{g > N] < ¢. The function g so obtained is 
therefore finite almost surely. 

If Pi fn > al > 6 > O for each n and fixed a > 0, we obtain that 
Elu(gn)] > du(a) > 0. Since gn tends to g we find u(gn) — u(g) and by 
the bounded convergence theorem we obtain E[u(g)| > 6u(a) > 0 and there- 
fore P[g > 0] > 0. 


Remark 9.8.2. If (fn)n>1 is a sequence of [0, co|-valued measurable functions 
then the same conclusion can be obtained. The proof is the same up to minor 
changes in the notation. The reader can convince himself that there is almost 
no gain in generality. 


Remark 9.8.3. If (fn)n>1 is a sequence of R-valued measurable functions such 
that conv{ f;,;n > 1} is bounded in L®, then there are gy, € conv{ fn;n > 1}so 
that g, converges almost surely to a ]— 00, +00]-valued measurable function g. 
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Proof. We first take convex combinations of {f,;n > 1} that converge almost 
surely. Since conv{f,;n > 1} is bounded in L®°, the limit is finite almost 
surely. We now apply the lemma to the same convex combination of f,'. 
This procedure yields convex combinations of the original sequence (fn)n>1, 
converging almost surely to a |] — co, +oo]-valued function. 


Remark 9.8.4. If in Remark 9.8.3 we only require that {f;;n > 1} is bounded 
in L° then the conclusion breaks down. Indeed take (fp,)n>1 a sequence of 1- 
stable (see [Lo 78] for a definition) independent random variables. If there were 
convex combinations converging a.s. we could make the convex combinations 
so that gz € conv{ fn +1,--+>fny4,} where ny < ng.... This implies that 
(gx)k>1 is an independent sequence. Since convex combinations of independent 
1-stable variables are 1-stable this would produce an i.i.d. sequence converging 
almost surely, a contradiction. 


Remark 9.8.5. If in the setting of Lemma 9.8.1 the sequence {f,;n > 1} 
is bounded in L°, but conv{fn;n > 1} not bounded in L°, then the 
procedure used in the proof does not necessarily yield a function g that 
is finite almost surely. The next example shows that there is a sequence 
{fnjn > 1} bounded in L° and such that every g that is a limit of func- 
tions gn € conv{ fn, fn4i,---}, is identically +oo. Before we give the con- 
struction let us recall some results from the theory of Brownian motion (see 
[RY 91] for details). If (B,)o<z is a standard 1-dimensional Brownian motion, 
let us denote by Tg the stopping time defined as Tg = inf{t|B, = G}. It is 
known (see [RY 91, p.67]) that for G > 0, Tg < oo as. and for each u > 0: 
Elexp(—uT)] = exp(—@V2u). It follows that if f has the same distribution as 
Tg, then for \ > 0, Af has the same distribution as The If fi,..., fw are in- 
dependent and have the same distribution as Tg,,...,Zg,y then f; +---+ fn 
has the same distribution as T3,4...48,, (this follows easily from the inter- 
pretation of f,, as the hitting time of 6,). Take now (fn)n>1 a sequence of 
independent identically distributed variables, each having the same distribu- 
tion as T,. Suppose that gn, € conv{ fn, fn4i,---} and gn > g ae. We will 
show g = +co a.e. We can assume that the functions g, are independent, 
eventually we take subsequences. Each g,, has a distribution of the form 


AT fi t:++ + AN, fun 


where (Aj,..., ANN, is a convex combination. From preceding considerations 
it follows that the distribution of gy, is Ty,, where a, = So ae > 1. The 
0-1-law gives us that either g = +oo or that P[g < oo] = 1. In this case we 
conclude that there is a real number a such that a, — a > 1 and g has the 
same distribution as T,,. From the 0-1-law it follows again that the distribution 
of g is degenerate, impossible if a > 1. Therefore g = +00 identically. 


The following lemma is quite simple, it was used above in the proof of 
Lemma 9.4.8 above. 
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Lemma 9.8.6. Let (gk)i<k<n be non-negative functions defined on the prob- 
ability space (Q,F,P). Suppose that there are positive numbers (ax)i<k<n @S 
well as 6 > 0 so that for every k: P[gx > ax] > 6 > 0. Ifg = A g; then 


for all0 <n <1 we have Plog > noi 1 4;)5] > AD, 


Proof. Let A= {g > (D0, a;)dn}. Clearly 


Elglac] < (Se) ria [A] = (0, ) (1 —P[A}). 


On the other hand 


Elglac] = ( Y Big) 
> ( Y planta >a] 
e ( Y aj(Plg; > a4] - Pa) 
> ( Y «)8- (S50) 


Both inequalities imply 


(span a> (Sas 


We may of course suppose that 4 a; > 0 and this yields the desired 
result P[A] > —. 
—on 


Corollary 9.8.7. If (g;)1<j<n are non-negative functions defined on the prob- 
ability space (Q,F,P) and if for 7 =1,...,n we have P(g; > a] > b where 
a,b >0, then for g = ee, g; we have P [9 = nab) = g 
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A Simple Counter-Example to Several 
Problems in the Theory of Asset Pricing (1998) 


Abstract. We give an easy example of two strictly positive local martingales which 
fail to be uniformly integrable, but such that their product is a uniformly integrable 
martingale. The example simplifies an earlier example given by the second author. 
We give applications in Mathematical Finance and we show that the phenomenon 
is present in many incomplete markets. 


10.1 Introduction and Known Results 


Let S = M+ A be a continuous semi-martingale, which we interpret as the 
discounted price process of some traded asset; the process M is a continuous 
local martingale and the continuous process A is of finite variation. It is ob- 
viously necessary that dA < d(M, M), for otherwise we would invest in the 
asset when A moves but M doesn’t and make money risklessly. Thus we have 
for some predictable process a: 


dS} = dM, + ay d(M, M),. (10.1) 


It has long been recognised (see [HK 79]) that the absence of arbitrage 
(suitably defined) in this market is equivalent to the existence of some prob- 
ability Q, equivalent to the reference probability P, under which S becomes 
a local martingale (see Chap. 9 for the definition of arbitrage and a precise 
statement and proof of this fundamental result). Such a measure Q is then 
called an equivalent local martingale measure or (ELMM). The set of all such 
(ELMM) is then denoted by M°(S), or M° for short. The result of that paper 
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applies to the more general situation of a locally bounded semi-martingale S, 
but in the situation of continuous S’, perhaps the result can be proved more 
simply (see e.g. Chap. 12 for the case of continuous processes and its relation 
to no arbitrage). In particular, it is tempting to define Q by looking at the 
decomposition (10.1) of S and by setting 


Of) g(a. M 
aP |, E(—a- M); 


provided the exponential local martingale €(—a- M) is a true martingale. Is 
it possible that there exist an equivalent local martingale measure for S, and 
yet the exponential local martingale €(—a- M) fails the martingale property? 
The answer is yes; our example shows it. In the terminology of [FS 91], this 
means that the minimal local martingale measure for the process S' does not 
exist, although M°(S) is non-empty. 

A second question where our example finds interesting application is in 
hedging of contingent claims in incomplete markets. The positive contingent 
claim g, or more generally a function that is bounded below by a constant, 
can be hedged if g can be written as 


g=ct+(H-S)n, (10.2) 


where c is a positive constant and where H is some admissible integrand (i.e. 
for some constant a € R,(H-S) > —a). In order to avoid suicide strategies 
we also have to impose that (H - 5). is maximal in the set of outcomes 
of admissible integrands (see Chaps. 11 and 13) for information on maximal 
elements and [HP 81] for the notion of suicide strategies). We recall that an 
outcome (H - S). of an admissible strategy H, is called maximal if for an 
admissible strategy K the relation (K -S). > (H.-S). implies that (K - 
S\o = (H-S)xo. S. Jacka [J 92], J.P. Ansel, Ch. Stricker [AS 94] and the 
authors showed that g can be hedged if and only if there is an equivalent local 
martingale measure Q € M¢® such that 


Ea(g] = sup{Er|[g] | R € M*}. 


Looking at (10.2) we then can show that H- S$ is a Q-uniformly integrable 
martingale and hence that c = Eg|g]. Also the outcome (H - S$). is then 
maximal. It is natural to conjecture that in fact for all R € M°, we might 


have Er[g| = c, and the sup becomes unnecessary, which is the case for 
bounded functions g. However, our example shows that this too is false in 
general. 


To describe our example, suppose that B and W are two independent 
Brownian motions and let L; = exp(B; — $t). Then L is a strict local mar- 
tingale. For information on continuous martingales and especially martingales 
related to Brownian motion we refer to Revuz and Yor [RY 91]. Let us recall 
that a local martingale that is not a uniformly integrable martingale is called 
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a strict local martingale. The terminology was introduced by Elworthy, Li, and 
Yor [ELY 99]. The stopped process L™ where r = inf{t | L; = $} is still a strict 
local martingale and T < oo. If we stop L7 at some independent random time 
o, then £7’? will be uniformly integrable if 0 < 00 a.s. and otherwise it will 
not be. If we thus define M; = exp(W; — $t) and o = inf{t | M; = 2} then 
L’’? is not uniformly integrable since P[o = oo] = 5. However, if we change 
the measure using the uniformly integrable martingale 1/7’, then under the 
new measure we have that W becomes a Brownian motion with drift +1 
and so ao < oo as.. The product L7*7 M7’? becomes a uniformly integrable 
martingale! 

The problem whether the product of two strictly positive strict local mar- 
tingales could be a uniformly integrable martingale goes back to Karatzas, 
Lehoczky, and Shreve [KLSX 91]. Lépingle [L 91] gave an example in discrete 
time. Independently, Karatzas, Lehoczky and Shreve also gave such an exam- 
ple but the problem remained open whether such a situation could occur for 
continuous local martingales. The first example on the continuous case was 
given in [S 93], but it is quite technical (although the underlying idea is rather 
simple). 

In this note we simplify the example considerably. A previous version of 
this paper, only containing the example of Sect. 10.2, was informally dis- 
tributed with the title A Simple Example of Two Non Uniformly Integrable 
Continuous Martingales Whose Product is a Uniformly Integrable Martingale. 
Our sincere thanks go to L.C.G. Rogers, who independently constructed an 
almost identical example and kindly supplied us with his manuscript, see 
[R 93]. 

We summarise the results of [S 93] translated into the present context. The 
basic properties of the counter-example are described by the following 


Theorem 10.1.1. There is a continuous process X that is strictly positive, 
Xp =1,X~ >0 as. as well as a strictly positive process Y, Yo =1, Yoo > 0 
a.s. such that 


(1) The process X is a strict local martingale under P, i.e. Ep[X..] < 1. 
(2) The process Y is a uniformly integrable martingale. 
(3) The process XY is a uniformly integrable martingale. 


Depending on the interpretation of the process X we obtain the following 
results. 


Theorem 10.1.2. There is a continuous semi-martingale S such that 


(1) The semi-martingale admits a Doob-Meyer decomposition of the form 
dS =dM +d(M,M)h. 

(2) The local martingale E(—h- M) is strict. 

(3) There is an equivalent local martingale measure for S. 
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Proof. Take X as in the preceding theorem and define, through the stochas- 
tic logarithm, the process S as dS = dM + d(M,M) where X = E(—M). 
The measure Q defined as dQ = X.Yoo dP is an (ELMM) for S. Obviously 
the natural candidate for an (ELMM) suggested by the Girsanov-Maruyama- 
Meyer formula, i.e. the density X., does not define a probability measure. 


Remark 10.1.8. If in the previous theorem we replace S$ by €($'), then we can 
even obtain a positive price system. 

Theorem 10.1.4. There is a process S that admits an (ELMM) as well as 
a hedgeable element g such that Eg|g] is not constant on the set M®. 

Proof. For the process S we take X from Theorem 10.1.1. The original measure 
P is an (ELMM) and since there is an (ELMM) Q for X such that X becomes 
a uniformly integrable martingale, we necessarily have that Eq[Xoo— Xo] = 0 
and that X.. — Xo is maximal. However, Ep[X~ — Xo] < 0. 


As for the economic interpretation, let us consider a contingent claim f 
that is maximal and such that Er[f] < 0 = sup{Ea@[f] | Q €¢ M°} for some 
Re M¢°. Suppose now that a new instrument T is added to the market and 
suppose that the instrument T has a price at time ¢ equal to Er|f | F;]. The 
measure R is still a local martingale measure for the couple (.5,7'), hence the 
financial market described by (S,T) still is arbitrage free — more precisely 
it does not admit a free lunch with vanishing risk; but as easily seen the 
element f is no longer maximal in this expanded market. Indeed the element 
Toxo — To = f — Er[f] dominates f by the quantity —ER|[f] > 0! In other 
words, before the introduction of the instrument T the hedge of f as (H-S)o. 
may make sense economically, after the introduction of T it becomes a suicide 
strategy which only an idiot will apply. 

Note that an economic agent cannot make arbitrage by going short on 
a strategy H that leads to (H-S),. = f and by buying the financial instrument 
T. Indeed the process —(H -S)+T — To in not bounded below by a constant 
and therefore the integrand (—H, 1) is not admissible! 

On the other hand the maximal elements f such that Eg|[f] = 0 for all 
measures R € M¢® have a stability property. Whatever new instrument T will 
be added to the market, as long as the couple ($,T) satisfies the (VFLVR) 
property, the element f will remain maximal for the new market described 
by the price process (S,T). The set of all such elements as well as the space 
generated by the maximal elements is the subject of Chap. 13. 

Sect. 10.2 of this paper gives an easy example that satisfies the properties 
of Theorem 10.1.1. Sect. 10.3 shows that the construction of this example can 
be mimicked in most incomplete markets with continuous prices. 


10.2 Construction of the Example 


We will make use of two independent Brownian motions, B and W, defined 
on a filtered probability space (Q, (Fi)o<:,P), where the filtration F is the 
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natural filtration of the couple (B,W) and is supposed to satisfy the usual 
conditions. This means that Fo contains all null sets of F,, and that the 
filtration is right continuous. The process L defined as 


It = exp (B: = st) 


is known to be a strict local martingale with respect to the filtration F. 
Indeed, the process L tends almost surely to 0 at infinity, hence it cannot be 
a uniformly integrable martingale. Let us define the stopping time 7 as 


7 = inf {t | Le = 3} . 

Clearly T < 00 a.s.. Using the Brownian motion W we similarly construct 
M, = exp (Wi — st) : 

The stopping time a is defined as 
o =inf{t | M, = 2}. 


In the case the process M does not hit the level 2 the stopping time o equals 
co and we therefore have that M, either equals 2 or equals 0, each with 
probability $. The stopped process M° defined by M? = Mijcq is a uniformly 
integrable martingale. It follows that also the process Y = M7“? is uniformly 
integrable and because T < 00 a.s. we have that Y is almost surely strictly 
positive on the interval [0, oo]. 

The process X is now defined as the process L stopped at the stopping time 
T Aa. Note that the processes L and M are independent since they were con- 
structed using independent Brownian motions. Stopping the processes using 
stopping times coming from the other Brownian motion destroys the inde- 
pendence and it is precisely this phenomenon that will allow us to make the 
counter-example. 


Theorem 10.2.1. The processes X and Y, as defined above, satisfy the prop- 
erties listed in Theorem 10.1.1 


(1) The process X is a strict local martingale under P, i.e. Ep[Xx] <1 and 
Xo > 0 a.s.. 

(2) The process Y is a uniformly bounded integrable martingale. 

(3) The process XY is a uniformly integrable martingale. 


Proof. Let us first show that X is not uniformly integrable. For this it is 
sufficient to show that E[X.]| = E[L-,.| < 1. This is quite easy. Indeed 


E[L,Ao] = | L, +f Loar : 
{o=00} {0<co} 


In the first term the variable L, equals 4 and hence this term equals $Plo = 
oo] = + The second term is calculated using the martingale property of D 
and the optional stopping time theorem. 
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) Loar = | Plo € dt}E[L, pz] 
{a<co} 0) 


=Plo < x). 


The first line follows from the independence of o and the process L. Putting 
together both terms yields E[L-; 5] = 4P[o = co] + P[o < wo] = 3 <1. 

On the other hand the product XY is a uniformly integrable martingale. 
To see this, it is sufficient to show that E[X.Ys.] = 1. The calculation is 
similar to the preceding calculation and uses the same arguments. 


E[ X00 Yoo] = 1 Dae Mol 
= E[L,,> M,| because M? is a uniformly integrable martingale 


— 2E[Lepo Lieven} 
=2Pilo<oj=1. 


10.3 Incomplete Markets 


All processes will be defined on a filtered probability space (Q, (F:):>0, P). 
For the sake of generality the time set is supposed to be the set R+ of all 
non-negative real numbers. The filtration is supposed to satisfy the usual 
hypothesis, i.e. it is right continuous and the o-algebra Fo is saturated with 
all the negligible sets of F.. = Vis Fi. The symbol S denotes a d-dimensional 
semi-martingale $:Q x R4 — R¢. For vector stochastic integration we refer 
to [J 79]. If needed, we denote by x’ the transpose of a vector x. 

We assume that S has the (NFLVR) property and the set of (ELMM) 
is denoted by M°. The market is supposed to be incomplete in the following 
sense. We assume that there is a real-valued non-zero continuous local martin- 
gale W such that the bracket (W, 5S) = 0 but such that the measure d(W, W) 
(defined on the predictable o-algebra of N x R+) is not singular with respect 
to the measure dA where » = trace(S, S). 

Let us first try to give some economic interpretation to this hypothesis. 
The existence of a local martingale W such that (S,W) = 0 implies that 
the process S is not sufficient to hedge all the contingent claims. The extra 
assumption that the measure d(W,W) is not singular to dtrace(S,S) then 
means that at least part of the local martingale W moves at the same time as 
the process S. The incompleteness of the market, therefore, is not only due to 
the fact that S and W are varying in disjoint time sets but the incompleteness 
is also due to the fact that locally the process S does not span all of the random 
movements that are possible. 


Theorem 10.3.1. If S is a continuous d-dimensional semi-martingale with 
the (NFLVR) property, if there is a continuous local martingale W such that 
(W,S) = 0 but d(W,W) is not singular to dtrace(S, S$), then for each R in 
M¢°, there is a maximal element f such that ER|[f] < 0. 
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Proof. The proof is broken up in different lemmata. Let W’ be the martin- 
gale component in the Doob-Meyer decomposition of W with respect to the 
measure R. Clearly (W’, W’) = (W,W). 


Lemma 10.3.2. Under the hypothesis of the theorem, there is a real-valued 
R-local martingale U £0 such that 


(1) (S,U) =0 

(2) there is a bounded R¢-valued predictable process H that is S-integrable and 
such that d(U,U) = H'd(S,S) H so that the process N = H- S' satisfies 
(N,N) = (U,U). 


Proof of Lemma 10.3.2. Let > = trace(S,S). Since d(W,W) is not singular 
with respect to dX there is a predictable set A such that 14 d(W,W) is not 
identically zero and absolutely continuous with respect to dA. From the pre- 
dictable Radon-Nikodym theorem, see Chap. 12, it follows that there is a pre- 
dictable process h such that 14 d(W, W) = h di. For n big enough the process 
AL gyay<n}l1po,n] is A-integrable and is such that 1,4 Lg inji<n}lponjya(W, W) is 
not zero a.s.. We take U = (1a 1 gyrj<nz2po,nq) -W’. To find A we first con- 
struct a strategy K such that UK SK'S) # 0 ae.. This is easy. For each 
coordinate 7, we take an investment P; = (0,0,...,0,1,0,...) in asset number 
i. On the predictable set UP Ps) #0 we take K = P,, on the predictable 
set where MPs S,Pr5) = 0 and UP oS, P'S) # 0 we take K = Pp, etc.. We now 


i dX 
take H = K1,4 1 \nj<n}lponph? (agrees): 


Remark 10.3.8. We define the stopping time ™, as v, = inf{t | (N,N), > u}, 
where N is defined as in Lemma 10.3.2 above. If we replace the process 
(N,U), the filtration F, and the probability R by, respectively, the process 
(Nuo +t, Uro+t)i>o, (Fro+t)#>0, and the conditional probability R[ . | vo < ool, 
we may without loss of generality suppose that R[vo = 0] = R[(N,N)o. > 
0] = 1. In this case we have that lim,—o R[v < co] = 1 and limy9 % = 0. 
We will do so without further notice. 


Remark 10.3.4. The idea of the subsequent construction is to see the strongly 
orthogonal local martingales U and N as time-transformed independent Brow- 
nian motions and to use the construction of Sect. 10.2. The first step is to 
prove that there is a strict local martingale that is an exponential. The idea 
is to use the exponential €(B) where B is a time transform of a Brownian 
motion. However, the exponential only tends to zero on the set {(B, B) = oo}. 


Lemma 10.3.5. There is a predictable process K such that the local R- 
martingale E(K - N) is not uniformly R-integrable. 


Proof of Lemma 10.3.5. Take a strictly decreasing sequence of strictly positive 
real numbers (€;)n>1 such that Pst En 2" z. 
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We take uz small enough so that R[v,, < oo] > 1—¢1. From the definition 
of 1%, it follows that (N,N). > uz on the set {%, < co}. For each k we look 
at the exponential €(k-N) and we let f, = (E(k-N))v,,,- Since (N, N)v,, > 0 
we have that f, tends to zero a.s. as k tends to oo. 

Take k; big enough to have R[f;,, < 4] > 1 — 1. We now define 


Vu, 


7 = inf {t | (E(k N))e > 2or < Zh Ary. 
Clearly R[7 < %,] > 1— 1 and hence 
R [(E(ki-N))7, € {3,2}] >1-e1. 


For later use we define X; = (E(k, - N)),-, and we observe that R[X, = 
2) > 4-—e1 and R[X; = 3] > 2-4. 

We now repeat the construction at time v,,. Of course this can only be 
done on the set {vu, < co} = {(N,N)o > ui}. Take ug > ui small enough 
so that 


R[vu. < co] > Riu, < col(1 — €2). 


We define fx = (E(k-(N—-N”“1)))_,,, and observe that f;, tends to zero on the 
set {vy, < oo} as k tends to infinity. Indeed this follows from the statement 
that (N — N’1,N — N¥1),, > 0 on the set {r,, < co}. 

So we take kz big enough to guarantee that R[ fx. < $] > R[vu, < o](1- 
€2). We define rz = inf {t > vy, | (E(k-(N —N)))p > 2or < $} A Vy. 
Clearly R[t2 < vu] > Riv, < col(1 — €2). We define X2 = (E(k - (N - 
N’1)))7, and we observe that 4 < Xj < 2, R[X2 € {4,2} | mu, < x] > 
1— €2. 

Since ER[X2 | Yu, < co] = 1 we therefore have that R[X2 = 2 | vu, < 
oo] > § — €2 and R[X2 = § | mu, <0] > $— 0. 

Continuing this way we construct sequences of 


(1) stopping times 1, with R[v,,, < co] > R[vu,_, < co](1— én), % = 0 
(2) real numbers k, 

(3) stopping times 7, with m,,_, < Tr < Vu, 
(4) Xn = (E(kn -(N — NU™-1))),, , 


n 


1 
xX, = 1 on the set {v,,_, = co} 

n=2|VYu,_, <0] >$-En 
[X, = 4 | Vun—1 < oo] > 3 — En- 

Let now K = 90,31 nlp, _,,raJ- Clearly E(K - N) is defined and (€(K - 
N))rm = Tye, Xe- We claim that Ep [(E(K-N)).0] < 1, showing that €(K-N) 
is not uniformly integrable. 

Obviously (E(K-N))oo. = [],51 Xx. From the strong law of large numbers 
for martingale differences we deduce that a.s. 
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1 n 
— > (log Xe — Er [log Xe | Fin,_, }) 0. 
a _ 
k=1 
On the set {vu,_, < co} we have that Ep|log X;, Pre fal < (- 


ex) log 5 + ($ + €x)log2 < —Flog2 + 2ezlog2 < —Flog2, at least for k 
large enough. It follows that on the set (),.,{Vu, < co}, we have that 
yp, log Xp — —o0, and hence (E(K + N))xo = 0 on this set. On the 
complement, ie. on U,,5,{Yu, = co}, we find that the maximal function 
(E(K - N))%, is bounded by 2” where n is the first natural number such 
that vy, = oo. The probability of this event is bounded by ¢, and hence 


Ep[(E(K - N))oc] $7 = Yin En2” S §- 


Remark 10.3.6. By adjusting the ¢,, we can actually obtain a predictable pro- 
cess K such that (€(K - N)).~ = 0 on a set with measure arbitrarily close 
to 1. 


Lemma 10.3.7. If L is a continuous positive strict local martingale, starting 
at 1, then for a >0 small enough the process L stopped when it hits the level 
a is still a strict local martingale. 


Proof of Lemma 10.3.7. Simply let + = inf{t | L; < a}. Clearly ER[L-] < 
a+Ep[L] <1 fora <1-—Ep[Lo]. 

If we apply the previous lemma on the exponential martingale L = €(K - N) 
and to a = 7, we obtain a stopping time 7 and a strict local martingale 
E(k -N) that is bounded away from zero. 

We now use the same integrand K to construct Z = E(k -U) and we 
define o = inf{t | Z, = 2}. 

We will show that Er[Z;,>] < 1 and that ER[Z,,¢L7,c| = 1. This will 
complete the proof of the theorem since the measure Q defined by dQ = 
Z-vcdR is an equivalent martingale measure and the element f = L;,, — 1 
is therefore maximal. On the other hand Er|[/f] < 0. 

Both statements will be shown using a time transform argument. The fact 
that the processes K-N and K -U both have the same bracket will now turn 
out to be useful. The time transform can be used to transform both these 
processes into Brownian motions at the same time. 

Following [RY 91, Chap. V, Sect. 1], we define 


T, = inf {u 


(KONK-N)a= f K2d(N,N). >t} ; 
0 


As well-known [RY 91], there are 


(1) a probability space (Q, F,R), 
(2) amap 7:0 —Q, 
(3) a filtration (F:):>0 on Q, 
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(4) two processes 3! and (3? that are Brownian motions with respect to 
(Ft)e>0 and such that (31, 8?) = 0, 
(5) the variable y = {5° K2?d(N,N),; 07x is a stopping time with respect to 


(Fi)e>o, 


(6) Biny = (Kk: N)r, OT, 

(7) Beny = (Kk: U)r, OT, 

(8) L = €(G") satisfies Lr, om = Ling, 

(9) Z = €(G?) satisfies Zp, ot = Ziny, 

(10) 7 = inf{t| (E(6")): < $} satisfies rom = Ty, 
(11) o = inf{t | (€(67)); > 2} satisfies o om = Ts. 


In this setting we have to show that Er[L;,c| = E; a Lensar] < 1. But on 
the set ie K2 d(N, N)s < co} we have, as shown Shia. 


ER [1 ep<0 Kk? davny coh liene| 


< Er [1 ¢)~ K2 imal” | 
Sn. 


In other words, Eg [1p y<00} £4] <1. So it remains to be shown that 
ER Le yacoy Leas oe oa) 
Actually, we will show that 
Eg [Zens] ge 


This is easy and follows from the independence of 3! and (7, a consequence 
of (31, 8?) = 0! As in Sect. 10.2 we have 


sty ie Lie sé i sd 
Bx | ena] = nR[G = 00] + Rio < oo] = 5n+5 <1 -7 


since 7 < <% . To show that 
Er [LrvncZrac] =1 


we again use the extension and time transform. But (LZ)*/? is a uniformly 
integrable martingale, as follows from the easy calculation in Sect. 10.2, and 
hence we obtain 


ER[LrrcZrac| — Eg [Leasay eneke| =1. 


The proof of the theorem is complete now. 
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The No-Arbitrage Property 
under a Change of Numéraire (1995) 


Abstract. For a price process that has an equivalent risk neutral measure, we 
investigate if the same property holds when the numéraire is changed. We give 
necessary and sufficient conditions under which the price process of a particular 
asset — which should be thought of as a different currency — can be chosen as 
new numéraire. The result is related to the characterisation of attainable claims 
that can be hedged. Roughly speaking: the asset representing the new currency is 
a reasonable investment (in terms of the old currency) if and only if the market does 
not permit arbitrage opportunities in terms of the new currency as numéraire. This 
rough but economically meaningful idea is given a precise content in this paper. The 
main ingredients are a duality relation as well as a result on maximal elements. The 
paper also generalises results previously obtained by Jacka, Ansel-Stricker and the 
authors. 


11.1 Introduction 


In this paper we deal with the change of numéraire problem. Let us assume 
that a d-dimensional process S describes the price of d assets in a fixed chosen 
currency unit. If e.g. the currency unit is changed, the price process $ will 
be multiplied by the exchange ratio describing the old currency in function of 
the new one. We shall give examples showing that the no-arbitrage property 
of the process S may depend on the choice of numéraire. Such an example 
was already given in [DS 94a]. The question now arises when the value of 
an asset or more generally of a portfolio, can be used as a new numéraire 
without destroying the no-arbitrage property. Of course this will depend on 
the kind of no-arbitrage we use. We will give precise definitions further in 
the paper but for the moment let us assume (oversimplifying things) that no- 


[DS 95b] The No-Arbitrage Property under a Change of Numéraire. Stochastics and 

Stochastic Reports, vol. 53, pp. 213-226, (1995). 

“ Part of this research was supported by the European Community Stimulation 
Plan for Economic Science contract Number SPES-CT91-0089. 
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arbitrage stands for the existence of an equivalent risk neutral (i.e. for a local 
martingale) measure. 

It turns out that the problem is related to the characterisation of those 
contingent claims that can be hedged. This topic was studied by Jacka [J 92] 
and Ansel-Stricker [AS 94]. These authors use the H'-BMO duality. We will 
give a measure independent characterisation in terms of maximal elements of 
attainable claims. These elements were already used, as a technical device, 
in Chap. 9. The proofs of the theorems below use these results as well as an 
extension of a duality relation from Delbaen [D 92]. 

The technique of a change of numéraire together with the change of the 
risk neutral measure was used by El Karoui, Geman and Rochet [EGR 95] and 
Jamshidian [J 87] to facilitate calculations of prices of contingent claims’. 

The results of this paper can also be used to build consistent models of 
exchange rates of currencies. In this case the discounting procedure depends 
on the currency since the interest rate in different currencies will be different. 
We refer to Delbaen-Shirakawa [DSh 96] for details. 

The rest of this section is devoted to the introduction of the basic nota- 
tion. Sect. 11.2 recalls known facts from arbitrage theory. In Sect. 11.3 we 
extend the duality equality and relate it to properties of maximal elements. 
Sect. 11.4 finally contains the main theorem on the change of numéraire and 
the application to the theory of hedgeable elements. 

The setup in this paper is the usual setup in mathematical finance. A prob- 
ability space (Q,F, P) with a filtration (F;)o<z is given. In order to cover the 
most general case, the time set is supposed to be R+. The filtration is assumed 
to satisfy the “usual conditions”, i.e. it is right continuous and Fo contains all 
null sets of F. A price process S$, describing the evolution of the discounted 
price of d assets, is defined on R, x Q and takes values in R®%. In order to 
use the results of Chap. 9, we suppose that the process S$ is locally bounded. 
This assumption is fairly general, in particular it covers the case of continuous 
price processes. As shown under a wide range of hypotheses, the assumption 
that S is a semi-martingale follows from arbitrage considerations. We can 
therefore assume that the process S' is a semi-martingale. Since it is also lo- 
cally bounded it is a special semi-martingale. Stochastic integration is used to 
describe outcomes of investment strategies. When dealing with processes in 
dimension higher than 1 it is understood that vector stochastic integration is 
used. We refer to Protter [P 90] and Jacod [J 79] for details on these matters. 

The authors want to thank Ch. Stricker and H. Shirakawa for helpful 
discussions on the topic. Part of the research was done while the first author 
was on visit in the University of Tokyo. Discussions with the colleagues and 
especially with S. Kusuoka, S$. Kotani and N. Kunitomo contributed to the 
development of this paper. 


*“ Note added in this reprint: The idea of changing the numéraire can be traced 
back to the work of Margrabe [M 78a], [M 78b] 
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11.2 Basic Theorems 


Before proving the main results of the paper we need to recall some definitions 
and notations introduced in Chap. 9. 


Definition 11.2.1. An R¢-valued predictable process H is called a-admissible 
if it is S-integrable, if Hp = 0, if the stochastic integral satisfies H.-S > —a 
and if (H+ S)oo = limto(H- S$) exists a.s.. We say that H is admissible if 
it is a-admissible for some number a. 


The following notations will be used: 


K ={(H-S). | H is admissible} 
Ka = {(H- 8) | H is a-admissible} 
Co =K- LY. 

C=CoNL®. 


The basic Theorem 9.1.1 uses the concept of no free lunch with vanish- 
ing risk. This is a rather weak form of no-arbitrage-type and it is stated in 
terms of L° convergence. The (NFLVR) property is therefore independent of 
the choice of equivalent probability measure. Only the class of negligible sets 
comes into play. 


Definition 11.2.2. We say that the locally bounded semi-martingale S satis- 
fies the no free lunch with vanishing risk or property (NFLVR), with respect 
to general admissible integrands, if 


Cale S10}. 


where the bar denotes the closure in the sup-norm topology of L°°. 
The locally bounded semi-martingale S satisfies the no-arbitrage or (NA) 
property with respect to general admissible integrands, if 


COL® = {0}. 


The fundamental theorem of asset pricing can now be formulated as fol- 
lows: 


Theorem 11.2.3. The locally bounded semi-martingale S satisfies the prop- 
erty (NFLVR), with respect to general admissible integrands, if and only if 
there is an equivalent probability measure Q such that S is a Q-local mar- 
tingale. In this case the set C is already weak-star (i.e. o(L®,L*)) closed in 
jae 


Remark 11.2.4. If Q is an equivalent local martingale measure for $ and if 
H satisfies H - S > —a then the result of Ansel-Stricker [AS 94] shows that 
H-S is still a local martingale and hence, being bounded from below, is 
a super-martingale. It follows that the limit (H - S$). exists a.s. and that 
Ba|(H: S)a<] <0. 
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The proof of the fundamental theorem is quite complicated and we cannot 
repeat it here. The basic idea in Chap. 9, see Lemma 9.4.4 and the remark 
following it, is the use of maximal elements in K,. For convenience we give 
a definition of what we mean by this. 


Definition 11.2.5. We say that an element f € Ka is maximal in Ka if the 
properties g > f as. andg € Kq imply that g =f as.. 


It is easy to see that if S satisfies the no-arbitrage condition then the 
fact that f is maximal in K, already implies that f is maximal in Ky for all 
b > a and therefore with the obvious definition also in K. Indeed suppose that 
f € Ka, g =(H-S)~o €K and g > f as., then g > —a. From Proposition 
9.3.6 it then follows that g is a~-admissible and hence the maximality of f in Ka 
implies that g = f a.s.. An example of an element in K that is not maximal 
will be given below. The (NA) property with respect to general admissible 
integrands is now equivalent to the fact that the zero function is maximal in 
the set K. 

In the proof of the fundamental theorem the following intermediate results 
are shown, again for the (complicated) proof we refer to Lemma 9.8.1, Lemma 
9.4.4 and the proof of Theorem 9.4.2. 


Theorem 11.2.6. If the locally bounded semi-martingale S satisfies the prop- 
erty (NFLVR) with respect to general admissible integrands, if (fn)n>1 is @ se- 
quence in Ky, then 


(1) there is a sequence of convex combinations gn € conv{ fn, fn4i,---} such 
that gn tends in probability to a function g, taking finite values a.s., 
(2) there is a maximal element h in Ky such that h > g a.s.. 


Corollary 11.2.7. [f the locally bounded semi-martingale S satisfies the prop- 
erty (NFLVR) with respect to general admissible integrands, then the maximal 
elements of the closure of Ky in L®, are in Ky. 


Remark 11.2.8. The set K is not necessarily closed in the space L°. However, 
under the (NFLVR) property with respect to general admissible integrands, 
the set K 1 and hence its closure are convex and bounded in L°. When we 
define maximal elements of this closure in the obvious way, these maximal 
elements are already in Kj. 


The following theorem, in the spirit of Chap. 9, gives another description 
of the (NFLVR) property. 


Theorem 11.2.9. The locally bounded semi-martingale S' satisfies the (NFLVR) 
property with respect to general admissible integrands if and only if it satisfies 
the (NA) property with respect to general admissible integrands and if there 
exists a strictly positive local martingale L such that Lo > 0 as. with LS 

a local martingale. 
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Proof. The necessity is clear. If Q is an equivalent local martingale mea- 
sure, then the Radon-Nikodym derivative “ defines a strictly positive P- 
martingale L such that LS is a P-local martingale. Also the process S' neces- 
sary satisfies the (NA) property with respect to general admissible integrands. 

The converse is less obvious. We recall from Corollary 9.3.9, that it is 
sufficient to prove that S satisfies (NA) with respect to general admissible 
integrands and that the set K, is bounded in L®. If L is a strictly positive 
local martingale, then the sequence of stopping times defined as 


Tn = inf{t | Ly > n} 


satisfies P[T;, = co] - 1 and L™ is a uniformly integrable martingale. These 
properties follow from the fact that D is a super-martingale and the fact that 
the jumps of L are necessarily integrable. Also we may and do suppose that 
Lo = 1. For each n the measure Q,, defined by se = Lr, isa local martingale 
measure for the stopped process $7”. It follows that the set K, is bounded 
when restricted to the event {T,, = co}. Because P[T;, = co] — 1, this implies 


that K, is bounded in L°. 


The theorem yields the following result, see [DS 94a] and Chap. 10 for a dif 
ferent approach and for related results. For details on continuous martingales 
and Bessel processes we refer to Revuz-Yor [RY 91]. 


Corollary 11.2.10. If R is the Bessel(3) process, stopped at time 1 and with 
its natural filtration then R allows arbitrage with respect to general admissible 
integrands. 


Proof. The process [ = z is a local martingale and from stochastic calculus 
it follows that it is the only local martingale X such that Xo = 1 and such 
that X R is a local martingale. If now Q were a local martingale measure 
for R, then the martingale X defined as Ep([2 | F,] satisfies that X R is 
a local martingale and hence X = L. Since L is only a local martingale and 
not a true martingale we arrive at a contradiction. It follows that R does not 
have an equivalent local martingale measure. Since it satisfies the second part 
of the preceding theorem, it cannot satisfy the (NA) property with respect to 


general admissible integrands. 


Remark 11.2.11. The element L,—1 is not maximal in the set K, constructed 
with the process L. To see this recall that E[Z,] < 1 and that Ly — E[L,| 
is by the predictable representation property of L, the result of a uniformly 
integrable martingale of the form K-L. It is clear that (K-L); = (£1—E|L1]) > 
Ly, -1. 


If a locally bounded semi-martingale S' satisfies the (NFLVR) property 
with respect to general admissible integrands, then the following two non- 
empty sets will play a role in the theory: 
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e = Q is equivalent to P 
el {a and the process S$ is a Q-local martingale 
M(P) =2Q Q is absolutely continuous with respect to P 
le and the process S is a Q-local martingale 


We identify absolutely continuous measures with their Radon-Nikodym deriva- 
tives. It is clear that the set M°(P) is L'-dense in M(P). 


11.3 Duality Relation 


In this section we extend the duality formula of Delbaen [D 92] and Chap. 9 
to the case of unbounded functions. We denote by C° the polar of the cone C, 
ie. 


C° = {f | f € L'(P) and for each h € C we have Ep[fh] <0}. 


Theorem 11.3.1. If S is a locally bounded semi-martingale that satisfies 
(NFLVR) with respect to general admissible integrands then 


M(P) =C° MN {Q | Q probability measure,Q « P}. 


Proof. If Q € M(P) then for each admissible integrand H we have, by the 
Ansel-Stricker theorem, [AS 94], that H-S is a Q-local martingale and hence 
it is a super-martingale. Therefore Eg|[f] < 0 for each f € K. The same 
inequality pertains for elements of C. 

Conversely if Q is a probability measure in C° then S' will be a Q-local 
martingale. Indeed take T;, an increasing sequence of stopping times, T;, /” co, 
such that each S7” is bounded. For each s < t and each A € F, we have that 
1, (S/" — S7) is in C and hence we have Eg[14 (S/" — S2”)] < 0. Replacing 
14 by —14 gives that E@[14 (S/" — S7)] = 0. These equalities show that $ 
is a Q-local martingale. 


Corollary 11.3.2. Suppose that the locally bounded semi-martingale S satis- 
fies the (NFLVR) property with respect to general admissible integrands. The 
set M(P) is then closed in L1(P). 


We remark that this is essentially a consequence of the local boundedness 
of S. It is easy to give counter-examples in the general case. 


Theorem 11.3.3. If the locally bounded semi-martingale S satisfies the 
(NFLVR) property with respect to general admissible integrands, then for 
bounded elements f in L°° we have that 
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sup Ea[f]= sup Ealf] 
QemM*(P) QeM(P) 
=inf{@|dheEC x+h> f} 
=inf{t@|dhecC xr+h= f} 
= inf{z|(f—2) ec} 
=inf{~|dhkeEek «t+he> fh}. 


Furthermore all infima are minima. 


Proof. The proof of this theorem is an application of the previous theorem 
and duality theory. 

The first equality is almost trivial since M*°(P) is dense in M(P) for the 
norm topology of L'(P). Suppose that f < «+h where h € C. It follows 
from the preceding theorem that for all Q © M(P) we have that Ea[f] < 
x + Eg|[h] < a. It is therefore obvious that 


sup Eg[f] <inf{e@|dkeEC c+h> fy}. 
QeM(P) 


The converse inequality is proved using the Hahn-Banach theorem and the 
fact that the set C is weak-star-closed, see Theorem 11.2.3 above. Let z be 
a real number such that 


zg<inf{@|dkReEC cr+h> f}. 


We have that f — z ¢ C. By the Hahn-Banach theorem there is a weak-star 
continuous functional on L°, denoted by the corresponding measure Q, such 
that for all h € C we have 


[-2da> frag, 


Since C is a cone containing —L°, this necessarily implies that for all h € C 
we have 


0> frag and that [p-ada>o. 


We deduce that Q is necessarily positive and we may therefore suppose that 
Q is normalised in such a way that Q(Q) = 1. In that case Q is a probability 
measure, is an element of C° and hence an element of M(P). But then the 
second inequality shows that Ea|f] > z. We obtain that 


sup Eg[f] >inf{e|dhkhec «+h> fh 
QeM(P) 
and this ends the proof of the equalities. The fact that all infima are minima 


is an easy consequence of the closedness of C for the norm topology of L°. 
Indeed, the set {x | (f — x) € C} is closed. 


We will now generalise the preceding equalities to arbitrary positive func- 
tions. The proof relies on the special properties of the sets C and K. 
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Theorem 11.3.4. Suppose that the locally bounded martingale S satisfies the 
(NFLVR) property with respect to general admissible integrands. If f > 0, or 
more generally if f is bounded below by a constant, then 


sup Eaglf]= sup Eal[f] 
QeM?(P) QeM(P) 
=inf{~t|dhekK «+h> fh 
and when the expression is finite 
=min{s|IheK «c+h> ft}. 


Proof. We suppose that f > 0. The first equality follows again from the 
density of M°(P) in the set M(P) and Fatou’s lemma. The left hand side 
is smaller than the right hand side exactly as in the proof of the previ- 
ous theorem. We remark that this already implies that we have equality as 
soon as SUPgeme(p) Eq|f] = 00. Let now z be a real number such that 
Zz > suPgeme(p) Eq{f]. For all natural numbers we therefore have that 
z > supge me(p) Eq|f An]. The theorem for bounded functions now implies 
the existence of h, € K and 0 < a, < z such that fAn < a,+h,. We may 
extract subsequences and suppose that the bounded sequence x, converges 
to areal number x < z. The functions hy, are bigger than —2x, and therefore 
the result of an x, and hence a z-admissible strategy H”. The sequence of 
functions h, is in K,, a bounded convex set of L°(P). Using Lemma 9.8.1 
we may take convex combinations of h, that converge almost everywhere to 
a function h. We still have that h+ a > f. The properties of K, listed above 
(see Theorem 11.2.6(2)), imply that there is an element g € K, such that 
g =h. This element clearly satisfies «+ g > f and hence we obtain 


z>inf{e|dhek c+h> f}. 


We therefore see that 


sup Ee[f]= sup Eg@[f]=inf{e¢|4dhek r+h> f}. 
Qeme?(P) QeM(P) 


To see that the infimum is a minimum we take a sequence x, tending to the 
infimum and a corresponding sequence of outcomes h,,. We can apply the 
same reasoning to see that the infimum is attained. 


Corollary 11.3.5. Suppose that the locally bounded semi-martingale S' sat- 
isfies the (NFLVR) property with respect to general admissible integrands. If 
f = 0 and if & = supge me(p) Eq|f] < 00, then there is a maximal element 
g €K such that f<a+q. 


Proof. This follows from the proof of the theorem. 
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11.4 Hedging and Change of Numéraire 


Before we give a martingale characterisation of maximal elements of K, we 
first study the (NA) property under the change of numéraire. Since we want 
to apply it in a fairly general setting, we will work with an abstract R?¢-valued 
semi-martingale W. In this section we do not even require the semi-martingale 
to be locally bounded. When we change the numéraire from the constant 1 
into the process V we will have to rescale the process W. The best way to do 
this is to introduce the (d + 2)-dimensional process (W,1,V). The constant 
1, which corresponds to the original numéraire was added, because under the 
new numéraire V, this will not be constant anymore but will be replaced by 
va On the other hand, the process V will be replaced by 1. By adding this 
constant process, we obtain more symmetry. Under the new numéraire the 
system is described by the process (4, va 1). Before proving the change of 
numéraire theorem, a theorem that relates the (NA) property of both systems, 
let us give an example of what happens in a discrete time setting and when 
d = 0, the simplest possible case. 


Example 11.4.1. The semi-martingale V which describes the price of the new 
numéraire (in terms of the old one) is supposed to satisfy Vo = 1, a pure 
normalisation assumption, V; > 0, a.s. and lim;_..o Vi = Voo exists a.s. and is 
strictly positive a.s.. Note that the symmetry in these assumptions if we pass 
from V to va i.e. they are invariant whether we consider the new numéraire 
in terms of the old one or vice versa. The process is driven by a sequence 
of independent identically distributed Bernoulli variables (€,)n>1. They are 
such that Ple, = 1] = Ple, = —1] = 4. To facilitate the writing, we call the 
two currencies € and $. The process V describes the value of the $ in terms of 
the €. Let us now fix @ such that 0 < a < 1. At time n = 0, we require that 
Vo = 1. Let us suppose that V,,_1 is already defined. If the Bernoulli variable 
En = 1 then we put V, = a. If e, = —1, then we put V, = 2V,_1 —a. In 
such a way the process V remains strictly positive, in fact greater than a, it 
becomes eventually equal to a and the limit V,, = a therefore exists. The 
process V is also a non-uniformly integrable martingale with respect to the 
measure P. Remark that once the process hits the level a it remains at that 
level forever. In economic terms we may say that an investment in $ seems to 
be a fair game, since V is a martingale, but that at the end it was not a good 
choice. Indeed, since a < 1, the investment is, in the long run, a losing one. 
An economic agent might try to get a profit out of it by selling short the §. 
But here is an obstruction. Indeed by going short on $, the € investor will 
realise that he is using a non-admissible strategy. Therefore she will not be 
able to take advantage of this special situation. A $ investor on the contrary is 
able to buy € at an initial price of 1$ and then in the long run sell this € for 
+, making arbitrage profits! As a last point let us observe that the 0-variable 
dominates the outcome V,, — 1 = a—1 and hence the variable V,, — 1 is 
not maximal. The example is simple but it has all the features that appear in 
greater generality in the theorem. 
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Theorem 11.4.2. Let W be a semi-martingale, taking values in R¢. Let V 
be a strictly positive semi-martingale such that Vs, = limt—+oo Vi exists and 
is strictly positive a.s.. The semi-martingale X is the (d + 2)-dimensional 
process X = (W,1,V). The process Z defined as Z = (4, va 1) is a (d + 2)- 
dimensional semi-martingale. It satisfies the (NA) property with respect to 
general admissible integrands if and only if Vo. — 1 is maximal in the set of 


outcomes of 1-admissible integrands for X. 


Proof. Using the symmetry between the processes X and Z we first reformulate 

the statement of the theorem. We can regard the process X as obtained from 

Z by dividing it by the process va The process a is also strictly positive and 

at infinity its limit exists a.s. and is still strictly positive. If we change the role 

of X and Z, resp. V and va we see that the proof of the theorem is equivalent 

to the proof of the following two statements 

(1) If X satisfies the (NA) property with respect to general admissible in- 
tegrands then aa — 1 is maximal in the set of outcomes of 1-admissible 
integrands for Z. 

(2) If Z permits arbitrage with respect to general admissible integrands then 
Voo — 1 is not maximal in the set of outcomes of 1-admissible integrands 
for X. 


The proof depends on the following calculation from vector stochastic calculus. 
From X = VZ we deduce that 


dX, = dV, Zp + Vi- dZ, + AV, Ze. 


If K is a (d + 2)-dimensional predictable process that is a 1-admissible inte- 
grand for the system Z = (4, va 1) then we let Y = (14+ K- Z)V. Remark 
that Y is a process that describes a portfolio obtained by using an investment 
described by the system Z that afterwards is converted, through the change 
of numéraire V, into values that fit in the system X. We have that 


dY¥, =dv,(1+ (K- Z):-)4+Vi- ki d% 4+ Ky dlV, Z];. 
Using the expression for dX we may convert this into 
dY; — dV; (1 + (Kk . Z)t-) + Ky dX, im dV; KiZy 


which is of the form 
dY, = Li dX, 


for some (d + 2)-dimensional predictable and X-integrable process L. Since 
K was 1-admissible for Z, we have that Y is positive and therefore L is 1- 
admissible for X. We now apply the above equality in two different cases. To 
prove (1) we suppose that x —1 is not maximal. Take K a 1-admissible 
integrand for Z such that the limit at infinity exists and such that 1+ (K - 


Z)xo => aa with strict inequality on a non-negligible set. In that case we have 
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that Y.—1 = (L£-X).. is non-negative and strictly positive on a non-negligible 
set. This should produce arbitrage for X. 

The second part is proved in a similar way. Suppose that Z allows arbitrage 
and that K is the 1-admissible integrand responsible for it. The outcome 
Yoo — 1 is now greater than V. — 1, with strict inequality on a non-negligible 
set. A contradiction to its maximality. 


Corollary 11.4.3. Using the same notation as in the theorem we see that X 
satisfies the (NA) property with respect to general admissible integrands and 
Voc — 1 is maximal “for X” if and only if Z satisfies the (NA) property with 
respect to general admissible integrands and x —1 is maximal “for Z”. 


Proof. This is a straightforward application of the previous theorem. The only 
difference lies in the statement that V,,—1 is maximal in the set of all outcomes 
of admissible integrand and not just in the set of outcomes of 1-admissible 
integrands. If X satisfies (NA) and V,, —1 is maximal then we can apply both 
parts of the theorem. In this case we know, from Sect. 11.2, that f = -—1 
is maximal in the set of outcomes of all admissible integrands. This proves the 
if statement. The only if part is the same statement as the if part because 
X is obtained from Z by multiplying with V~?. 


We can now apply the above reasoning to the original setting of this pa- 
per. Given a locally bounded semi-martingale S' that satisfies the (VFLVR) 
property with respect to general admissible integrands, we use a process of the 
form V = 1+4#H-S for the new numéraire. If H is admissible and V,, > 0 as., 
then we can apply the previous theorem. In this case we certainly have that 
the system (.5,1,V) has the (NA) property with respect to general admissible 
integrands. With the assumption that P was a local martingale measure for 
S, the system (S,1,V) becomes in fact a local martingale for P. The previous 
theorem then yields 


Theorem 11.4.4. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property with respect to general admissible integrands. 
Suppose that H is admissible and that the process V =1+(H-S) satisfies 
f=Ve=14+(4-S)\~ >0a58.. Then the following are equivalent: 


(1) (H-S)oo is maximal in the set K. 

(2) The process S = (3, +) satisfies (NA) with respect to general admissible 
integrands. 

(3) There is Q € M*°(P) such that H-S is a Q-uniformly integrable martin- 
gale. 


If V—' is locally bounded then these statements are equivalent to: 


(4) The process S has an equivalent local martingale measure. 
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Remark 11.4.5. We conjecture that the assumption that V~! is locally bounded 
can be removed.t 


Proof. (1) and (2) are equivalent: Since S satisfies the (NFLVR) property 
with respect to general admissible integrands, there is an equivalent local 
martingale measure, Q for S. Because the stochastic integral H-S is bounded 
below, the theorem of Ansel-Stricker, see [AS 94], implies that it, and hence 
also V, is a local martingale. Since the final value V,, of V is strictly positive, 
the result in Dellacherie-Meyer [DM 80, Theorem 17, p. 85] implies that the 
process V is bounded away from zero a.s.. We can now apply Theorem 11.4.2 
to see that (1) and (2) are already equivalent. 

(1) implies (4): In case V~! is locally bounded we have that S is also locally 
bounded. It has the (NA) property and the product V S is a local martingale. 
Therefore the process has the (NFLVR) property and by Theorem 11.2.3 and 
Theorem 11.2.9 it has an equivalent local martingale measure. 

(1) and/or (2) imply (3): Now we apply the statement that (1) implies (4) 
on the process V’ = 4(1+V). This process is defined using # instead of H. It 
has the advantage that = is bounded. Let Q be an equivalent local martingale 
measure for (=, 77). Since the last coordinate X = ~ is bounded and is a 
Q-local martingale it is a strictly positive bounded martingale, starting at 
1. When we define the probability measure Q by dQ = X dQ, we obtain 
that S = a V’ is a Q-local martingale and V’ is a Q-uniformly integrable 
martingale. This implies that H - S is a Q-uniformly integrable martingale. 
The proof that (1) and/or (2) implies (3) is complete. 

(3) implies (1): If H-S is a Q-uniformly integrable martingale for some 
Qe M°*(P) then (H - S),. is necessarily maximal. Indeed if say (K - S'})o. > 
(H -S').. for some admissible K, then by taking expectations with respect 
to Q, applying the super-martingale property of K - S and the martingale 
property of (H - S) we see 


0 = EQ[(H - S)0.] < Ea[(K - S)x] <0. 


It follows that Ea[(K - S).] = 0 and (H- S)..0 = (K - S)o0. This completes 
the proof that (3) implies (1). 

(4) implies (2): Since the existence of an equivalent local martingale mea- 
sure implies the (NA) property with respect to general admissible integrands, 
this is trivial. 


Corollary 11.4.6. /f the locally bounded semi-martingale S' satisfies (NFLVR) 
with respect to general admissible integrands then for an admissible integrand 
HT the following are equivalent: 


T Note added in this reprint: The hypothesis of local boundedness is not needed 
since the process V can be used as a martingale measure density. If (4) is satisfied 
then even the existence of an equivalent sigma-martingale measure implies the 
(NA) propertry for (S). 
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(1) (H-S)oo is maximal in K 
(2) there is Q € M°(P) such that Ea[(H - S)o0.] = 0 
(3) there is Q © M°(P) such that H-S is a Q-uniformly integrable martingale. 


The theorem also allows us to give a characterisation of strict local martin- 
gales as studied by Elworthy, Li and Yor, [ELY 99]. They define a strict local 
martingale as a local martingale that is not a uniformly integrable martingale. 


Corollary 11.4.7. Let S = L be a strictly positive locally bounded local mar- 
tingale such that Lo > 0 a.s.. Let 


Q is equivalent to P 
e ae 
MAE {a | and the process L is a Q-local martingale 

The process + satisfies the (NA) property with respect to general admissible 
integrands if and only if L is a uniformly integrable martingale for some Q in 


Mé«(P). 


Remark 11.4.8. From Schachermayer [S 93] (see Chap. 10 for an easier exam- 
ple) it follows that under the assumptions of the corollary, the process L need 
not be a uniformly integrable martingale under all elements of M*(P). 


Remark 11.4.9. In the case that R = + equals the Bessel(3) process with its 
natural filtration, stopped at time 1, we have that L! is a local martingale 
for P. This is the only candidate for a martingale measure and hence we 
deduce that R has arbitrage with respect to general admissible integrands. 
The preceding corollary is a generalisation of this phenomenon to the case 
that M°(P) is not a singleton, see also Sect. 11.2. 


Definition 11.4.10. If S is a locally bounded semi-martingale that satisfies 
the (NFLVR) property with respect to general admissible integrands, then we 
say that a positive random variable (or contingent claim) f can be hedged if 
there is x € R and a maximal element h € K such that f=a+h. 


There is a good reason to require the use of maximal elements. If h is not 
maximal then there is a maximal element g € K, g € h such that g > h. An 
investor who would try to hedge f by using an admissible strategy, would be 
better off to use a strategy that gives her the outcome g instead of h. Starting 
with the same initial investment x, she will obtain something better than f 
and since g > h on a set of positive measure, she will be strictly better off in 
some cases. In such a case the contingent claim f is not the result of a good 
optimal hedging policy. 

The following theorem is due to Ansel-Stricker [AS 94] and, independently, 
to Jacka [J 92]. They proved it using H!-BMO duality. We shall see that it 
is also a consequence of the characterisation of maximal elements. 


Theorem 11.4.11. If S is a locally bounded semi-martingale that satisfies 
the (NFLVR) property with respect to general admissible integrands then for 
a random variable f > 0, the following are equivalent: 
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(1) f can be hedged, 
(2) there is Q in M®°(P) such that 


Ea|f] = sup{Er[f] | R ¢ M°(P)} < oo. 


Proof. (1) implies (2): If f can be hedged, then there is an admissible strategy 
H and a real number 2, such that f=2+(H-S), and H-S is a uniformly 
integrable martingale for some Q € M°(P). For all R € M°(P) we have that 
H.-S is a super-martingale and hence Er[f] < « = Eg[fl. 

(2) implies (1): If we have Eg[f] = sup{Er[f] | R € M°(P)} < ov, then 
clearly we have that 


x = Eg[f] = min{z | 4h €XK such that z+h> f}<o. 


The duality relation of Sect. 3 now implies that there is an admissible inte- 
grand H such that f <2+(H-S),. Since H-S is a super-martingale for Q 
we have that 

a =Eol[f] <*+EQ[(H-S)x] <2 


and hence Ea|(H - S)..| = 0. This implies that f = x + (H-S).. and that 
H-S is uniformly integrable for Q. Therefore (H -S).. is maximal in K. 


12 


The Existence of Absolutely Continuous Local 
Martingale Measures (1995) 


Abstract. We investigate the existence of an absolutely continuous martingale 
measure. For continuous processes we show that the absence of arbitrage for gen- 
eral admissible integrands implies the existence of an absolutely continuous (not 
necessarily equivalent) local martingale measure. We also rephrase Radon-Nikodym 
theorems for predictable processes. 


12.1 Introduction 


In Chap. 9 we showed that for locally bounded finite dimensional stochastic 
price processes S', the existence of an equivalent (local) martingale measure, 
sometimes called risk neutral measure, is equivalent to a property called no 
free lunch with vanishing risk (NFLVR). We also proved that if the set of 
(local) martingale measures contains more than one element, then necessarily, 
there are non-equivalent absolutely continuous local martingale measures for 
the process S$. We also gave an example, see Example 9.7.7, of a process that 
does not admit an equivalent (local) martingale measure but for which there 
is a martingale measure that is absolutely continuous. The example moreover 
satisfies the weaker property of no-arbitrage with respect to general admissible 
integrands. We were therefore led to investigate the relationship between the 
two properties, the existence of an absolutely continuous martingale measure 
(ACMM) and the absence of arbitrage for general admissible integrands (NA). 

From an economic viewpoint a local martingale measure Q, that gives zero 
measure to a non-negligible event, say F', poses some problems. The price of 
the contingent claim that pays one unit of currency subject to the occurrence 
of the event F’, is given by the probability Q[F]. Since F is negligible for 
this probability, the price of the commodity becomes zero. In most economic 
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models preference relations are supposed to be strictly monotone and hence 
there would be an infinite demand for this commodity. At first sight the prop- 
erty (ACMM) therefore seems meaningless in the study of general equilibrium 
models. However, as the present paper shows, for continuous processes it is 
a consequence of the absence of arbitrage (NA). We therefore think that the 
(ACMM) property has some interest also from the economic viewpoint. 

Throughout this paper all variables and processes are defined on a prob- 
ability space (0,7,P). The space of all measurable functions, equipped with 
the topology of convergence in probability is denoted by L°(Q,F,P) or simply 
L°(Q) or L°. If F € F has non-zero measure, then the closed subspace of 
functions, vanishing on the complement F° of F is denoted by L°(F’). The 
conditional probability with respect to a non-negligible event F’ is denoted by 
P and is defined as Pp[B] = eae To simplify terminology we say that 
a probability Q that is absolutely continuous with respect to P is supported 
by the set F if Q is equivalent to Py, in particular we then have Q[F] = 1. 
Indicator functions of sets F' and so forth are denoted by 1r and so on. The 
probability space 2 is equipped with a filtration (F:) o<t<oo. We use the time 
set [0,co[ as this is the most general case. Discrete time sets and bounded 
time sets can easily be imbedded in this framework. We will mainly study 
continuous processes and in this case the discrete time set makes no sense at 
all. However, Sect. 12.2 contains some results that remain valid for processes 
with jumps. 

We assume that the filtration (F;) o<t<oo satisfies the usual conditions, i.e. 
it is right continuous and saturated for P-null sets. Stopping times are with 
respect to this filtration. We draw the attention of the reader to the problem 
that when P is replaced by an absolutely continuous measure Q, these usual 
hypotheses will no longer hold. In particular we will have to saturate the 
filtration with the Q-null sets. 

The process S$, sometimes denoted as (.5;) 0<z<oo, is a fixed cadlag, locally 
bounded process that is a semi-martingale with respect to (Q,(F:) 0<t<co,P). 
The process S is supposed to take values in the d-dimensional space R@ and 
may be interpreted as the (discounted) price process of d stocks. If T; and 
T2 are two stopping times such that T; < T> then ]71,75] is the stochastic 
interval {(t,w) | t < oo, Ti(w) < t < To(w)} C [0,00[x. Other intervals are 
denoted in a similar way. 

If H is a predictable process we say that H is simple if it is a linear 
combination of elements of the form f 1j7,,7,] where T, < T2 are stopping 
times and f is F7,-measurable. For the theory of stochastic integration we 
refer to [P90] and for vector stochastic integration we refer to [J 79]. The 
reader who is not familiar with vector stochastic integration can think of S' as 
being one-dimensional, i.e. d= 1. If H is a d-dimensional predictable process 
that is S-integrable, then the process obtained by stochastic integration is 
denoted H - S, its value at time t is (H- S),. 
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A strategy is a predictable process that is integrable with respect to the 
semi-martingale $ and that satisfies Hp = 0. As in Chap. 9, we will need the 
concept of admissible strategy. 


Definition 12.1.1. An S-integrable predictable strategy H is k-admissible, 
for k © Rx, if the process H.-S is always bigger than —k and if the limit 
limp+oo(H- S$); exists almost surely. In particular, if H is 1-admissible then 
A-S>-1. 


For a discussion of this topic and its origin in mathematical finance we 
refer to [HP 81]. 

We also refer to [HP 81] for a discussion of the fact that, by considering 
the discounted values of the stock price S, there is no loss of generality in 
assuming that the “riskless interest rate r” is assumed to be zero, as we shall 
assume throughout the paper to alleviate notation. The outcome (H - S)o. 
can be seen as the net profit (or loss) by following the strategy H. If the time 
set is bounded, then of course the condition on the existence of the limit at 
infinity becomes vacuous. As shown in Theorem 9.3.3, the existence of the 
limit at infinity follows from arbitrage properties. 

Fundamental in the proof of the existence of an equivalent local martingale 
measure are the sets 


K, ={(H-S). | H is a 1-admissible strategy } and 
K={(H-S). | A is admissible } . 


From Corollary 9.3.8 we recall the following definition. 


Definition 12.1.2. We say that the semi-martingale S satisfies the condition 
no-arbitrage (NA) with respect to general admissible integrands if 


KN LS(Q) = {0}. 


We say that the semi-martingale S satisfies the no free lunch with vanish- 
ing risk property (NFLVR) with respect to general admissible integrands if, 
for a sequence of S-integrable strategies (Hy)n>1 such that each Hy, is a 6,- 
admissible strategy and where 5, tends to zero, we have that (H- S'). tends 
to zero in probability P. 


The following theorem describes the relation between the (NFLVR) prop- 
erty and the existence of a local martingale measure. The equivalence of these 
two properties ((a) resp. (d) below) is the subject of Corollary 9.3.9 and The- 
orem 9.1.1. The equivalence with properties (b) and (c) below was proved in 
Theorem 11.2.9, see also [DS 95c]. 


Theorem 12.1.3. For a locally bounded semi-martingale S the following 
properties are equivalent: 


(a) S' satisfies (NFLVR). 
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(b) (i) S satisfies the property (NA) and (ii) K, is bounded in L®. 

(c) (i) S satisfies the property (NA) and (ii) there is a strictly positive local 
martingale L such that at infinity Lo > 0, P-a.s. and such that LS is 
a local martingale. 

(d) S admits an equivalent local martingale measure Q. 


In the present paper we will enlarge the scope of the preceding theorem by 
giving conditions for the existence of an absolutely continuous local martingale 
measure. In particular we shall prove in Sect. 12.4 the following central result 
of the paper. 


Main Theorem 12.1.4. If the continuous semi-martingale S satisfies the 
no-arbitrage property with respect to general admissible integrands, then there 
is an absolutely continuous local martingale measure for the process S. 


The paper is organised as follows. Sect. 12.2 contains some well-known 
material on the existence of predictable Radon-Nikodym derivatives. The re- 
sults are mainly due to C. Doléans and are scattered in the “Séminaires” . 
We need a more detailed version for finite dimensional processes. More pre- 
cisely we treat the case of a predictable measure taking values in the set of 
positive operators on the space R?@, and we investigate under what condi- 
tions a vector measure has a Radon-Nikodym derivative with respect to this 
operator-valued measure. In this context we say that an operator is positive 
when it is positive definite. (If we were aiming for a coordinate-free approach, 
we would rather interpret such an operator-valued measure as taking values 
in the set of semi-positive bilinear forms on R@). This Radon-Nikodym prob- 
lem, even for deterministic processes, is not treated in the literature (to the 
best of our knowledge). The proofs are straightforward generalisations of the 
one-dimensional case. For completeness we give full details. 

We need these techniques to prove in Sect. 12.3 the fact that if the con- 
tinuous semi-martingale S = M + A does not allow arbitrage (with respect 
to general admissible integrands) then dA may be written as dA = d(M, M)h 
for some predictable R¢-valued process h. This result seems well-known to 
people working in Mathematical Finance, but to the best of our knowledge at 
least the d-dimensional version of this theorem has not been presented in the 
literature. In Sect. 12.3 we then investigate the no-arbitrage properties and 
we introduce the concept of immediate arbitrage. We also give an example 
that illustrates this phenomenon. 

In Sect. 12.4 we prove the main theorem stated above. 

After finishing this paper we were informed of the paper of Levental and 
Skorohod [LS 94], which has a very significant overlap with our results here. 
In particular, although our framework is more general, the content and the 
probabilistic approach we give here to proving Theorem 12.3.7 are essentially 
identical to that of [LS 94, Lemma 2]. Their proof appears to have been con- 
structed earlier than ours, although this theorem based on a rather more 
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complicated analytic proof had already been presented by the present au- 
thors during the SPA conference in Amsterdam in June 1993 [DS 93] and in 
the seminar of Tokyo University in September 93. Also [LS 94, Theorem 1] 
corresponds to our Main Theorem 12.1.4 under the additional assumption 
that the local martingale part M of the continuous semi-martingale S is of 
the form M = %- W, where W is a d-dimensional Brownian motion defined 
on its (saturated) natural filtration and © = (X¢)o<:<1 an adapted matrix 
valued process such that each %; is invertible. 


12.2 The Predictable Radon-Nikodym Derivative 


In this section we will prove Radon-Nikodym theorems for stochastic mea- 
sures. We first deal with the case of one-dimensional processes. A stochastic 
measure on R4 is described by a stochastic process of finite variation. In 
our setting it is convenient to require that the measure has no mass at zero, 
i.e. the initial value of the process is 0. If we have two predictable stochastic 
measures defined by the finite variation processes A and B, respectively, we 
can for almost every w in Q decompose the A-measure in a part absolutely 
continuous with respect to the B-measure and a component that is singular 
to it. We are interested in the problem whether such a decomposition can be 
done in a measurable or even predictable way. Similar problems can be stated 
for the optional and for the measurable case. For applications in Sect. 12.3, 
we only need the case of continuous processes. However, the more general case 
is almost the same and therefore we treat, at little extra cost, processes with 
jumps. 


Theorem 12.2.1. (i) Jf A:Ry x Q—R is a predictable, cadlag process of 
finite variation on finite intervals, then the process V, defined by setting V, 
equal to the variation of A on the interval [0,t], is cadlag and predictable. 

(ii) If A-R+ x Q > R is a predictable, cadlag process of finite variation on 
finite intervals, if V is defined as in (i), there is a decomposition of R4 xQ 
into two disjoint, predictable subsets, Dt and D~, such that 


t 
At =i (Ips pb aV 
0 


(iii) If A:-R+ x Q > R is a predictable, cadlag process of finite variation on 
finite intervals, if V is cadlag, predictable and increasing, then there are 
predictable yp:R4 x Q — R and a predictable subset N of R~ x Q such 
that 


A= | eudvat [ 1ny(u) dA, and 1y dV,, = 0. 
[0,t] [0,t] Ry 


Proof. (i) We give the proofs only in the case Aj = Vo = 0. For the proof 
we need some results from the general theory of stochastic processes (see 
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[DM 80]). One of these results says that there is a sequence of predictable 
stopping times (Tn)n>1 that exhausts all the jumps of A. Fix n and let 
(Tr)o<k<N, be the finite ordered sequence of stopping times obtained from 


the set {Oe yeey ia lA 
Nn-1 
Put V” = k—0 Areas _ A,,,| Lriss,cof 


Because A is predictable, the variables A,, are F;, -measurable and hence 
the processes V” are predictable. Because V” tends pointwise to V, this pro- 
cess is also predictable. 

(ii) The second part is proved using a constructive proof of the Hahn- 
Jordan decomposition theorem. It could be left as an exercise but we promised 
to give details. Let V = var(A) as obtained in the first part. Being predictable 
and cadlag, the process is locally bounded ({[DM 80]) and hence there is an 
increasing sequence (T;,)n>1 of stopping times such that T,, /“ oo and Vp, < n. 


Define now 
| y? aVi,| <oo>. 
Ry 


n= {oe 


With the obvious inner product (y,~) = Elf yuvudV.], the space H 
divided by the obvious subspace {y | E[ y? dV,,] = 0}, is a Hilbert space. For 
each n we define the linear functional ZL” on H as 


| y dAy 
[0,7] 


y predictable and E 


Lp) =E 


Since 


$ 
| py dAy ou] dV, < /n y2dv,) , 
(0,7, ] (0,7 ] 


the functional L” is well-defined. Therefore there is q” such that 


[0,T,,] 


Clearly the elements w” and 7"*1 agree for functions y supported on [0, T;]. 
Hence (with the convention that Ty = 0) we have that % = S05, ¥"1yr,_1,T] 
is predictable and satisfies for all n: 7 


Sf 
(0,7, 


Th] 


L"(p)=E 


L"(p) =E 


ih ewav 
[0,7] 


Let now C; = Ay— fe wy, dV,,. We will show that C = 0. First we show that C is 
continuous. Let 7 be a predictable stopping time. Define ¢ = AC;1),]. By def- 
inition of C and by the property of q we have for all n that E[(AC)?,7,] = 0. 


12.2 The Predictable Radon-Nikodym Derivative 237 


This shows that C is continuous. Next we put ~ = C1)o,7,,at] and we find 
that E[C7Z,,,] = 0. From this it follows that for all t we have that C; = 0. 
Because C is cadlag, this implies that the process C’ vanishes identically. 

So far we proved that in a predictable way dA = dV. Let now Dt = 
{wy = 1} and let DT = Ry x 2\ D*. Both sets are predictable and from 
ordinary measure theory we deduce that A; = ae (1p+ —1p-) dV. This gives 
us the desired Hahn-Jordan decomposition. 

(iii) The third part is again standard, a constructive proof of Lebesgue’s 
decomposition theorem. Let A and V be given. As in ordinary measure theory 
we decompose A into its positive and its negative part. Part (ii) shows that 
this can be done in a predictable way. It is therefore sufficient to prove the 
claim for A increasing. We define B = A+ V. We now repeat the proof of 
the second part and we find a predictable ~, 0 < vw < 1 and dA = WdB. 
Let N = {w = 1}, a predictable set. We find dA = dA+wdvV. As in the 
classical proof we deduce from this equality that dA = 1) dA + ydV where 
{1n dV =0 and where ¢ is predictable. 


Corollary 12.2.2. If A and V are as in part (iii) of Theorem 12.2.1, ifdA< 
dV with respect to the predictable o-algebra, i.e. for each predictable set N the 
property [1n dV = 0 implies that also [ 1) dA = 0, then for almost all w 
the measure dA(w) is absolutely continuous with respect to dV(w) on Ry. 


For applications in finance we need a vector measure generalisation of the 
preceding results. The theory was developed by [J 79]. We need two kinds of 
vector measures. The first kind is an ordinary vector measure taking values 
in R?. The second kind is an operator-valued measure that takes values in 
the set of all operators on R?; in daily language, in the space of all d x 
d matrices. Positive measures on R4 are generalised as measures that take 
values in the cone Pos(R®) of all positive semi-definite operators on R¢. In 
this setting the variation process V becomes a predictable, cadlag, increasing 
process V:R4 x 2 — Pos(R). On the set of all operators we put the nuclear 
norm; for positive operators this simply means the trace of the operator. Let 
now A; = trace(V;). The process . is predictable, cadlag and increasing. Again 
we assume Vo = 0, which results in Ay = 0. We have that dV < dA in the sense 
that all elements of the matrix function define measures that are absolutely 
continuous with respect to A. If we calculate the Radon-Nikodym derivative 
using dyadic approximations we see that dV = o dX, where a is a predictable 
process taking values in Pos(R®). 

For a positive operator a we have that the range R(a) is invariant under a 
and that on R(a) the operator a is invertible. If we define P, as the orthogonal 
projection on R(a) we see that a~! = a~! o P, is a generalised inverse of a. 
More precisely we have aoa”! :=a~!oa= P,. The correspondence between 
a, a~' and P, can be described in a Borel-measurable way. This is an easy 
exercise but we promised to give details. 
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First note that, for each strictly positive operator bp, the map b — b! is 
continuous at bo. 
To calculate P, we simply take the limit 


lim ao(a+eid)?. 
éE\,0 


This constructive definition shows that the mapping a — P, is a Borel- 
measurable mapping. The same trick is used to obtain the generalised inverse 


a~'=limao(a+eid)~?. 
E\,0 


The processes o~! and P, are therefore still predictable since they are the 
composition of a predictable and a Borel-measurable mapping. 

We will now describe a kind of absolute continuity of a vector measure 
with respect to an operator-valued measure. Let v be a measure defined on 
the o-ring of relatively compact Borel sets of Ry and taking values in R?. 
Let js be a measure defined on the same o-ring and taking values in Pos(R®). 
We say that v < p, if whenever f:R 4 — R®@ is a Borel function such that 
either f(t) = 0 or || f(¢)|| = 1, the expression du f = 0 (as a vector measure) 
implies f’dv = 0 (as a scalar measure). (Here f’ is the transpose of f). One 
can show that in this case the measure v has a Radon-Nikodym derivative 
with respect to y. Again we will need a predictable version of this theorem, 
so we give details. 

Suppose that A:R, x Q — R? is predictable, cadlag and of finite variation 
on finite intervals. Suppose that Ag = 0. Let V be as above, predictable, cadlag 
taking values in Pos(R@) and increasing. Suppose that for every predictable 
process f:R4 x Q — R4, such that ||f(t,w)|| is either 0 or 1, the relation 
dV f =0 implies that f’dA = 0. This means that dA « dV in a predictable 
way. Let A = trace(V) and let N be a predictable null set for A, ie. Ly dX = 0. 
For such a predictable set N and for each predictable k we have 1y dV k = 0. 
The hypothesis on A then implies that 1y k’dA = 0. This shows that dA « dA 
and the predictable Radon-Nikodym theorem (applied for each coordinate) 
shows the existence of a predictable R¢-valued process g such that dA = g dX. 
Now (id — a0 0a~')dV = dV (id — ac 007!) = (id —c007!)o dX = 0 and 
by the assumption on A we have (id — ¢ 0071) dA = 0. This implies that 
(id —coo~')gd\ = 0 and that up to null sets for A, we have g € R(c). Now 
let h = 0 +(g). Then obviously o(h) = g (because g € R(c)), h € R(c) and 
dA = o0hd\ = dV h. The range R(o) could have been called the infinitesimal 
range R(dV) of the measure V. It is easy to show that it does not depend on 
the control measure. We completed the proof of the following theorem. 


Theorem 12.2.3. If V is an increasing predictable cadlag process, taking val- 
ues in the cone of the positive semi-definite operators on R¢, then the vector 
measure defined by the predictable R¢-valued cadlag process A of finite vari- 
ation is of the form dA = dV h, for some predictable R¢-valued process h, if 
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and only if for each predictable R¢-process f, such that ||f(t,w)|| is either 0 
or 1, the relation dV f =0 implies f'dA = 0. 


Remark 12.2.4. If S$ is a semi-martingale with values in R¢, then the bracket 
[S, S] and (if it exists) also the bracket (5, S) define increasing processes with 
values in Pos(R“). The fact that values are taken in Pos(R®) is a reformulation 
of the Kunita-Watanabe inequalities: 


|a[s*, $7] 
|d(s", 5”) 


| < Vad[S*, S*] d[S9, $3], 
| < vd(S*, S*) d(S7, $9) . 
12.3 The No-Arbitrage Property 

and Immediate Arbitrage 


We now turn to the main theme of the paper, a detailed analysis of the notion 
of no-arbitrage. We start with an easy lemma, which turns out to be very 
useful. It shows that the general case of an arbitrage may be reduced to two 
special kinds of arbitrage. 


Lemma 12.3.1. If the cadlag semi-martingale S does not satisfy the no- 
arbitrage property with respect to general admissible integrands then at least 
one of the two following statements holds 


(i) There is an S-integrable strategy H and a stopping time T, P[T < ow] >0 
such that H is supported by [T,T +1], H-S > 0 and (H-S), > 0, for 
t>T. 

(ii) There is an S-integrable 1-admissible strategy K, © >0 and two stopping 
times T, < Tz such that Tz < co on {T; < co}, P[Th < ~w] > 0, K = 
K1j1,,7%] and (K - S)r, > € on the set {Tz < oo}. 


Proof. Let S allow arbitrage and let H be a 1-admissible strategy that produces 
arbitrage, i.e., (H-S) > 0 with strict inequality on a set of strictly positive 
probability. We now distinguish two cases. Either the process H - S' is never 
negative or the process H - S becomes negative with positive probability. In 
the first case let T = inf{t | (H-S); > 0}. 

Let (Jn), be a dense in ]0,1[ and let H = yo 27" Al pr r+0,- Then 
H satisfies (i). We thank an anonymous referee for correcting a slip in a pre- 
vious version of this paper at this point. 

In the second case we first look for ¢ > 0 such that P{inf,(H-S'), < —2e] > 
0. We then define 7, as the first time the process H - S goes under —2e, i.e. 


Ti = inf {t | (H . S)t < —2e} ‘i 


On the set {T; < co} we certainly have that the process H - S has to gain at 
least 2¢. Indeed at the end the process H -S is positive and therefore the time 
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T2 =inf{t|t >, (H-S), > —-e} 


is finite on the set {7 < co}. We now put K = H1)j7,,7,]. The process K is 
l-admissible since (K-S),; > —1+2e on the set {T; < oo}. Also (K-S')7, > € 
on the set {T; < co}. 


Definition 12.3.2. We say that the semi-martingale S admits immediate ar- 
bitrage at the stopping time T, where we suppose that P[T < ox] > 0, if there 
is an S-integrable strategy H such that H = H1j7,.], and (H-S); > 0 for 
t>T. 


Remark 12.3.3. (a): Let us explain why we use the term immediate arbitrage. 
Suppose S admits immediate arbitrage at T’ and that H is the strategy that 
realises this arbitrage opportunity. Clearly H.-S > 0 and (H- S)r44 > 0 for 
all ¢ > 0 almost surely on {T < co}. Hence we can make an arbitrage almost 
surely immediately after the stopping time T has occurred. 

(b): Lemma 12.3.1 shows that either we have an immediate arbitrage op- 
portunity or we have a more conventional form of arbitrage. In the second 
alternative the strategy to follow is also quite easy. We wait until time J; and 
then we start our strategy K. If the strategy starts at all (i-e., if T, < oo) then 
we are sure to collect at least the amount ¢ in a finite time. It is clear that 
such a form of arbitrage is precisely what one wants to avoid in economic mod- 
els. The immediate arbitrage seems, at first sight, to be some mathematical 
pathology that can never occur. However, the concept of immediate arbitrage 
can occur as the following example shows. In model building one therefore 
cannot neglect the phenomenon. 


Example 12.3.4. Take the one-dimensional Brownian motion W = (W:)te\0,1] 
with its usual filtration. For the price process S we take S; = M; + A; = 
W, + Vt which satisfies the differential equation dS; = dW; + at We will 
show that such a situation leads to “immediate” arbitrage at time T = 0. Take 


H, = Wind? With this choice the integral on the drift-term fi H, on = 
$(In(t~*))~! is convergent. 

As for the martingale part, the random variable Je A, dW, has variance 
We aut du which is of the order In(t~')~?. The iterated logarithm law 
implies that, for t = t(w) small enough, 


\(H-W):(w)| < CVUa()-9 In n(n) < C'(In(t-"))-F 


It follows that, for t small enough, we necessarily have that (H - S),(w) > 0. 
We now define the stopping time T as T = inf{t > 0 | (H- S); = 0} and, for 
n>0,T,=T An}. Clearly (H.-S)? >0 and P[(H - S)r, > 0] tends to 1 
as n tends to infinity. By considering the integrand L = 7, anH 10,7, for 
a sequence a, > 0 tending to zero sufficiently fast, we can even obtain that 
(L- S)_ is almost surely strictly positive for each t > 0. 
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We now give some more motivation why such a form of arbitrage is called 
immediate arbitrage. In the preceding example, for each stopping time T > 0 
the process S — $7 admits an equivalent martingale measure Q(T) given by 
the density fr = exp(—$ Sr 7 dW, -} 7 + du). We can check this by means 
of the Girsanow-Maruyama formula or we can check it even more directly via 
Ito’s rule. This statement shows that if one wants to make an arbitrage profit, 
one has to be very quick since a profit has to be the result of an action taken 
before time T’. 

Let us also note that the process S also satisfies the (NA) property for 
simple integrands. As is well-known it suffices to consider integrands of the 
form f1)7,7,] where f is F7,-measurable (see Chap. 9). Let us show that such 
an integrand does not allow an arbitrage. Take two stopping times Tp < 7}. 
We distinguish between P[Tp > 0] = 1 and Tp = 0. (The 0-1-law for Fo 
(Blumenthal’s theorem) shows that one of the two holds). 

If To > 0, P-a.s., then the result follows immediately from the existence 
of the martingale measure Q(T) for the process S — 97°. 

If Ty = 0, we have to prove that S7, > 0 (or Sp, < 0) implies that 
Sp, =Oas.. 

We concentrate on the first case and assume to the contrary that S7, > 
0 and P{Sr, > 0} > 0. Note that it follows from the law of the iterated 
logarithm that inf{t|.S; <0} =0 almost surely, hence the stopping times 


T- =inf{t >e |S; <—e} 


tend to zero a.s. as € tends to zero. Let ¢ > 0 be small enough such that 
{T- < T,} has positive measure to arrive at a contradiction: 


0 > Ear.) [$7.1 ¢7- <17,}3] = Eqcr.y [Sr 147. <17,}] = 9- 


The following theorem, which is based on the material developed in 
Sect. 12.2, is well-known and has been around for some time. At least in 
dimension d = 1 the result should be known for a long time. For dimension 
d > 1, the presentation below is, we guess, new. 


Theorem 12.3.5. If the d-dimensional, locally bounded semi-martingale S 
satisfies the (NA) property for general admissible integrands, then the Doob- 
Meyer decomposition S = M+ A satisfies dA = d(M,Myh, where h is a 
d-dimensional predictable process and where d(M,M) denotes the operator- 
valued measure defined by the (dxd)-matrix process ((M,M));,;<a. The process 
h may be chosen to take its values in the infinitesimal range R(d(M, M)). 


Proof. We apply the criterion of Sect. 12.2. Take f a d-dimensional predictable 
process such that the measure d(M,M) f is zero and such that either f has 
norm 1 or norm 0. It is obvious that the stochastic integral f’- M exists and 
results in the zero process. If the process f’- A is not zero then we replace f by 
the sign function coming from the Jordan-Hahn decomposition of f’- A. This 
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sign function ¢ is a predictable process equal to +1 or —1. The predictable 
integrand g = @ f still satisfies g- M@ = 0 but the component g’ - A now 
results in an arbitrage profit. This contradiction shows that the criterion of 
Sect. 12.2 is fulfilled and hence the existence of the process h is proved. If we 
write d(M,M) as o dX for some control measure \ and an operator-valued 
predictable process o, then we may, by the results of Sect. 12.2, suppose that 
h, is in the range of the operator oy. 


The following theorem is the basic theorem in dealing with the (NA) prop- 
erty in the case of continuous price processes. 


Theorem 12.3.6. [f the continuous semi-martingale S with Doob-Meyer de- 
composition S = M+ A satisfies the (NA) property for general admissible 
integrands, then we have dS = dM +d(M,M) h, where the predictable process 
h satisfies: 


r= inf {¢ Be bh! d(M,M) hy = oo >0 as. 


(ii) The [0, co]-valued increasing process i hi, d(M,M)u hy is continuous; in 
particular it does not jump to oo. 


Proof. The existence of the process h follows from the preceding theorem. The 
stopping time T is well-defined. The first claim on the stopping time T follows 
from the second, so we limit the proof to the second statement. We will prove 
that the set 


T+e 
ra (rec f hi. d(M, M); ht =~, ve>oh 
T 


has zero measure. Clearly F' is, by right continuity of the filtration, an element 
of the o-algebra Fr. As the process (M, M), is continuous, assertion (ii) will 
follow from the fact that P[F’] = 0. Suppose now to the contrary that F' has 
strictly positive measure. We then look at the process 17(.5 — $7), adapted 
to the filtration (Fr++)+>0 and we replace the probability P by Pr. With this 
notation the theorem is reduced to the case T = 0. This case is treated in the 
following theorem. It is clear that this will complete the proof. 


Immediate Arbitrage Theorem 12.3.7. Suppose the d-dimensional con- 
tinuous semi-martingale S has a Doob-Meyer decomposition given by 


dS} — dM, + d(M, M)t ht 


where h is a d-dimensional predictable process. Suppose that a.s. 


€ 
0 

Then for alle > 0, there is an S-integrable strategy H such that H = A119 <1], 
H-S>0 andP{[(H-S); > 0] =1, for each t > 0. In other words, S admits 
immediate arbitrage at time T = 0. 
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The proof of the theorem is based on the following lemma: 


Lemma 12.3.8. If (12.1) holds almost surely, then for any a,e,n > 0 we can 
find 0 <6 < § and an a-admissible integrand H with 


H=H1j5 4; 


i: Hiaal. + f Hy, d(M,M),H,<2+a, 
6 6 
PH S)a = lai. 


Proof of the lemma. Fix a,e,n > 0 and let R > max{ (eye oC +a)?}. 
Since (i) is satisfied almost surely, we have that 


= 
lim P| f 1 hi d(M,M),h, > R] <1. 
ao / {|h|<K} Py A )ehe > 


Hence we can find a K > 0 and a0 <6 < § such that 
(= 
5 
on a F.-measurable set A with P[A] > 1 - 4. Let 
t 
5 


and let H = aS Alys7y Lenj<K}- Then 


(1+)? 
R 


E 
[Ria M). He < 
0 
and : 
/ |H,dA|, <(1+a) as.. 
0 


Therefore H is S-integrable. Moreover, (H-A)-=1-+aon A. 
2 
Since ||H - M||3 = Elf} Hid(M, M), Hs] < Otay we obtain from Doob’s 
inequality together with Tchebycheff’s inequality (both in their L?-version) 


P((H-M)* >a] <4 (444) $<. (12.2) 
We now localise H to be a-admissible. Let 
To = inf{t > 0 | (H-M), < —as AT. 


Then T2 = T on {(H- M)* < a} and from (12.2) we obtain 


244 12 Absolutely Continuous Local Martingale Measures 


P [(H1po.rq-S)e> 1] > PU{(H- A)e > 1 +a} N {(H-M)* < a}] 
> P[A]-P((H-M)* >al>1- 


which proves the lemma. 


Proof of the Immediate Arbitrage Theorem 12.3.7. Assume that (12.1) is 
valid for almost every w € Q. We will now construct an integrand which 
realises immediate arbitrage. Let ¢9 > 0 be such that e9 < min (e,4). By 
Lemma 12.3.8 we can find a strictly decreasing sequence of positive numbers 
(En)n>0 With limy—oo En — 0 and oe Ay = An1ye,,,4,c,] Such that Hy, 
is 4-"-admissible, f°" |(Hn),dAs|+ f°". (An), d(M, M)s(Hn)s < *& and 


En41 eau ar 
P[(Hn- S)c, > 27") >1-2-". Let # = yo, An. Then H is S-integrable. 
Define 


=int{t>0|(H#-s), =o}. 


We claim that T(w) > 0 for almost every w € 2. Since P [(Hy,-S)e, <27"] < 
2—”", we obtain from the Borel-Cantelli lemma that for almost every w € 2 
there is a N(w) € N with (A, - S)-,,(w) > 27” for alln > N(w). Ifn > N(w) 
and €n41 <t< €, then 


ies a 1 
(H+ S)i(w) = dee »(w) + (Hn S)t(w) 2 saat 
>—2-("+1) 


and we have verified the claim. Hence 
lim P [(#1p,7)°8) >0] =1. 
Finally let 


H= ys 2-" Alo. rrcal 


n=1 


to find an S-integrable predictable process supported by [0,¢] such that (A - 
S), > 0 for each t > 0. 


12.4 The Existence of an Absolutely Continuous Local 
Martingale Measure 


We start this section with the investigation of the support of an absolutely con- 
tinuous risk neutral measure. The theory is based on the analysis of the density 
given by a Girsanow-Maruyama transformation. If dS; = dM; + d(M, M),; hi 
defines the Doob-Meyer decomposition of a continuous semi-martingale, where 
h is a d-dimensional predictable process and where M is a d-dimensional 
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continuous local martingale, then the Girsanov-Maruyama transformation is, 
at least formally, given by the local martingale L; = exp( So —hi, dM, — 
4, hi, d(M,M)u hu), Lo = 1. Formally one can verify that LS is a local 
martingale. However, things are not so easy. First of all, there is no guarantee 
that the process h is M-integrable, so L need not be defined. Second, even if 
L is defined, it may only be a local martingale and not a uniformly integrable 
martingale. The examples in [S 93] and in Chap. 10 show that even when an 
equivalent risk neutral measure exists, the local martingale L need not to be 
uniformly integrable. In other words a risk neutral measure need not be given 
by L. Third, in case the two previous points are fulfilled, the density L.. need 
not be different from zero a.s.. 

What can we save in our setting? In any case, Theorem 12.3.6 shows that 
in the case when S satisfies the no-arbitrage property for general admissible 
integrands, the process h satisfies the properties: 


(1) T = inf{t| f, h’d(M,M) h = co} > Oas.. 


2) The [0, co|-valued process ‘hl d(M VM). hy is continuous; in particular, 
Oo a, 
it does not jump to oo. 


In this case the stochastic integrals h- M and h-S can be defined on the 
interval [0,7 and at time T we have that Ly can be defined as the left limit. 
The theory of continuous martingales ({RY 91]) shows that 


(tr =oy={ [mata any.m= seo} . 


If after time T, i.e. for t > T, we put L, = 0, the process L is well-defined, it is 
a continuous local martingale, it satisfies dL; = —L,h,dM; and LS is a local 
martingale. The process X = + — 1 is also defined on the interval [0,7] and 
on the set {Lr = 0} its left limit equals infinity. The crucial observation is 
now that on the interval [0,7], we have that dX; = Thi, dS¢. 

This follows simply by plugging in It6’s formula (compare Chap. 11). 

For each € > 0 let r* be the stopping time defined by 7° = inf{t | Ly < e}. 
Because the process X is always larger than —1, the stopped processes X7 are 
outcomes of admissible integrands. If Q is an absolutely continuous probability 
measure such that S' becomes a local martingale thae, by Theorem 12.1.3 we 
have that the set H = {XZ |e > 0} is bounded in L°({2 > 0}). But it is 
clear that on the set {Lr = 0}, the set H is unbounded. 

As a consequence we obtain the following lemma. 


Lemma 12.4.1. If the continuous semi-martingale S' satisfies the no-arbitrage 
condition with respect to general admissible integrands and if Q is an abso- 
lutely continuous local martingale measure for S', then {3 > 0} c {Lr > 0}. 


In order to prove the existence of an absolutely continuous local martingale 
measure Q we therefore should restrict ourselves to measures supported by 
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F= {Lr > 0} : 


Note that the no-arbitrage condition implies that P[F] > 0. Indeed, sup- 
pose that P[F] = 0 and let 


U =inf{t |Lp< 4}. 


We than have that P[U < oo] = 1, Ly = $ and therefore Xy = 1. Hence 
H = +h’1)0,u] is a 1-admissible integrand such that (H+ S).. = Xu = 1, 
a contradiction to (NA). 

So we will look at the process S under the conditional probability mea- 
sure Pp. 

Our strategy will be to verify that S' satisfies the property (NFLVR) with 
respect to Pr which will imply the existence of a local martingale measure 
Q for S which is equivalent to Pr and therefore absolutely continuous with 
respect to P. However, there are difficulties: under the measure Pr the Doob- 
Meyer decomposition will change, there will be more admissible integrands 
and the verification of the no free lunch with vanishing risk property for 
general admissible integrands (under Pr) is by no means trivial. 

We are now ready to reformulate the main theorem stated in the Intro- 
duction 12.1 in a more precise way and to commence the proof: 


Main Theorem 12.4.2. If the continuous semi-martingale S satisfies the 
no-arbitrage property with respect to general admissible integrands, then with 
the notation introduced above, it satisfies the no free lunch with vanishing risk 
property with respect to Pr. 

As a consequence there is an absolutely continuous local martingale mea- 
sure that is equivalent to Pp, i.e. it is precisely supported by the set F. 


The proof of the theorem still needs some auxiliary steps which will be 
stated below. 

We first deal with the problem of the usual hypotheses under the measure 
Pr. The o-algebras F; of the Pr-augmented filtration are obtained from F; 
by adding all Pr null sets. It is easily seen that the new filtration is still right 
continuous and satisfies the usual hypotheses for the new measure Pr. The 
following technical results are proved in [DS 95c]. 


Proposition 12.4.3. If T is a stopping time with respect to the filtration 
(Fijt>o then there is a stopping time T with respect to the filtration (Fi)i>0 
such that Pp-a.s. we have T = 7. If T is finite or bounded, then tT may be 
chosen to be finite or bounded. 


Proposition 12.4.4. If is a predictable process with respect to the filtration 
(Fi)t>o then there is a predictable process H with respect to the filtration 
(Fijt>o, such that Pr-a.s. we have H = H. 
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This settles the problem of the usual hypotheses. Each time we need an F- 
predictable process, we can without danger replace it by a predictable process 
for F. Without further notice we will do this. S 

The process S is a semi-martingale with respect to the system (F,P pr). 
This is well-known, see [P 90]. 

Note also that for Py we have that {5° hi, d(M, M)y hy < 00 a.s.. We will 
need this later on. 

As a first step we will decompose S into a sum of a Pr-local martingale 
and a predictable process of finite variation. Because Pr is only absolutely 
continuous with respect to P we need an extension of the Girsanov-Maruyama 
formula for this case. The generalisation was given by [L77]. We need the 
cadlag martingale U defined as 


1p 
U, = E | ——| Ff; | . 
8am 
Note that U is not necessarily continuous, as we only assumed that S' is 


continuous and not that each F;-martingale is continuous. 
Together with the process U we need the stopping time 


vy = inf{t | U, = 0} = inf{t>0|M%_ =0} 
(see [DM 80] for this equality). 
Lemma 12.4.5. We have v = T P-almost surely. 


Proof of Lemma. We first show that for an arbitrary stopping time o we 
have that L, > 0 on the set {U, > 0}. Let A be a set in F, such that 
P[|AN{U, > 0}] > 0. This already implies that P[ANM F’] > 0. Indeed we have 
that 

E{lalr | Fo] = P[Fll4U, 


and hence we necessarily have that P[AM F] > 0. The following chain of 
equalities is almost trivial 


| Lo = f be tyv,>0, > PIF f LeU, = f Lele = [ Ts 
AN{Ug >0} A A A ANF 


The last term is strictly positive since L, > 0 on F’.. This proves that for each 
set A such that P[AM {U, > 0}] > 0 we must have Janu, >0} Lz > 0. This 
implies that DZ, > 0 on the set {U, > 0}, hence < T. 

The converse inequality is less trivial and requires the use of the (NA) 
property of S. We proceed in the same way. Take G € F, such that G C 
{L, > 0} and P[G] > 0. Suppose that U, = 0 on G. We will show that this 
leads to a contradiction. If U, = 0 on G then clearly GN F = 9. However, on 


F° we have that DL; tends to zero and hence 7 tends to oo. We know that 
=e 


T; — 1 can be obtained as a stochastic integral with respect to S. We take the 
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stopping time js = oo on G® and equal to inf{t | L; < $L,} on the set G. The 


outcome F i 
cea ee 


is the result of a 1-admissible strategy and clearly produces arbitrage. We may 
therefore suppose that P[GN F] > 0 and hence we also have J, U, > 0. Again 
this suffices to show that U, > 0 on the set {Z, > 0} and again implies that 
T < v. The proof of the lemma is complete now. 


Proof of the Main Theorem 12.4.2.We now calculate the decomposition of 
the continuous semi-martingale S under Pr. If S = M + A is the Doob- 
Meyer decomposition of S under P then, under Pr we write S = M+ A 
where A =A;+ f CMs see [L 77]. This integral exists for the measure Pr 
since on F' the process U is bounded away from 0. A more explicit formula 
for A can be found if we use the structure of (M,U). We thereto use the 
Kunita-Watanabe decomposition of the L?-martingale U with respect to the 
martingale 17. This is done in the following way (see [J 79]). The space of 
all L?-martingales of the form a- M is a stable space and in fact we have 
|(@-M)oollp = ELf a’ d(M, M) a]. The orthogonal projection of Ux on this 
space is given by (3 -/) for some predictable process 3, where of course 


E fea. | <0. 
In this notation we may write: 
d(M,U) = d(M, M)B. 


It follows that also f{ 6’d(M,M) 6 < co as. for the measure Pr and the 
measure dA can be written as 


dA = d(M, M) @ + iz) = d(M, M) ky. 
t 


Here we have put k= h+ to simplify notation. 

To prove the (NFLVR) property for S under Pr we use the criterion of 
Theorem 12.1.3 above. 

Step 1: the set of 1-admissible integrands for Pr is bounded in L°(F). 
From the properties of G and h we deduce that, for the measure, Pp, the 
integral 


| kid(M,M)kp<co  Pr-as.. 
0 


The P-local martingale L is now defined as 


Be t 23 1 t 
Ly = exp (- [ kati, ~ > [ Ki dKM,M), hy 2 
0 0 
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It follows that 7 
Loo > 0 Ppr-a.s.. 


It is chosen in such a way that LS is a Pr-local martingale and therefore the 
set K, constructed with the l-admissible, with respect to Pr, integrands, is 
bounded in L°(P pr). 

In particular this also excludes the possibility of immediate arbitrage for 
S with respect to Pr. 

Step 2: S' satisfies (VA) with respect to Pr (and with respect to general 
admissible integrands). 

Since by step 1 immediate arbitrage is excluded, the violation of the (NA) 
property would, by Lemma 12.3.1, give us a predictable integrand H such that 
for Pp the integrand is of finite support, is S-integrable and 1-admissible. 
When the support of H is contained in ]o1, 02] it gives an outcome at least ¢ 
on the set {01 < co}. All this, of course, with respect to Pr. 

The rest of the proof is devoted to the transformation of this phenomenon 
to a situation valid for P. 

Without loss of generality we may suppose that for the measure P we 
have 01 < 02 < T, we replace, e.g., the stopping time o2 by max(o1, 02) and 
then we replace a; and a2 by, respectively, min(T,o1) and min(T,o2). All 
these substitutions have no effect when seen under the measure Pr. Since 
Prl{o1 < 02 < c}] > 0, we certainly have that P[{o1 < 02 < T}| > 0. 

Roughly speaking we will now use the strategy H to construct arbitrage 
on the set F’ and we use the process + to construct a sure win on the set 
F°, as on the interval [0, 7, the process + —1 equals K -S for a well-chosen 
integrand kK. When we add the two integrands, H and K, we should obtain 
an integrand that gives arbitrage on Q with respect to P and this will provide 
the desired contradiction. 

Let the sequence of stopping times 7,, be defined as 


1 
maint {tes 2} 
n 


We have that 7, 7 T for P and 7, /“ oo for the measure Pp. Since we 
have that L,, > 0 a.s., we also have that U,, > 0 a... It follows that on 
the o-algebra F;,, the two measures, P and Pr are equivalent. We can there- 
fore conclude that for each n the integrand H1)o,,,] as well as the integrand 
K1)0,7, 18 S-integrable and 1-admissible for P. The last integrand still has 
to be renormalised. 

In fact on the set F itself, the lower bound —1 for the process K - $' is too 
low since it will be compensated at most by ¢. We therefore transform Kk in 
such a way that it will stay above 5 but will nevertheless give outcomes that 
are very big on the set F’°. Let us define 


ays é 
k= Bl fo, <1} 5b ; 


Kk” = K 1po.re] ; 
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H — Alto, <1} ; 
H® = A 1 pore] . 


From the preceding considerations it follows that the integrands H” are 
all 1-admissible for P and that the integrands kK” are 5-admissible for P. The 
outcomes (A”-S),,, tend to co on F*N{o, < T}, and the outcomes (H"-S),,, 
become larger than € on the set FM {o, < T}. When we add them we see 
that on the set {o, < T} we have 


liminf((H + K)-S),, = liminf((H” + K")- $8), 


E 


Define now the stopping time p as 


[t= Tp if n is the first number such that ((H" + K")-S),, > 


The stopping time yp is finite on the set {o, <T}. The integrand J = (H + 
K)1)jo,, is now S-integrable and is certainly 1+ 5 admissible. By the definition 
of the stopping time jz we have that (J-S), > 51,45, <r}, producing arbitrage. 


Since the process S' satisfied the (NA) property, we arrived at a contradiction. 
Step 2 is therefore completed and this ends the proof of the theorem. 
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The Banach Space of Workable Contingent 
Claims in Arbitrage Theory (1997) 


Abstract. For a locally bounded local martingale S, we investigate the vector space 
generated by the convex cone of maximal admissible contingent claims. By a max- 
imal contingent claim we mean a random variable (H - S).0., obtained as a final 
result of applying the admissible trading strategy H to a price process S and which 
is optimal in the sense that it cannot be dominated by another admissible trading 
strategy. We show that there is a natural, measure-independent, norm on this space 
and we give applications in Mathematical Finance. 


Résumé. Si S est une martingale locale, localement bornée, on étudie l’espace vec- 
toriel engendré par le cone des actifs contingents maximaux. Une variable aléatoire 
est un actif contingent maximal si elle peut s’écrire sous la forme (H - Soo, ot 
la stratégie H est admissible et optimale dans le sense qu’elle n’est pas dominée 
par une autre stratégie admissible. Sur cet espace, on introduit une norme na- 
turelle, invariante par changement de mesure, et on donne des applications en finance 
mathématique. 


13.1 Introduction 


A basic problem in Mathematical Finance is to see under what conditions 
the price of an asset, e.g. an option, is given by the expectation with respect 
to a so-called risk neutral measure. The existence of such a measure follows 
from no-arbitrage properties on the price process S of given assets, see [HK 79], 
[HP 81], [K 81] for the first papers on the topic and see [DS 94] (Chap. 9 above) 
for a general form of this theory and for references to earlier papers. 
Investment strategies H are described by S-integrable predictable pro- 
cesses and the outcome of the strategy is described by the value at infinity 
(H - S$)... In order to avoid doubling strategies one has to introduce lower 
bounds on the losses incurred by the economic agent. Mathematically this is 


[DS97] The Banach Space of Workable Contingent Claims in Arbitrage Theory. 
Annales de ’IHP, vol. 33, no. 1, pp. 114-144, (1997). 
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translated by the property that H -S is bounded below by some constant. In 
this case we say that H is admissible, see [HP 81]. It turns out that for some 
admissible strategies H the contingent claim (H - S).. is not optimal in the 
sense that it is dominated by the outcome of another admissible strategy K. 
In this case there is no reason for the economic agent to follow the strategy 
HT since at the end she can do better by following K. Let us say that H is 
maximal if the contingent claim (H - S$). cannot be dominated by another 
outcome of an admissible strategy K in the sense that (H-S). < (K- S)oc 
a.s. but P[(H - S)o < (K- Soo] > 0. 

In Chaps. 9 and 11 we have used such maximal contingent claims in order 
to show that under the condition of no free lunch with vanishing risk, a locally 
bounded semi-martingale S admits an equivalent local martingale measure. In 
Chap. 11 we encountered a close relation between the existence of a martingale 
measure (not just a local martingale measure) for the process H - S and the 
maximality of the contingent claim (H- S$)... These results generalised results 
previously obtained by Ansel-Stricker [AS 94] and Jacka [J 92]. We related 
this connection to a characterisation of good numéraires and to the hedging 
problem. 

In this paper we show that the set of maximal contingent claims forms 
a convex cone in the space L°(Q,F,P) of measurable functions and that 
the vector space generated by this cone can be characterised as the set of 
contingent claims of what we might call workable strategies. The vector space 
of these contingent claims, will be denoted by G. It carries a natural norm 
for which it becomes a Banach space. These properties solve some arbitrage 
problems when constructing multi-currency models. We refer to a paper of 
the first named author with Shirakawa on this subject, [DSh 96]. 

The paper is organised as follows. The rest of this introduction is devoted 
to the basic notations and assumptions. Sect. 13.2 deals with the concept of 
acceptable contingent claims and it is shown that the set of maximal admis- 
sible contingent claims forms a convex cone. In Sect. 13.3 we introduce the 
vector space spanned by the maximal admissible contingent claims and we 
show that there is a natural norm on it. The norm can also be interpreted 
as the maximal price that one is willing to pay for the absolute value of the 
contingent claim. Sect. 13.4 gives some results that are related to the geome- 
try of the Banach space G. In the complete market case it is an L1-space, but 
we also give an example showing that it can be isomorphic to an L°-space. 
The precise interpretation of these properties in mathematical finance remains 
a challenging task. In Sect. 13.5 we show that for a given maximal admissible 
contingent claim f, the set of equivalent local martingale measures Q such 
that E@[f] = 0 forms a dense subset in the set of all absolutely continuous 
local martingale measures. That not all equivalent local martingale measures 
Q satisfy the equality Ea[f] = 0, is illustrated by a counter-example. The 
main theorem in Sect. 13.6 states that in a certain way the space of work- 
able contingent claims is invariant for numéraire changes. In Sect. 13.7 we 


13.1 Introduction 253 


use finitely additive measures in order to describe the closure of the space of 
bounded workable contingent claims. 

Part of the results were obtained when the first named author was visiting 
the University of Tsukuba in January 1994 and when the second author was 
visiting the University of Tokyo in January 1995. Discussions with Professor 
Kusuoka and Professor Shirakawa are gratefully acknowledged. 

The setup in this paper is the usual setup in mathematical finance. A prob- 
ability space (Q,F,P) with a filtration (F;)o<; is given. The time set is sup- 
posed to be R, the other cases, e.g. finite time interval or discrete time 
set, can easily be imbedded in our more general approach. The filtration is 
assumed to satisfy the “usual conditions”, i.e. it is right continuous and Fo 
contains all null sets of F. 

A price process $', describing the evolution of the discounted price of d 
assets, is defined on R, x Q and takes values in R?. We assume that the 
process S is locally bounded, e.g. continuous. As shown under a wide range 
of hypothesis, the assumption that S is a semi-martingale follows from arbi- 
trage considerations, see Chap. 9 and references given there. We will therefore 
assume that the process S is a locally bounded semi-martingale. In order to 
avoid cumbersome notation and definitions, we will always suppose that mea- 
sures are absolutely continuous with respect to P. Stochastic integration is 
used to describe outcomes of investment strategies. When dealing with more 
dimensional processes it is understood that vector stochastic integration is 
used. We refer to Protter [P 90] and Jacod [J 79] for details on these matters. 


Definition 13.1.1. An R¢-valued predictable process H is called a-admissible 
if it is S-integrable, if Hp = 0, if the stochastic integral satisfies H-S > —a 
and if (H-S).o = limi.o(H-S), exists a.s.. A predictable process H is called 
admissible if it is a-admissible for some a. 


Remark 18.1.2. We explicitly required that Hp = O in order to avoid the 
contribution of the integral at zero. 


The following notations will be used: 


K ={(H-S). | H is admissible} 
Ka = {(H1-S)q | H is a-admissible} 
Co =K- Lh 

C=CoNL®. 


The basic Theorem 9.1.1 above uses the concept of no free lunch with vanishing 
risk, (NFLVR) for short. This is a rather weak hypothesis of no-arbitrage 
type and it is stated in terms of L®-convergence. The (NFLVR) property is 
therefore independent of the choice of the underlying probability measure, i.e. 
it does not change if we replace P by an equivalent probability measure Q. 
Only the class of negligible sets comes into play. We also recall the definition 
of the property of no-arbitrage, (NA) for short. 
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Definition 13.1.3. The locally bounded semi-martingale S satisfies the no- 
arbitrage or (NA) property if 


COL® = {0}. 


Definition 13.1.4. We say that the locally bounded semi-martingale S satis- 
fies the no free lunch with vanishing risk or (NFLVR) property if 


Cre S10; 
where the bar denotes the closure in the sup-norm topology of L°. 


The fundamental theorem of asset pricing, as in Chap. 9, can now be 
formulated as follows: 


Theorem 13.1.5. The locally bounded semi-martingale S satisfies the prop- 
erty (NFLVR) if and only if there is an equivalent probability measure Q such 
that S is a Q-local martingale. In this case the set C is already weak-star (i.e. 
o(L©, L1)) closed in L™. 


Remark 18.1.6. If Q is an equivalent local martingale measure for S and if the 
integrand or strategy H satisfies H.-S > —a, ie. H is a-admissible, then by 
a result of Emery [E80] and Ansel-Stricker [AS 94], the process H - S is still 
a local martingale and hence, being bounded below, is a super-martingale. It 
follows that the limit (H - S).o exists a.s. and that E@[(H- 5)..] < 0. 


We also need the following equivalent reformulations of the property of no 
free lunch with vanishing risk, see Chap. 9 for more details. 


Theorem 13.1.7. The locally bounded semi-martingale S satisfies the no free 
lunch with vanishing risk property or (NFLVR) if for any sequence of S- 
integrable strategies (Hnon)n>1 such that each H,, is a 6,-admissible strategy 
and where 5, tends to zero, we have that (H-S).. tends to zero in probability P. 


Theorem 13.1.8. The locally bounded semi-martingale S satisfies the prop- 
erty (NFLVR) if and only if 

(1) tt satisfies the property (NA) 

(2) K, is bounded in L°, for the topology of convergence in measure. 


Theorem 13.1.9. The locally bounded semi-martingale S satisfies the prop- 
erty (NFLVR) if and only if 


(1) tt satisfies the property (NA) 
(2) There is a strictly positive local martingale L, Lo = 1, such that at infinity 
Loo > 0, P-a.s. and such that LS is a local martingale. 
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We suppose from now on that the process S is a fixed d-dimensional locally 
bounded semi-martingale and that it satisfies the property (NFLVR). The set 
of local martingale measures is therefore, according to the previous theorems 
not empty. In Sect. 13.7, we will also make use of finitely additive measures. 
So we let ba(Q,F,P) be the Banach space of all finitely additive measures 
that are absolutely continuous with respect to P, i.e. ba (Q, F, P) is the dual of 
L® (QO, F,P). We will use Roman letters P,Q, Q°,... for c-additive measures 
and Greek letters for elements of ba which are not necessarily o-additive. We 
say that a finitely additive measure yz is absolutely continuous with respect to 
the probability measure P if P[A] = 0 implies y[A] = 0 for any set A € F. 

Let us put: 


Mee Q is equivalent to P 
7 and the process S is a Q-local martingale 
M=Q Q is absolutely continuous with respect to P 
7 and the process S is a Q-local martingale 
Moe = pis in ba (Q, Foo, P) 
~ || and for every element h € C: E,,[h] < 0 


We identify, as usual, absolutely continuous measures with their Radon- 
Nikodym derivatives. It is clear that, under the hypothesis (NFLVR), the set 
M°&(P) is dense in M(P) for the norm of L'(Q,F,P). This density together 
with Fatou’s lemma imply that for random variables g that are bounded below 
we have the equality 


sup{Ea|g] | Q € M°} = sup{Ealg] |Q eM}. 


We will use this equality freely. 

As shown in Remark 9.5.10 the set M° is weak-star-dense, i.e. for the 
topology o (ba, L®), in the set M°*. 

The first two sets are sets of o-additive measures, the third set is a set of 
finitely additive measures. Clearly M® Cc M Cc M?4 and since S$ is locally 
bounded the set M is closed in L1 (Q, F, P). If needed we will add the process 
S in parenthesis, e.g. M°(S), to make clear that we are dealing with a set of 
local martingale measures for the process S. 
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We now give the definition of a maximal admissible contingent claim and its 
relation to the existence of an equivalent martingale measure. As mentioned 
above we always suppose that S is a d-dimensional locally bounded semi- 
martingale that satisfies the (NFLVR) property. 


Definition 13.2.1. [fU is a non-empty subset of L°, then we say that a con- 
tingent claim f €U is maximal in U, if the properties g > f as. andg eu 
imply that g = f a.s.. 
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The (NA) property can be rephrased as the property that 0 is maximal 
in K. It is clear that if S satisfies the no-arbitrage property, then the fact 
that f is maximal in K, already implies that f is maximal in K. Indeed if 
g=(H-S)~ €K and g > f as., then g > —a. From Proposition 9.3.6 it then 
follows that g is a-admissible and hence the maximality of f in K, implies 
that g =f as.. 


Definition 13.2.2. A maximal admissible contingent claim is a maximal 
element of K. The set of maximal admissible contingent claims is denoted 
by K™*. The set of maximal a-admissible contingent claims is denoted by 


max 
iceman, 


The proof of the Theorem 13.1.5 uses the following intermediate results, 
see Sect. 9.4: 


Theorem 13.2.3. If S is a locally bounded semi-martingale and if (fn)n>1 is 
a sequence in Ky, then 


(1) there is a sequence of convex combinations gy, € conv{ fn, fn41,---} such 
that gn tends in probability to a function g, taking finite values a.s., 
(2) there is a maximal contingent claim h in Ky such thath>g as.. 


Corollary 13.2.4. Under the hypothesis of Theorem 13.2.3, maximal contin- 
gent claims of the closure L°-closure K, of K1, are already in K,. By L®- 
closure we mean the closure with respect to convergence in measure. 


Using a change of numéraire technique, the following result was proved in 
Chap. 11. We refer also to Ansel-Stricker [AS 94] for an earlier proof of the 
equivalence of (2) and (3) below. 


Theorem 13.2.5. If S is a locally bounded semi-martingale that satisfies the 
(NFLVR) property then for a contingent claim f € K the following are equiva- 
lent 


(1) f ts maximal admissible, 

(2) there is an equivalent local martingale measure Q € M® such that 
Ealf] = 0, 

(3) of f = (H-S)xo for some admissible strategy H, then H-S is a uniformly 
integrable martingale for some Q € M*. 


Corollary 13.2.6. Suppose that the hypothesis of theorem 13.2.5 is valid. If 
f is maximal admissible and f = (H-S).x for some admissible strategy H, 
then for every stopping time T, the contingent claim (H-S)r is also maximal. 


Proof. If f is maximal and f = (H.-S). where H is a-admissible, then 
there is Q € M® such that Eq[f] = 0, ie. Eg [(H - S).0.] = 0. Because H is 
admissible, the process H - S' is, see [AS 94], a Q-local martingale and hence 
a Q-super-martingale. Because Eg [(H - S)..] = 0, we necessarily have that 
H.-S is a Q-uniformly integrable martingale. It follows that Eg [(H - S)r] = 0 
and consequently (H - S)r is maximal. 
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Remark 18.2.7. The corollary also shows that if f = (H-S). is maximal 
admissible, then the strategy that produces f is uniquely determined in the 
sense that any other admissible strategy K that produces f necessarily satis- 
fies H.-S = K-S. The following definitions therefore make sense. 


Definition 13.2.8. If H is an admissible strategy such that f = (H- S)oo 
is a maximal admissible contingent claim, then we say that H is a maximal 
admissible strategy. 


Definition 13.2.9. We say that a strategy K is acceptable if there is a posi- 
tive number a and a maximal admissible strategy L such that (K - S) > 
—(a+(L-S)). 


Remark 13.2.10. If we take a big enough, the process V = a+L-S stays 
bounded away from zero and can be used as a new numeéraire. Under this new 
currency unit, the process K - S, where K is acceptable, has to be replaced 
by the process KS. The latter process is a stochastic integral with respect 
to the process (3, 7): more precisely, see Chap. 11 for the details of this 
calculation, AS = (K,(K-S)_— KS_)-(2, +) = Kk'.(2, 4) remains bigger 
than a constant, i.e. the strategy K’ = (K,(K-S)_— KS_) is admissible. 
Another way of saying that K is acceptable, is to say that K’ is admissible 
in a new numéraire. In Chap. 11 we proved that the only numéraires that do 
not destroy the no-arbitrage properties are the numéraires given by maximal 
strategies. The definition of acceptable strategies is therefore very natural. 
The outcomes of acceptable strategies are the numéraire invariant version of 


the outcomes of admissible strategies. 


Lemma 13.2.11. If S is a locally bounded semi-martingale that satisfies the 
(NFLVR) property and if K is acceptable then limp.o(K -S)¢ exists a.s.. 


Proof. Suppose that K.-S > —(a+JL-S') where L is admissible and maxi- 
mal. Clearly we have that K + L is a-admissible and hence by the results of 
Chap. 9 limy.00((K + L)- S$), exists a.s.. Because lim;...(L - S'); exists a.s., 
we necessarily have that limz..(K - S$); also exists a.s.. 


The set of outcomes of acceptable strategies, which is a convex cone in L®, 
is denoted by 
J ={(K-S)x | K acceptable} . 


We now prove some elementary properties of acceptable contingent claims. 
Most of these properties are generalisations of no-arbitrage concepts for ad- 
missible contingent claims. 


Proposition 13.2.12. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. If K is acceptable and if (K -S) x > 0, 
then (K+ S)o =0. 
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Proof. Suppose that K.-S > —(a+L-S) where L is admissible and maximal. 
Clearly we have that K + L is a-admissible. But at infinity we have that 
(K+ L)-S)x > (L- S)oo and by maximality of L we obtain the equality 
((K + L)-S)ox = (L- S)oo, which is equivalent to (K-S). =Oas.. 


In the same way we prove the subsequent result. 


Proposition 13.2.13. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. If K is acceptable and (K -S)\. > —-c 
for some positive real constant c, then the strategy K is already c-admissible. 


Proof. Take ¢ > 0 and let 

T) = inf{t | (K - S)t < —c—e}. 
We then define 

Th = inf {t >T) | (& ‘ S)t = —c}. 


By assumption we have that on {T; < oo} the strategy K1})7, ,7,] produces an 
outcome (K-S')r, —(K-S)r, > e. This strategy is easily seen to be acceptable. 
Indeed 

(K1p7, ,7]) -S > Cet (-a— HAH. S) 


for some real number a and some maximal strategy H. By the previous lemma 
we necessarily have that the contingent claim is zero a.s. and hence JT; = oo 
a.s.. 


We now turn again to the analysis of maximal admissible contingent 
claims. 


Theorem 13.2.14. If S is a locally bounded semi-martingale that satisfies 
the (NFLVR) property, if f and g are maximal admissible contingent claims, 
then f +g ts also a maximal contingent claim. It follows that the set k™* of 
maximal contingent claims is a convex cone. 


Proof. Let f = (H'- 8) and g = (H?- S$), where H' and H? are maximal 
strategies and are respectively aj- and ag-admissible. Suppose that K is a 
k-admissible strategy such that (K-S). > f +4. From the inequalities 
(K — H*)-S =K.S—H?*-.S > -k—H?.S, it follows that K — H? is 
acceptable. Since also (Kk — H?). ae > f > —a,, the Proposition 13.2.13 
shows that K — H? is a ,-admissible. Because f was maximal we have that 
((K — H?)- 8). = f and hence we have that (K - $).. = f + g. This shows 
that f+g is maximal. Since the set ™*~ is clearly closed under multiplication 
with positive scalars, it follows that it is a convex cone. 


Corollary 13.2.15. If S' is a locally bounded semi-martingale that satisfies 
the (NFLVR) property and if (fn)i<n<n is a finite sequence of contingent 
claims in K such that for each n there is an equivalent risk neutral measure 
Q” € M® with Ee» [fn] = 0, then there is an equivalent risk neutral measure 
Qe M® such that Eg [fn] =0 for eachn < N. 
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Proof. This is a rephrasing of the Theorem 13.2.14 since by Theorem 13.2.5, 
the condition on the existence of an equivalent risk neutral measure is equiv- 
alent with the maximality property. 


The previous Corollary 13.2.15 will be generalised to sequences (see Corol- 
lary 13.2.18 below). We first prove the following Proposition. 


Proposition 13.2.16. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. If (fn)n>1 1s @ sequence in KYP**, such 
that 


(1) The sequence fy, — f in probability 
(2) for all n we have f — fn > —bn where db, is a sequence of strictly positive 
numbers tending to zero, 


then f is in K™* too, i.e. it is maximal admissible. 


Proof. If g is a maximal contingent claim such that g > f, then we have 
g— fn > —dy. Since each fy, is maximal we find that g— fy, is acceptable and 
hence 6,-admissible by Proposition 13.2.13. Since 6, tends to zero, we find 
that the (NFLVR) property implies that g — f, tends to zero in probability. 
This means that g = f and hence f is maximal. 


Corollary 13.2.17. If S is a locally bounded semi-martingale that satisfies 
the (NFLVR) property, if (an)n>1 1s @ sequence of strictly positive real num- 


bers such that 
[oe 
San Soe 
n=1 


if for each n, H” is an ay-admissible maximal strategy, then we have that the 
series 


Co 
= ye «Soo 
n=1 
converges in probability to a maximal contingent claim. 


Proof. Let hy, = (H”- S')oo, the partial sums fy = Sd hy are outcomes 
of )>°_, Gn-admissible strategies. For an arbitrary element Q € M® we have 
that 

EQ [(hn + an)] S an- 


It follows that the series of positive functions )7°-_,(hn + Gn) converges in 
L*(Q) and hence the series 57°, hy also converges in L'(Q). The series 
f = 2, An = lim fy therefore also converges to a contingent claim f in P. 
From the Proposition 13.2.16, we now deduce that f is maximal. 
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Corollary 13.2.18. If S' is a locally bounded semi-martingale that satisfies 
the (NFLVR) property, if (fn)n>1 1s @ sequence of contingent claims in K 
such that for each n there is an equivalent risk neutral measure Q” © M® 
with Ear [fn] = 0, then there is an equivalent risk neutral measure Q € M° 
such that E@ [fn] = 0 for each n > 1. 


Proof. We may without loss of generality suppose that f,, is the result of an 
@p-admissible and maximal strategy where the series )>~_, an converges. If 
not we replace f,, by a suitable multiple A, fr, with A, strictly positive and 
small enough. The Corollary 13.2.17 then shows that the sum f = >>, fn 
is still maximal and hence there is an element Q € M° such that E@[f] = 0. 
As observed in the proof of the theorem, we have that the series >>, fn 
converges to f in L'(Q). For each n we already have that Ea[fn] < 0. From 
this it follows that for each n we need to have Eaq[f,] = 0. 


Corollary 13.2.19. [f S is a locally bounded semi-martingale that satisfies 
the (NFLVR) property, if (fn)n>1 18 a sequence of 1-admissible maximal con- 
tingent claims, if f is a random variable such that for each element Q © M* 
we have fn — f in L1(Q), then f is a1-admissible maximal contingent claim. 


Proof. From Theorem 13.2.3 we deduce the existence of a maximal contingent 
claim g such that g > f. From the previous corollary we deduce the existence 
of an element Q € M° such that for all n we have Eg [f;,] = 0. It is straight- 
forward to see that Eg [f] = 0 and that Eg [g] < 0. This can only be true if 
f =g, ie. if f is l-admissible and maximal. 


We now extend the no free lunch with vanishing risk-property which was 
phrased in terms of admissible strategies, to the framework of acceptable 
strategies. As always it is assumed that S is locally bounded and satisfies 
(NFLVR). 


Theorem 13.2.20. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. Let fn = (L"-S)oo be a sequence of outcomes 
of acceptable strategies such that L”.S > —a, — H”-S, with H” maximal 
and ay,-admissible. If limn—oo Gn = 0, then limyn—oo fn = 0 in probability P. 


Proof. The strategies H” +L” are a,-admissible and by the (NFLVR) property 
of S we therefore have that ((H” + L”) - S).. tends to zero in probability P. 
Because each H”-admissible and limp. Gn = 0 the (NFLVR) property of 
S implies that (H” -S) tends to zero in probability P. It follows that also 
(L” - S$). tends to zero in probability P. 
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13.3 The Banach Space Generated 
by Maximal Contingent Claims 


In this section we show that the subspace G of L°, generated by the convex 
cone K™** of maximal admissible contingent claims can be endowed with 
a natural norm. We start with a definition. 


Definition 13.3.1. A predictable process H is called workable if both H and 
—H are acceptable. 


Proposition 13.3.2. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. The vector space G or, if there is danger 
of confusion and the price process S is important, G(S), generated by the cone 
of maximal admissible contingent claims, satisfies 


G _ Kimax mee Komes 
= {(H-S)x | H is workable} 
=IN(-TJ). 


Proof. The first statement is a trivial exercise in linear algebra. If H is workable 
then there are a real number a and maximal strategies L' and L? such that 
-a—-Li-S<H-S<a+L?-S. Take now Q € M® such that both L!- $ 
and L?- § are Q-uniformly integrable martingales. The strategy H + L? is 
a-admissible and satisfies (H + L')-S <a+(L1+L?)-S. It follows that 
(H+ L")-S9 is a Q-uniformly integrable martingale, ie. (H+ L*) is a maximal 
strategy. Since H = (H+ L') — L} we obtain that (H-S) © (K™2* — K™*), 
If conversely H = H! — H?, where both terms are maximal, then we have to 
show that H is workable. This is quite obvious, indeed if H! is a-admissible 
we have that H.-S > —a— H?- 3S. A similar reasoning applies to —H. 


Proposition 13.3.3. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. If H is workable then there is an element 
Q « M® such that the process H-S is a Q-uniformly integrable martingale. 
Hence for every stopping time T, the random variable (H - S'\r is in G. The 
process H- S is uniquely determined by (H-S)o.. 


Proof. If H is workable then there are maximal admissible strategies K and 
K' such that H = K — K’. From Theorem 13.2.5 and Corollary 13.2.15 it 
follows that there is an equivalent local martingale measure Q € M®° such 
that both K-S and K’-S are Q-uniformly integrable martingales. The rest 
is obvious. 


Proposition 13.3.4. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. If g € G satisfies ||g7 || < co, then 
g E komax | 
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Proof. Put L = (H' — H?), where H' and H? are both maximal, and so 
that g = (L- S)... Since L is acceptable and (L-S)x > —||g7|loo we find 
by proposition 13.2.13 that L is admissible. For a well-chosen element Q € 
M¢&, the process L- S is a uniformly integrable martingale and hence L is 
maximal. 


Corollary 13.3.5. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. If V and W are maximal admissible strate- 
gies, if (V —W)-S). is uniformly bounded from below, then V — W is 


admissible and maximal. 


Corollary 13.3.6. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. Bounded contingent claims in G are charac- 
terised as 


={(H-S). | H-S is bounded} . 


Remark 18.3.7. The vector space G° should not be mixed up with the cone 
KL. As shown in Chap. 9 and [DS 94a], the contingent claim —1 can be 
in K but by the no-arbitrage property, the contingent claim +1 cannot be in 
K. The vector space G*° was used in the study of the convex set M(S), see 
Chap. 9, [AS 94] and [J 92]. 


Definition 13.3.8 (Notation). We define the following norm on the space G: 


llgll = inf{ @ | g = (H"- S)o0 —(H?- S)oo 


H', H? a-admissible and maximal} : 


The norm on the space G is quite natural and is suggested by its definition. 
It is easy to verify that || . || is indeed a norm. We will investigate the relation 
of this norm to other norms, e.g. L° and L-norms. 


Proposition 13.3.9. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. If g = (H-S)o. where H is workable 
then for every stopping time T, gr =(H-S)r €G and |\gr|| < ||g]|. 


Proof. Follows immediately from the definition and the proof of Corol- 
lary 13.2.6 above. 


Proposition 13.3.10. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. If g © G* then, as shown above, g € 
Klg- Noo and -—ge KRigt loo: Hence 


IIgll < min(|9*]]00; |]97 lloo) < max(|9* Ilo, Il loo) = [Igloo - 
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The following lemma is an easy exercise in integration theory and imme- 
diately gives the relation with the L'-norm. 


Proposition 13.3.11. If f € L'(Q,F,Q) for some probability measure Q, if 
Eal[f] = 9, if f=9—h, where both Ea[g] <0 and Eg[h] < 0, then 


IIfllzx(q@) = 2EQ[f*] = 2max(Ea[f*], Ealf~]) 
< 2max(||g~ [loos ||“ loo) - 


Proof. The first line is obvious and shows that the obvious decomposition 
f = (ft —E[f*]) —- (f— — E[f7]) is best possible. So let us concentrate on 
the last line. If f = g — h then we have the following inequalities: 


Ff + lg lloo — [IR leo = 9 + IQ loo — (e+ [JA Ico) 
(Ff + llg7 loo — I|RTlloo)* < 9 + IlgT loo 
(f + |l97 loo — [|B IJoo) < A+ IAT Iloo - 


These inequalities together with Eg[g] < 0 and Eg[h] < 0, imply that 


If + Id loo = WR Toollzr(@y S$ Mg lloo + A Too - 


It is now easy to see that 


IIFllz2(@) SIF Hoo + IAT Hoo + [I197 loo = ITA“ hoo | 
< 2max ((|F" [loos ||h lec) - 


Corollary 13.3.12. Suppose that S' is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. If g € G then 


2\I9l| = sup{llgllz~q@) | Qe M} 


Proof. Take g = (H'- S)x — (H?-S)oo € G where H' and H? are both 
maximal and a-admissible. For every Q € M we have that Ea[(H'-S).] <0 
and Ea|(H?- $)..] < 0. The lemma shows that 


IIgllz1¢qy < 2max(||(H* - $)o0||21(Q); I|(A? - S)oollz1(qy) < 2a. 


By taking the infimum over all decompositions and by taking the supremum 
over all elements in M we find the desired inequality. 


The next theorem shows that in some sense there is an optimal decompo- 
sition. The proof relies on Theorem 13.2.3 above and on the technical Lemma 
9.8.1. 


Theorem 13.3.13. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. If g © G then there exist two ||g||-admissible 
maximal strategies R and U such that g =(R-S)6o —(U+S)ox. 
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Proof. Take a sequence of real numbers such that a, \, ||g||. For each n we 
take H” and K” maximal and a,-admissible such that g = (H”-S).. —(K”- 
S)o. From the Theorem 13.2.3 cited above we deduce that there are convex 
combinations V, € conv{H”, H"*1,...} and W,, € conv{K", K™*?,...4 such 
that (V"- S)o > h and (W"-S), > k. Clearly g = h—k, h > —|Ig|I 
and k > —||g||. However, at this stage we cannot assert that h and/or k are 
maximal. Theorem 13.2.3 above, however, allows us to find a maximal strategy 
R such that (R- S)x~ >h > —|lg||. The strategy R— H! + K' is acceptable 
and satisfies 


(R= H+ K"): 8) = (R+ Slo —g > h-g =k > —(I9ll. 


From the Proposition 13.2.13 above it follows that U = R— H!+ K' is 
||g||-admissible and maximal. By definition of U and R we have that g = 
(R- S)oo — (U + S)oo. 


Corollary 13.3.14. With the notation of the above Theorem 13.3.13: (R- 
S)oo + |lg|| > gt and (U-S)oxo +||g|| = g7. Hence we find 


sup{Eq [a] |Qe M} < |lgll 
sup{Eq |g" | |Q eM} < |lg]]. 


Theorem 13.3.15. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. If g © G then 


iIg|| = sup{Eq [g*] | Q ¢ M} = sup{EQ [g*] | QE M°} 
= sup{Eq (7 | |Qe M} = sup{Eq (7 | |Qe M*} : 


Proof. Put 3 = sup{E@ [g*] | Q € M}, where the random variable g is de- 
composed as g = (H!- S$), — (H*- 9) with H' and H? maximal. From 
Corollary 11.3.5 to Theorem 11.3.4, we recall that there is a maximal strategy 
K' such that gt < 6+ (K1-S) x, implying that K! is G-admissible. The 
strategy K? = K!— H!+ H? is also G-admissible and by Proposition 13.2.13 
therefore maximal. Since kK! — K? = H! — H? we obtain that ||g|| < G. Since 
the opposite inequality is already shown in Corollary 13.3.14, we therefore 
proved the theorem. 


Remark 13.3.16. If Q is a martingale measure for the process (H! — H?)- S, 
then of course Ea[gt] = Ea@|[g ]. But not all elements in the set M are 
martingale measures for this process and hence the equality of the suprema 
does not immediately follow from martingale considerations. 


Theorem 13.3.17. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. The norm of the space G is also given by the 
formula 


2 ||gl| = sup{Ea [lg] | Qe M} = sup{Ea [Ig] | QE M*} . 
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Proof. As in the previous result, for a contingent claim g = (H!-S). — (H?- 
S)oo where H' and H? are maximal admissible, let us put: 
8 = sup{EQ ||g|] | Q ¢ M} 
< sup{Eq [9] |Qe M} + sup{Ea (7 | |Qe M} 
= 2\I9l|. 


From Chap. 11 it follows that there is a maximal strategy K, such that |g| < 
B+(K +S). This inequality shows that 

OF (kK : S)oo) 2 (H" : S)oo Ze (H? . S)oo 

B+((K+S)oo) > (H? + 8)oo — (H* + S)oo - 
As in previous result we obtain that K — H!+ H? and K — H? + H! are (- 
admissible and maximal. Since 2(H!— H?) = (K —H?+H')—(K-H'+H_”), 
we obtain the inequality ||2 g|| < @. 


Corollary 13.3.18. Suppose that S' is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. If g € G, then there is a sequence of elements 
Qn € M® such that 


(1) Eq,, [9*] — sup{EQ [gt] | Qe M}, 
(2) Ea, [9-] — sup{Ea@ [97] | QE M}, 
(3) Eg, [lgl] > sup{Ea [gl] | Qe M} . 


Proof. It suffices to take a sequence that satisfies the third line. 


Remark and Example 13.3.19. For a contingent claim f € K™* we do 
not necessarily have that 


[fll =inf{a| feKa}. 


Indeed take a process S' such that there is only one risk neutral measure Q. In 
this case the norm on the space G is (half) the L'(Q)-norm. As is well-known 
the market is complete (see e.g. Chap. 9) and G = {f | f € L1(Q), Ea[f] = 0}. 
It follows that K™* = {f | f € L'(Q), Ea[f] =0, f > —a}. This cone may 
contain contingent claims with || f~||.. = a and with arbitrary small L1(Q)- 
norm. 

This example also shows that the space G, which in this example is a hy- 
perplane in Z!, can be isomorphic to an L1-space. It also shows that the 
cone K™** is not necessarily closed. Indeed the cone K™* contains all con- 
tingent claims f ¢ L® with the property Eq[f] = 0. This set is dense in 
G={f|f €L(Q), Eal[f] = 0}. However, we have the following result. 


Proposition 13.3.20. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. The cones K™** are closed in the space G. 


Proof. Take a sequence f,, in K°* and tending to f for the norm of G. Since 
clearly f > —a, the contingent claim f is the outcome of an admissible and 
by Corollary 13.2.19, also of a maximal strategy. 
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We now show that the space G is complete. This is of course very impor- 
tant if one wants to apply the powerful tools of functional analysis. The proof 
uses Theorem 13.3.13 and Corollary 13.2.17 above and in fact especially Corol- 
lary 13.2.17 suggests that the space is complete. After the proof of the theorem 
we will give some examples in order to show what kind of space G can be. 


Theorem 13.4.1. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. The space G, || .|| is complete, i.e. it is a Ba- 
nach space. 


Proof. We have to show that each Cauchy sequence converges. This is equiv- 
alent to the statement that every series of contingent claims whose norms 
form a convergent series, actually converges. So we start with a sequence 
(gn)n>1 in G such that 57,5, |lgn|| < oo. For each n we take according to 
Theorem 13.3.13 above, two ||gn||-admissible maximal strategies H” and L” 
such that gn = (H"- S)oo — (L” + S)oo. Since 7,5; ||gn|] converges, Proposi- 
tion 13.2.16 above shows that h = >>, 5, (H"-S)oo and 1 = 90,.,(L"- S)oo 
converge and define the maximal contingent claims h and /. Put now g = h—1, 
clearly an element of the space G. We still have to show that the series actually 
converge to g for the norm defined on G. But this is obvious since 


n=N 
9- >) n= (= (H”-S),,- >~ 5), 


n>N n>N 


and each term on the right hand side defines, according to Corollary 13.2.17, 
a maximal contingent claim that is generated by a >°,,. y ||Gn||-admissible 
strategy. This remainder series tends to zero which completes the proof of the 
theorem. 


Theorem 13.4.2. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. If (fn)n>1 18 @ sequence that converges in G 
to a contingent claim f and if for each n, fn = (H"-S) with H” workable, 
then there is an element Q € M® such that all H"-S are uniformly integrable 
Q-martingales as well as a workable strategy H such that the martingales 
H” - S converge in L‘(Q) to the martingale H- S. 


Proof. Take Q € M® such that all (H”- S),>1 are Q-uniformly integrable 
martingales. Such a probability exists by Corollary 13.2.18. The rest is obvious 
and follows from the inequality ||g|| > ||g||z1(q)- 


Theorem 13.4.3. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. If (fn)n>1 is a sequence tending to f in the 
space G, then there are maximal admissible contingent claims (gn,hn) ys in 
K™* such that fr = Gn — hn and such that gn — g © K™*, hy 9 hE K™*, 
both convergences hold for the norm of G. 
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Proof. We first show that the statement of the theorem holds for a well-chosen 
subsequence (nx)x>1. Afterwards we will fill in the remaining gaps. 

The subsequence nx is chosen so that for all N > ng we have || f — fr|| < 
2-*-!. Tt follows that || fny4: — Snell < 27%, for all k. We take, according 
to Theorem 13.3.13, contingent claims in K™*, denoted by (Wx, ~x)e>1 such 
that 


fn = V1 -— 91 
Fress — fry = Vk - Pk 


and such that w, and yx are 2—-*_admissible for k > 2. Let Gny = an wW 
and hn, = ee yi. By Corollary 13.2.17 and the reasoning in the proof of 
Theorem 13.4.1, these sequences converge in the norm of G to respectively g 
and h. Furthermore fn, = 9n, — hn, and hence f=g—h. 

We now fill in the gaps Jinx, ne41[. For ng <n < n%41 we choose maximal 
2-*-admissible contingent claims p, and a, such that f, — fing = Pn — On. To 
complete the proof we just have to check the obvious fact that gn = gn, + Pn 
and hyn = hn, + On satisfy the requirements of the theorem. 


We will now discuss an example that serves as an illustration of what can 
go wrong in an incomplete market. 


Example 13.4.4. The example is a slight modification of the example presented 
in Chap. 10, see also [S 93]. We start with a two-dimensional standard Brown- 
ian motion (B,W), with its natural filtration (F;);>0. For the price process S$ 
we take a stochastic volatility process defined as dS; = (2+ arctan (W;))dBy. 
It is clear that the natural filtration of S is precisely (F;):>0. Furthermore 
it is easy to see that the set of stochastic integrals with respect to S' is the 
same as the set of stochastic integrals with respect to B. We will use this 
fact without further notice. We define L = €(B) and Z = E(W), where € 
denotes the stochastic exponential. The stopping times 7 and o are defined 
as T = inf{t | L, < $} and o = inf{t | Z, > 2}. The process X is defined as 
X = L"’’. The measure Q is nothing else but dQ = Z,,,dP. For the process 
X and the measure Q, the following hold: 


(1) The process X is continuous, strictly positive, also X.. > 0a.s. and Xo = 
1, it is a local martingale for P, i.e. P € M®*, 

(2) under P, the process X is a strict local martingale, i.e. Ep[X] < 1, 

(3) for each t < co the stopped process X* is a P-uniformly integrable mar- 
tingale, 

(4) there is an equivalent probability measure Q € M¢® for which X becomes 
a Q-uniformly integrable martingale. 


Let us now verify some additional features. 


Proposition 13.4.5. In the setting of the above example, the space G° is not 
dense inG. In fact even the closure of L®© for the norm ||g|| = 4sup{|gl|z1(q) | 
Qe M°*}, does not contain G as a subset. 
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Proof. For each t < oo we clearly have that f; = X; —1 © G. Suppose now 
that the contingent claim f.. is in the closure of the space D° for the norm 
Ilgll = $ sup{llgllz1~qy | Q € M°}. Fore = — Elf! > 0 we can find g bounded 
such that for all Q € M® we have ||g — foo|| < ¢. For the measure P we find 
Ep || foo — g|| < © and hence for each t < oo we have, by taking conditional 


expectations, 
Ep||fe— Ep [9 | Full] <e. 


In particular, since E[f;] = 0 for each t < 00, we have Ep|g] = E[Ep|g 
Fil] > —e. This in turn implies that Ep|f..] > —2¢ a contradiction to the 
choice of €. 


Theorem 13.4.6. In the setting of the above example, the Banach space G 
contains a subspace isometric to (°°. In other words there is an isometry 
u:l° — G. Moreover u can be chosen such that u(l) CG. 


Proof. We start with a partition of 0 into a sequence of pairwise disjoint sets, 
defined by the process W. More precisely we put A, = {W, €] — ov, 1]} and 
for n > 2 we put A, = {W, €]n—1,n]}. Let M be the stochastic exponential 
M = €(B — B') and let the stopping time T be defined as 


T =inf{t | M; > 2}. 


The sequence that we will use to construct the subspace isometric to 0° is 
defined as 
fn =2(Mr —1)1a,. 


For each n and each « > 0 there is a real number a(n,¢) depending only 
on € and n such that the random variable ¢(n,¢) = a(n,€)1a, + €ly,, 2, Am 
is strictly positive and defines a density for a measure dQ,,- = o(n,¢)dP 
which is necessarily in M®, since the random variable ¢(n,¢) can be written 
as a stochastic integral with respect to W. It is clear that Qn,-[An] > 1 —e. 
This shows that for each n, sup{Q[A,] | Q € M°*}=1. 

Clearly each f,, is a 2-admissible maximal contingent claim. Since for each 
measure Q € M® we have Q[fn = 2 | Fi] = Q[fn = —2 | Fi] = $1a,, we 
obtain that || fn||z1(q) = 2Q(An), hence for the G-norm we find || f;,|| = 1. 

We now show that for each x € °° we can define a contingent claim 


u(x) = So ofr EG. 


k>1 


If x = (@m)x>1 is an element of @° and if m is a natural number, we denote 
by x™ the element defined as x7” = x, if k < mand x7" = 0 otherwise. Let us 
already put u(z™) = oy, vif. Now if x is a positive element in (~ then 
the sequence (u(x’”)),,5, is a sequence converging in L'(Q) to a contingent 
claim u(x) = S072, we fe and this for each Q € M°. By Corollary 13.2.19 and 
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Theorem 13.2.5, the random variable u(x) is in G. For arbitrary x we split 
into the positive and the negative part. This defines a linear mapping from 
£° into G. For each Q € M® we have that u(x) = 0°, ee fe, where the sum 
actually converges in L1(Q). Let us now calculate the norm of u(x). For an 
arbitrary measure Q € M¢& we find 


le(2)Ilacqy < / Sekine 
k=1 
and hence we have 
|u(x)|] < sup ext. 


Take now for ¢ > 0 given, an index & such that sup, |vx| > ||z||o0 — ¢. Take 
the measure Q;,- as above. 
We find that 


Iu)cra..) =f lu(aylo(t,=) aP 
> a(k,€)|a~|2P[Axg] . 
Since clearly a(k,¢)P[A;] > 1—-— we find that 
Ilu(@)[121(Qx,2) 2 ([l4lloo — €) 201 — €). 
Because € > 0 was arbitrary we find that 
Ilu(a:) I] = []2XIlo0 - 


The linear mapping is therefore an isometry. Furthermore it is easily seen that 
for each x € £*° we have u(x) € G™. 


Theorem 13.4.7. In the setting of the above example, there is a contingent 
claim f inG such that for each Q € M® we have Eq|f] = 0, but such that f 
is not in the closure of G°. 


Proof. We will make use of the notation and proof of the preceding theorem. 
So we take the same sequence (Ay)n>1 as above. This time we introduce 
stopping times 

Tp = inf{t | M, >n+1} 


and functions 
fn = (Mr, — 1) 1a, - 


Exactly as in the previous proof one shows that the contingent claim f = 
haan fn is in G and has norm 1. Suppose now that h is a bounded variable in 
G. We will show that || — h|| > 1. For each n we take an element Q, € M° 
such that Q[A,,] > 1— +; such an element surely exists. Because Q[fn =n | 
Fn] = 414,, we find for n > ||hl|.0, that 
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Ba,[(f—h)*] 2 (1-2) 2n= Its 


=(+-4) (i) 


From Theorem 13.3.17 we can now deduce that the distance of f to G™ is 
precisely equal to 1. 


This completes the discussion of the Example 13.4.4. 


Example 13.4.8. This is an example showing that the space G can be one- 
dimensional, whereas the set M° remains very big. For this we take a finite 
time set [0,1], and we take 2 = [0,1] with the Lebesgue measure. For t < 1, 
we put F; equal to the o-algebra generated by the zero sets with respect to 
Lebesgue-measure. For t = 1 we put F; equal to the o-algebra of all Lebesgue- 
measurable sets. The price process is defined as S; = 0 for t < 1 and $)(w) = 
w — 4. Of course G = span($;). The set M° is the set {f | f > 0, fot - 
4) f(t) dt = 0}. This set is big in the sense that it is not relatively weakly 
compact in L1(0, 1). 


Example 13.4.9. This example shows that the space G can actually be iso- 
morphic to an L°°-space. The example is constructed is the same spirit as the 
previous one. We take [0,2] as the time set and 2 = [—1, 1] x [—1, 1] with the 
two-dimensional Lebesgue measure. Let g1, respectively gz, be the first and 
second coordinate projection defined on 2. For t < 1 the o-algebra F; is the 
o-algebra generated by the zero sets, for 1 < t < 2 we have F; = o(Fo, gi) and 
Fo = o(Fi,92), which is also the o-algebra of Lebesgue-measurable subsets 
of Q. The process S$ is defined as S$; = 0 for t < 1, S; = g; for 1 <t < 2 and 
So = gi + g2. We remark that the filtration is generated by the process S. 

Clearly (H - S)2 €G if and only if it is of the form (H- S)z = agi +hgo, 
where h is F;-measurable and bounded. This implies that G can be identified 
with R x L°(Q,F1,P). We will not calculate the norm of the space G, but 
instead we will use the closed graph theorem to see that this norm is equivalent 
to the norm defined as ||(a, A)|| = Ja] + ||h||o0- It follows that G is isomorphic 
to an D°°-space. 


Example 13.4.10. The following example is in the same style as the process S$ 
has exactly one jump. But this time the behaviour of the process S before the 
jump is such that the space G is not of L-type. 

We start with the one-dimensional Brownian motion W, starting at zero 
and with its natural filtration (Hy) )<,<,. At time t = 1 we add a jump g uni- 
formly distributed over the interval [—1, 1] and independent of the Brownian 
motion W. So the price process becomes S; = W; for t <1 and S$; = W +g. 
The filtration becomes, up to null sets, F; = H; for t < 1 and Fy = o(Mi, g). 
For simplicity we assume that this process is defined on the probability space 
Q x [—1,+1] where Q is the trajectory space of Brownian motion, equipped 
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with the usual Wiener measure P and where we take the uniform distribution 
m on [—1,+1] as the second factor. The measure is therefore P x m. 

The set of equivalent local martingales measures can also be characterised. 
Since Brownian motion has only one local martingale measure we see that for 
each Q € M¢® and for each t < 1 we have that Q = P on the o-algebra F; = 
H,. Therefore also Q = P on H,. From the existence theorem of conditional 
distributions, or the desintegration theorem of measures, we then learn that Q 
is necessarily of the form Q[dw x dz] = P[dw],1.,[dxz], where yz is a probability 
kernel p: Qx B[—1, +1] — [0, 1], measurable for 11. In order for Q to be a local 
martingale measure sj should satisfy [-1,41) © Mw (dx) = 0 for almost all w. In 
order to be equivalent to P x m, a.s. the measure Ly Should be equivalent to 
m. This can easily be seen by using the density of Q with respect to P x m. 

If H is a predictable strategy then it is clear that it is predictable with 
respect to the filtration of the Brownian motion. A strategy H is therefore 
S-integrable if and only if ie H? dt < ow as.. It follows that a necessary 
condition for a predictable process H to be 1-admissible is H-W > —1. We 
can change the value of H at time 1 without perturbing the integral H.-W. 
In order to obtain a characterisation of 1-admissible integrands for S', we only 
need a condition on Hj in order to have, in addition, that (H-S'); > —1. The 
outcome at time 1 is (H-S'); = (H-W),+4+ Hi g and this is almost surely bigger 
than —1 if and only if |Ay| < 1+ (H-W), almost surely. If we are looking for 
1-admissible maximal contingent claims the condition on H becomes 


(1) H-W isa uniformly integrable martingale for P and f = (H-W),; >-1 
(2) |Hi| <1+f. 


From this it follows that a random variable k is in G if and only if it is of the 
form 


k= fi — fot+g (hi — he) 
where 


(1) fi, fo, hi, hg are Hi-measurable; 

(2) fi, fo > —a for some positive real number a; 

(3) Ep[fi] = Ep|[ fa] = 0; 

(4) |hy| < a+ fi and |hg| < a+ fo. 

If we want to find a better description we observe that if f is 7{,-measurable, 
integrable and positive then we can take f; = fo = f — Ep[f] and hence the 
condition on h; and hg becomes |h1|, |ha| < f. It follows that the space G is 
the space of all functions k of the form 


f+gh 
where 


Ep[f] = 0 and where h, f are both 71-measurable and integrable. 
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The norm on the space G can be calculated using Theorem 13.3.17 above and 
using the characterisation of the measures in M°. We find 


2\|f + gh|| = sup Ep 
Le 


i if +2] ode) 
[—1,+1] 


For given w the measure ju,,(dxz) on [—1, +1] that maximises Seay |f +2 h| 
Xflw(dx) and that satisfies Jay x Ly (dx) = 0 is according to balayage ar- 
guments (repeated application of Jensen’s inequality) the measure that gives 
mass 4 to both —1 and +1. This measure does not satisfy the requirements 
since it is not equivalent to the measure m on [—1, 1]. But an easy approxi- 
mation argument shows nevertheless that 


th +if—Al] 


aI +9 hl] = Ep . 


This can be rewritten as 
2\|f + gh|| = Ep [max(|f|,|h|)] . 


This equality shows that G is isomorphic to an L!-space. 


13.5 The Value of Maximal Admissible 
Contingent Claims on the Set M¢° 


As shown in Example 13.4.4, maximal contingent claims f may have different 
expected values for different measures in M°. In Chap. 10 we showed that 
under rather general conditions such a phenomenon is generic for incomplete 
markets. More precisely we have: 


Theorem 13.5.1. (Theorem 10.3.1) Suppose that S is a continuous d- 
dimensional semi-martingale with the (NFLVR) property. If there is a contin- 
uous local martingale W such that (W, S) = 0 but d(W,W) is not singular to 
d(S,S), then for each R. in M®, there is a maximal contingent claim f € Ky 
such that Er[f] < 0. 


The preceding theorem brings up the question whether for given f € K™*, 
the set of measures Q € M® such that Ea|f] = 0 is big. 


Theorem 13.5.2. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. If f is a maximal contingent claim i.e. f € 
Kk™* then the mapping 


@: M(S) — R 
Q +> Edif] 
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is lower semi-continuous for the weak topology o(L'(P), L®(P)). In particu- 
lar the set {Q | Q € M;Eg|f] =0} ts a G5-set (with respect to the weak and 
therefore also for the strong topology) in M. Furthermore this set is convex 
and {Q|Q € M°; Eg|f] = 0} ts strongly dense in M. In particular as M is 
a complete metric space with respect to the strong topology of L'(P), the set 
{Q | Qe M;Eg|f] = 0} is of second category. 


Proof. The lower semi-continuity is a consequence of Fatou’s lemma and the 
fact that for convex sets weak and strong closedness are equivalent. 

The convexity follows from Eg[f] < 0 for every Qe M. 

By the convexity of the set {Q | Q © M°; Eg|f] = 0}, it only remains to 
be shown that the set {Q | Q € M°;Eg|f] = 0} is norm dense in M°®, the 
latter being norm dense in M. 

Take Q® € M® such that Ego[f] = 0. Since f is maximal such a measure 
exists. Since f is maximal there is a strategy H such that H-S is a Q°- 
uniformly integrable martingale and such that f = (H-S)... We may suppose 
that the process V = 1+ H-S remains bounded away from zero. 

Take now Q € M¢® and let Z be the cadlag martingale defined by 


For each n, a natural number, we define the stopping time 
T, = inf{t | Z>n}. 


Clearly the process VZ is a Q°-local martingale and being positive it is 
a super-martingale. Therefore we have that Vr, Zr, is in L1(Q°). It follows 
that (VZ)"™ <nV+Vr, Zr, and hence the process (VZ)"™ is a uniformly in- 
tegrable martingale. Therefore Ego [Vr, Zr, ] = 1 and the measure Q” defined 
as dQ” = Zr,dQ? satisfies Eq» [Vr] = 1. Since Egn[Vio] = Eq»[Vr,] = 1 
we clearly have Q” € {R | RE M°; Er[f] = 0}. Since Q” tends to Q in the 
L'-norm, the proof of the theorem is completed. 


Corollary 13.5.3. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. If V is a separable subspace of G, then the 
convex set 


{Q| Qe M*; Eq[f] =0 for all f € V} 
is dense in M with respect to the norm topology of L'(Q,F,P). 
Proof. We may and do suppose that there is sequence of maximal contingent 


claims in V, (fn)n>1 such that the sequence {fn — fm | > 1;m > 1} is dense 
in V, occasionally we enlarge the space V. Obviously 


{Q| Qe M;Eg|f] = 0 for all f e V} 
={Q|QeM;EoQ[fn] =0 for alln > 1}. 
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For each n the set {Q | Q € M;Ea|fn] = 0} is a norm dense and (for the 
norm topology) a G'5-set in M. Since M is a complete space for the L+-norm, 
we may apply Baire’s category theorem. Therefore the intersection over all n, 
{Q | Q € M; for all n: Ea@[fn] = 0} is still a dense G5-set of M. Because, 
by corollary 13.2.18, the set {Q | Q € M¢®; for all n: Eg[f,] = 0} is non- 
empty, an easy argument using convex combinations yields that {Q | Q € 
M°; Eg[f] =0 for all f € V} is dense in M. 


Corollary 13.5.4. If S is a continuous d-dimensional semi-martingale with 
the (NFLVR) property, if there is a continuous local martingale W such that 
(W, S) =0 but d(W,W) is not singular to d(S,S), then G is not a separable 


Space. 


Proof. This follows from the previous corollary and from Theorem 13.5.1 
above. 


13.6 The Space G under a Numéraire Change 


If we change the numéraire, e.g. we change from one reference currency to 
another, what will happen with the space G? Referring to Chap. 11 and espe- 
cially the proofs of Theorem 11.4.2 and 11.4.4 therein, we expect that there 
is an obvious transformation which should be the mathematical translation 
of the change of currency. More precisely we want the contingent claims of 
G to be multiplied with the exchange ratio between the two currencies. This 
section will give some precise information on this problem. 

We start with the investigation of how the set of equivalent martingale 
measures is changed. 

Suppose that V is a strictly positive process of the form V = H-S+1 where 
1+(H-S) is strictly positive and where (H - S),, is maximal admissible. 
Suppose also that the process va is locally bounded. This hypothesis allows 
us to use, without restriction, the theory developed so far. With each element 
R of M(S) we asssociate the measure R defined by dR = V,,dR. Of course 
this measure is not a probability measure since we do not necessarily have 
that ER[Vx] = 1. But from Theorem 13.5.2 above it follows, however, that 
the set G = {Q € M(S) | Eq[V.] = 1} is a dense G5-set of M(S). Likewise 
the set G = {Q eM (3, +) | Fol] = i} is a dense G'5-set of M (3, +). 
The following theorem is obvious. 


Theorem 13.6.1. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. With the above notations, the relation dR = 
VoodR, defines a bijection between the sets G and G. 


In the following theorem we make use of the notation introduced in The- 
orem 13.3.2. The space G(S) is the space of workable contingent claims that 
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is constructed with the d-dimensional process S, the space G (3, +) is the 
space of workable contingent claims constructed with the (d+ 1)-dimensional 
process (3, va ‘ 

Theorem 13.6.2. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. Suppose that V is a strictly positive process 
of the form V = H-S+1 where 1+(H-S)q is strictly positive and where 
(H-S).. is maximal admissible. Suppose that the process + is locally bounded. 
The mapping 

g: GS) — GF, y) 


i 
g : Vos 


defines an isometry between G(S) = G(S,1) and G(s, +). 


Proof. Suppose V = H.-S +1 where 1+ (H.-S) is strictly positive and 
where (H - S).. is maximal admissible. Take an admissible, with respect to 
the process S, strategy K. The process aS is the outcome of the strategy 
K' = (K,(K-S)_ — KS_), see also the Remark 13.2.10 above and Chap. 11. 
From Theorem 13.2.5 above it follows that there is an element Q ¢ M® such 
that EQ|(K- S)oo] = 0 and such that E@[V.] = 1. The measure Q defined 
as dQ = Vs. dQ is therefore an pare of M (3, 7) such that Ee ala 2] = =0. 
It follows that the contingent claim ~ —1 is maximal and ndtiicgble: for the 
process (3, 7) and hence the contingent claim as is workable. It follows 
that the mapping y maps K™**, and hence also G(S), into G (2, 7): 

If we apply the numéraire + to the system (2,4) we find the (d+ 1)- 
dimensional process (5, V). However, because V is given by a stochastic in- 
tegral with respect to S, we have that G(S,V) = G(S). It follows that the 
mapping that associates with each element k € G (3, 7): the element kV, 
maps G (3, 7) into G(S). The mapping ¢ is clearly bijective. 

Let G ={Q €M(S)|E@[Vx]=1} and G={Q eM(s 
Since both sets are dense in, respectively, M(S') and M 
that for every element g € G(S), 


2lgl| = sup{Eallgl] | Q €M(S)} 
= sup{Ballgl] | Q € G} 


on | 92] 
~on(t| || = (S8)} he 


This shows that vy is also an isometry. 


)|Balp-]=1}- 


es it is clear 
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Remark 18.6.3. The previous theorem shows that G is a numéraire invariant 
space provided we only accept numéraire changes induced by maximal admis- 
sible contingent claims. 


13.7 The Closure of G® and Related Problems 


In this section we will study the contingent claims of K™** that are in the 
closure of G°°. The characterisation is done using either uniform convergence 
over the set M° or using the set M°*. Before we start the program, we first 
recall some notions from integration theory with respect to finitely additive 
measures; we refer to Dunford-Schwartz [DS 58] for details. 

Let yu be a finitely additive measure that is in ba(Q,F,P). A measurable 
function f (we continue to identify functions that are equal P-a.s.), defined 
on Q is called p-measurable if for each ¢ > 0 there is a bounded measurable 
function g such that p{w | |f(w) — g(w)| > e} < ©. The reader can check 
that since F is a o-algebra, this definition coincides with [DS 58, Definition 
10]. We say that a z-measurable function f is y-integrable if and only if there 
is sequence (gn)n>1 of bounded measurable functions such that gn converges 
in p-measure to f and such that E,,[|gn — gm|] tends to zero if n,m tend to 
oo. In this case one defines E,,[f] = limn—oo Ey, [gn] as the p-integral E,,[f] 
of f. In case f is bounded from below the p:-integrability of f implies via the 
dominated convergence theorem, valid also for finitely additive measures, that 
E|f — f An] tends to zero as n tends to co. Contingent claims g of G® are 
u-integrable for all yp € M°* and moreover we trivially have E,,[g] = 0 since 
Ealg] = 0 for all Qe M®. 


Proposition 13.7.1. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. If f € K™* and p € M°*, then f is 
p-integrable and E,[f] < 0. Also pif > nj < Allyl a uniform bound over 
pw € M®**. In particular for each wp € M°* and each f € K™* we find that 
f An tends to f in u-measure and E,,[f An] tends to E,,[f] as n tends to 
infinity. 


Proof. We only have to prove the statement for contingent claims f that 
are l-admissible and maximal. So suppose that f is such a contingent claim. 
By the optional stopping theorem, or by the maximal inequality for super- 
martingales, we find that for all Q © M®°, we have that Q[f > n] < 1. 
The set M® is o(ba, L®)-dense in M°* (see Remark 9.5.10), hence we obtain 
that p[f > n] < + for all n. Since pif —f An > 0] < wif =n) < 4, 
the measurability follows for functions f that are 1-admissible and maximal. 
The general case follows by splitting f as f = g — h where each g and h are 
|| f ||-admissible and by the fact that {|f| >} C {|g] > $}U{|h| > F}. 

To see that for » € M°*, the integral E,,[f] exists and is negative, let us 
first observe that for all n and all Q € M¢® we have that Ea[f An] < 0. This 
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implies that for all n, necessarily, E,,[f An] < 0. The sequence E,,[f A n] is 
increasing and bounded above, so it converges and since f An tends to f in 
i-measure the lim, E,,[f An] is necessarily the integral of f with respect 
to py. It follows that also E,,[f] < 0. 


In the same style we can prove that f € K™* is the limit of a sequence 
obtained by stopping. If f is of the form f = (H- S$). for some S-integrable 
admissible process H, let for n > 1: 


Ty = inf{t | (H-S), >n}. 


Proposition 13.7.2. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. If f is 1-admissible and mazimal and 
if we M°*, then fr, tends to f in u-measure. 


Proof. Simply remark that for each Q € M®°, we have Q[T;, < co] < +. 


Theorem 13.7.3. Suppose that S is a locally bounded semi-martingale that 
satisfies the (NFLVR) property. If f is in the closure G® of G, then E,,[f] = 0 
for each p € M°, 


Proof. Take (f”)n>1 a sequence of bounded contingent claims in G that tends 
to f for the topology of G. This means that sup{||f — f”||z1;q) | Q © M°} 
tends to zero. In particular the sequence (f”)n>1 is a Cauchy sequence in G 
and hence for all yp € M°* we have that E,,[|f” — f™|] tends to zero as n,m 
tend to infinity. Since, as easily seen, the sequence (f”)n>1 tends to f in p- 
measure, we obtain that f is p-integrable and E,,[f] = limn—.o E,,[f”] = 0. 


Proposition 13.7.4. Suppose that S is a locally bounded semi-martingale 
that satisfies the (NFLVR) property. Suppose f © K™™* and f = (H-S'). for 
a maximal strategy H. If for each p € M®* the function f satisfies E,,[f] = 0, 
then for each stopping time T and each p € M°*, the function fr is p- 
integrable and satisfies E,,[ fr] = 0. 


Proof. We already showed that fr is in G and hence is p-integrable for all 
we M and that E,[fr] <0 for all p in M2, 

Let us prove the opposite inequality. The sequence E,,|[f An] of continuous 
functions on M°? tends increasingly to 0. As follows from Dini’s theorem, we 
have that for each 6 > 0 there is a number n such that Ea[f An] > —6 for 
all Q € M®. But for each Q € M® we have that Eg|f | Fr] = fr and hence 
that Ea|[f An | Fr] < fr An. This implies that for all Q ¢ M¢® and for all n 
large enough, we have Ea|[fr/An| > —6. We therefore obtain that E,,[fr] > 0. 
Since the converse inequality was already shown we obtain E,,[fr] = 0. 


The converse of Theorem 13.7.3 is less trivial and we need the extra as- 
sumption that S is continuous. 
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Theorem 13.7.5. Suppose that S is continuous and satisfies the (NFLVR) 
property. Suppose that f € K™** and suppose also that for each p € M>* we 
have E,,[f] =0, then f eGo. 


Proof. Let H be a maximal acceptable strategy such that (H-S'). = f. For 
each n > 1 put T,, = inf{t| |(H-S):| > n} which is the first time the process 
H.-S exits the interval [—n,+n]. Clearly f" = (H-S)7,, defines a sequence 
in G® and we will show that f” tends to f in the topology of G. Because 
—E,|[f An] tends decreasingly to 0 for n tending to infinity we infer from 
Dini’s theorem and Theorem 13.5.2 that inf{E,[f An] | u € M°*} tends 
to zero. It follows that sup{Ea[f — f An] | Q © M®} tends to zero as n 
tends to infinity. Because (f — f")* = (f —n)t = (f — f An) we see that 
also sup{Ea@|(f — f”)t] | Q € M°*} tends to zero as n tends to infinity. By 
Theorem 13.3.15 this means that f” tends to f for the norm on G. 


Remark 18.7.6. The continuity assumption was only needed to obtain bounded 
contingent claims and could be replaced by the assumption that the jumps of 
H.-S were bounded. 


Example 13.7.7 (Addendum). In the following corollary we use the same no- 
tation as in Sect. 13.4, Example 13.4.4 and Theorem 13.4.7. Recall that the 
contingent claim f = 77°, fn satisfies Ea[f] = 0 for all Q eM. 


Corollary 13.7.8. The function f = 77-1 fn is in K™™ but its integral with 
respect to up € M°* is not always zero. 


Proof. Indeed if it were, then f would be in G®. 


14 


The Fundamental Theorem of Asset Pricing 
for Unbounded Stochastic Processes (1998) 


14.1 Introduction 


The topic of the present paper is the statement and proof of the subsequent 
Fundamental Theorem of Asset Pricing in a general version for not necessarily 
locally bounded semi-martingales: 


Main Theorem 14.1.1. Let S = (Si)rer, be an R¢-valued semi-martingale 
defined on the stochastic base (Q, F,(Fi)rer,,P). 

Then S' satisfies the condition of no free lunch with vanishing risk if and 
only if there exists a probability measure Q ~ P such that S is a sigma- 
martingale with respect to Q. 


This theorem has been proved under the additional assumption that the 
process S' is locally bounded in Chap. 9. Under this additional assumption 
one may replace the term “sigma-martingale” above by the term “local mar- 
tingale”. 

We refer to Chap. 9 for the history of this theorem, which goes back to 
the seminal work of Harrison, Kreps and Pliska ({HK 79], [HP 81], [K 81]) 
and which is of central importance in the applications of stochastic calculus 
to Mathematical Finance. We also refer to Chap. 9 for the definition of the 
concept of no free lunch with vanishing risk which is a mild strengthening of 
the concept of no-arbitrage. 

On the other hand, to the best of our knowledge, the second central concept 
in the above theorem, the notion of a sigma-martingale (see Definition 14.2.1 
below) has not been considered previously in the context of Mathematical 
Finance. In a way, this is surprising, as we shall see in Remark 14.2.4 that 
this concept is very well-suited for the applications in Mathematical Finance, 
where one is interested not so much in the process S' itself but rather in 
the family (H - S) of stochastic integrals on the process S, where H runs 


[DS 98] The Fundamental Theorem of Asset Pricing for Unbounded Stochastic 
Processes. Mathematische Annalen, vol 312, pp. 215-250, (1998). 


280 14 The FTAP for Unbounded Stochastic Processes 


through the S-integrable predictable processes satisfying a suitable admissi- 
bility condition (see [HP 81], Chap. 9 and Sections 14.4 and 14.5 below). The 
concept of sigma-martingales, which relates to martingales similarly as sigma- 
finite measures relate to finite measures, has been introduced by C.S. Chou 
and M. Emery ({C 77], [E 80]) under the name “semi-martingales de la classe 
(Sm)”. We shall show in Sect. 14.2 below (in particular in Example 14.2.3) 
that this concept is indeed natural and unavoidable in our context if we con- 
sider processes S with unbounded jumps. 

The paper is organised as follows: In Sect. 14.2 we recall the definition 
and basic properties of sigma-martingales. In Sect. 14.3 we present the idea 
of the proof of the main theorem by considering the (very) special case of 
a two-step process S = (So, 51) = (S:)#-9- This presentation is mainly for 
expository reasons in order to present the basic idea without burying it under 
the technicalities needed for the proof in the general case. But, of course, 
the consideration of the two-step case only yields the (n + 1)’th proof of the 
Dalang-Morton-Willinger theorem [DMW 90], i.e., the fundamental theorem 
of asset pricing in finite discrete time (for alternative proofs see [S 92], [KK 94], 
[R94]). We end Sect. 14.3 by isolating in Lemma 14.3.5 the basic idea of our 
approach in an abstract setting. 

Sect. 14.4 is devoted to the proof of the main theorem in full generality. 
We shall use the notion of the jump measure associated to a stochastic process 
and its compensator as presented, e.g., in [JS 87]. 

Sect. 14.5 is devoted to a generalisation of the duality results obtained 
in Chap. 11. These results are then used to identify the hedgeable elements 
as maximal elements in the cone of w-admissible outcomes. The concept of 
w-adiissible integrand is a natural generalisation to the non- locally bounded 
case of the previously used concept of admissible integrand. 

In [K 97] Y.M. Kabanov also presents a proof of our main theorem. This 
proof is based on Chap. 9 and the ideas of the present paper, but the technical 
aspects are worked out in a different way. 

For unexplained notation and for further background on the main theorem 
we refer to Chap. 9. 


14.2 Sigma-martingales 


In this section we recall a concept which has been introduced by C.S. Chou 
[C77] and M. Emery [E80] under the name “semi-martingales de la classe 
(Sm)”. This notion will play a central role in the present context. We take 
the liberty to baptize this notion as “sigma-martingales”. We choose this name 
as the relation between martingales and sigma-martingales is somewhat anal- 
ogous to the relation between finite and sigma-finite measures (compare [E 80, 
Proposition 2]). Other researchers prefer the name martingale transform. 
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Definition 14.2.1. An R¢-valued semi-martingale X = (Xi)t>0 18 called 
a sigma-martingale if there exists an R¢-valued martingale M and an M- 
integrable predictable R +-valued process p such that X =yp-M. 


We refer to [E 80, Proposition 2] for several equivalent reformulations of 
this definition and we now essentially reproduce the basic example given by 
M. Emery [E 80, p. 152] which highlights the difference between the notion of 
a martingale (or, more generally, a local martingale) and a sigma-martingale. 


Example 14.2.2 ([E 80]). A sigma-martingale which is not a local martingale. 
Let the stochastic base (2,7, P) be such that there are two independent 
stopping times T and U defined on it, both having an exponential distribution 
with parameter 1. 
Define M by 


0 fort<TAU 
M=<1 = fort >TAU andT=TAU 
—-1 fort >TAU andU=TWAU. 


It is easy to verify that M is almost surely well-defined and is indeed 
a martingale with respect to the filtration (F;)rer, generated by M. The 
deterministic (and therefore predictable) process y; = ; is M-integrable (in 
the sense of Stieltjes) and X = y- M is well-defined: 


0 fort <<TAU 
Xi=4 pp fort >TAU and T=TAU 
—ga fort >TAU andU=TAU. 


But X fails to be a martingale as E[|X,|] = oo, for all t > 0, and it 
is not hard to see that X also fails to be a local martingale (see [E80]), as 
E[|Xr|] = 00 for each stopping time T that is not identically zero. But, of 
course, X is a sigma-martingale. 


We shall be interested in the class of semi-martingales S which admit an 
equivalent measure under which they are a sigma-martingale. We shall present 
an example of an R?-valued process $ which admits an equivalent sigma- 
martingale measure (which in fact is unique) but which does not admit an 
equivalent local martingale measure. This example will be a slight extension 
of Emery’s example. 

The reader should note that in Emery’s Example 14.2.2 above one may 
replace the measure P by an equivalent measure Q such that X is a true 
martingale under Q. For example, choose Q such that under this new measure 
T and U are independent and distributed according to a law zon R + such that 
pt is equivalent to the exponential law (i.e., equivalent to Lebesgue-measure 
on R) and such that E, [$] < co. 
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Example 14.2.8. A sigma-martingale S which does not admit an equivalent 
local martingale measure. 

With the notation of the above example define the R?-valued process S = 
($1, $7) by letting S' = X and S$? the compensated jump at time T A U ice., 


g2 — J ~2t fort <<TAU 
' \(1-2(T AU) fort >TAU. 


(Observe that T A U is exponentially distributed with parameter 2). 

Clearly S? is a martingale with respect to the filtration (F;):er , generated 
by S. 

Denoting by (G:)ter, the filtration generated by S?, it is a well-known 
property of the Poisson-process (see, [J 79, p.347]) that on G the restriction of 
PtoG= Vier, G, is the unique probability measure equivalent to P under 
which S? is a martingale. It follows that P is the only probability measure 
on F = Vice, Ft equivalent to P under which S = (S',S?) is a sigma- 
martingale. 

As S fails to be a local martingale under P (its first coordinate fails to be 
so) we have exhibited a sigma-martingale for which there does not exist an 
equivalent martingale measure. 


Remark 14.2.4. In the applications to Mathematical Finance and in particu- 
lar in the context of pricing and hedging derivative securities by no-arbitrage 
arguments the object of central interest is the set of stochastic integrals H.-S 
on a given stock price process $, where H runs through the S-integrable pre- 
dictable processes such that the process H - S' satisfies appropriate regularity 
condition. In the present context this regularity condition is the admissibility 
condition H.-S > —M for some M € Rx (see [HP 81], Chap. 9 and Sect. 14.4 
below). In different contexts one might impose an L?(P)-boundedness con- 
dition on the stochastic integral H - S (see, e.g., [K 81], [DH 86], [Str 90), 
[DMSSS 97]). In Sect. 14.5, we shall deal with a different notion of admis- 
sibility, which is adjusted to the case of big jumps. 

Now make the trivial (but nevertheless crucial) observation: passing from 
S to y-S, where ¢ is a strictly positive S-integrable predictable process, does 
not change the set of stochastic integrals. Indeed, we may write 


H-S =(Hyp"')-(¢-8) 


and, of course, the predictable R¢-valued process H is S-integrable iff Hy~ 
is y- S-integrable. 

The moral of this observation: when we are interested only in the set of 
stochastic integrals H- S the requirement that S is a sigma-martingale is just 
as good as the requirement that S' is a true martingale. 

We end this section with two observations which are similar to the results 
in [E80]. The first one stresses the distinction between the notions of a local 
martingale and a sigma-martingale. 
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Proposition 14.2.5. For a semi-martingale X the following assertions are 
equivalent. 


(i) X is a local martingale. 
(ii) X = y-M where the M-integrable, predictable R+-valued process p is 
increasing and M is a local martingale. 
(ii?) X = ~-M where the M-integrable, predictable R4+-valued process p is 
locally bounded and M is a local martingale. 
(iii) X = y-M where the M-integrable, predictable R4+-valued process p is 
increasing and M is a martingale. 
(iii?) X = y- M where the M-integrable, predictable R4+-valued process p is 
locally bounded and M is a martingale. 
(iv) X = y-M where the M-integrable, predictable R4+-valued process p is 
increasing and M is a martingale in H'. 
(iv’) X = y- M where the M-integrable, predictable R+-valued process p is 
locally bounded and M is a martingale in H'. 


We will not prove this proposition as its proof is similar to the proof of 
the next proposition. 


Proposition 14.2.6. For a semi-martingale X the following are equivalent 


(i) X is a sigma-martingale. 

(ii) X = y-M where the M-integrable, predictable R4+-valued process p is 
strictly positive and M is a local martingale. 

(iii) X = y- M where the M-integrable, predictable R4+-valued process p is 
strictly positive and M is a martingale. 

(iv) X = y~-M where the M-integrable, predictable R4+-valued process p is 
strictly positive and M is a martingale in H+. 


Proof. Since (iv) implies (iii) implies (ii), and since obviously (i) is equivalent to 
(iii), we only have to prove that (ii) implies (iv). So suppose that there is a local 
martingale MW as well as a non-negative M-integrable predictable process y 
such that X = y- M. Let (Tn)n>1 be a sequence that localises M in the sense 
that T, is increasing, tends to oo and for each n, M7? is in H!. Put Tp = 0 
and for n > 1, define N” as the H!-martingale N” = (yljr,_,,7,]) - M7. 
Let now N = )>,,s1 Gn N”, where the strictly positive sequence a,, is chosen 
such that >a» ||N”||¥2 < oo. The process N is an H'-martingale. We now 
put w = 1py-0} +9 oy, Gn 17, _1,Ta]- It is easy to check that X = ~-N and 
that w is strictly positive. 


Corollary 14.2.7. A local sigma-martingale is a sigma-martingale. More pre- 
cisely, if X is a semi-martingale and if (Ty),5, 18 an increasing sequence of 
stopping times, tending to oo such that each stopped process X7* is a sigma- 
martingale, then X itself is a sigma-martingale. 
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Proof. For each k take p*, X7* integrable such that y* > 0 on [0,7], o* -X7 
is a uniformly integrable martingale and ||y* -X7*||zz1 < 27". Put Ty = 0 and 
y° = g'1 jo. It is now obvious that y = y° + © ys, o*1yr,_,,74] is strictly 
positive, is X-integrable and is such that y- X is an H'-martingale. 


14.3 One-period Processes 


In this section we shall present the basic idea of the proof of the main theorem 
in the easy context of a process consisting only of one jump. Let So = 0 and 
S, € L°(Q, F, P; R“) be given and consider the stochastic process S$ = (S;)t_9; 
as filtration we choose (F;)/-9 where Fi; = F and Fo is some sub-o-algebra 
of F. At a first stage we shall in addition make the simplifying assumption 
that Fo is trivial, i.e., consists only of null-sets and their complements. In this 
setting the definition of the no-arbitrage condition (NA) (see [DMW 90] or 
Chap. 9) for the process S boils down to the requirement that, for x € R%, 
the condition (x, S') > 0 a.s. implies that (x, S) = 0 a.s., where (., .) denotes 
the inner product in R?. 

From the theorem of Dalang-Morton-Willinger [DMW 90] we deduce that 
the no-arbitrage condition (NA) implies the existence of an equivalent martin- 
gale measure for S,, i.e., a measure Q on (Q., F), Q ~ P, such that Eg [51] = 0. 

By now there are several alternative proofs of the Dalang-Morton-Wil- 
linger theorem known in the literature ((S 92], [KK 94], [R94]) and we shall 
present yet another proof of this theorem in the subsequent lines. While some 
of the known proofs are very elegant (e.g., [R94]) our subsequent proof is 
rather clumsy and heavy. But it is this method which will be extensible to 
the general setting of an R¢-valued (not necessarily locally bounded) semi- 
martingale and will allow us to prove the main theorem in full generality. 

Let us fix some notation: by Adm we denote the convex cone of admissible 
elements of R¢ which consists of those x € R@ such that the random variable 
(x, $1) is (almost surely) uniformly bounded from below. 

By K we denote the convex cone in L°(Q,,P) formed by the admissible 
stochastic integrals on the process S, i.e., 


K = {(a, $1) | « € Adm} 


and we denote by C' the convex cone in L~(Q,F, P) formed by the uniformly 
bounded random variables dominated by some element of K, i.e., 


C = (K —- 15 (0,F,P)) NL™(Q, F,P) 
={feL°(0,F,P) | there isge K,f <g}. 
Under the assumption that S$ satisfies (NA), ic. KM LY = {0}, we want to 


find an equivalent martingale measure Q for the process $. The first argu- 
ment is well-known in the present context (compare [S 92] and Theorem 14.4.1 
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below for a general version of this result; we refer to [S94] for an account on 
the history of this result, in particular on the work of J.A. Yan [Y 80] and 
D. Kreps [K 81]): 


Lemma 14.3.1. If S satisfies (NA) the convex cone C is weak-star-closed 
in L°(Q,F,P), and CO LY(Q,F,P) = {0}. Therefore the Hahn-Banach 
theorem implies that there is a probability measure Q; on F,Q, ~ P such 
that 

Ea, [f] <0, for fed. 


In the case, when $} is uniformly bounded, the measure Q is already the 
desired equivalent martingale measure. Indeed, in this case the cone Adm of 
admissible elements is the entire space R@ and therefore 


Eq, [(x, $1) <0, for « € R¢, 
which implies that 
Eg, [(z,$1)]=0, fora eR’, 


whence Ea, [S] = 0. 

But if Adm is only a sub-cone of R@ (possibly reduced to {0}), we can only 
say much less: first of all, S; need not be Q)-integrable. But even assuming 
that Eq, [51] exists we cannot assert that this value equals zero; we can only 
assert that 


(x, Eq, [Si]) = Ea, [(x,$1)] <0, fore ¢ Adm, 
which means that Eq, [51] lies in the cone Adm polar to Adm, ice., 


Eq, [Si] € Adm? = {y € R@| (x,y) <1, for 2 € Adm} 
= {y © R¢| (x,y) <0, for x € Adm}. 


The next lemma will imply that, by passing from Q; to an equivalent prob- 
ability measure Q with distance ||Q — Q,|| in total variation norm less than 
€ > 0, we may remedy both possible defects of Q;: under Q the expectation 
of S; is well-defined and it equals zero. 

The idea for the proof of this lemma goes back in the special case d = 1 
and Adm = {0} to the work of D. McBeth [MB 91]. 


Lemma 14.3.2. Let Q; be a probability measure as in Lemma 14.3.1 and 
€ >0. Denote by B the set of barycenters 


B = {EQ [Si] | Q probability on F,Q ~ P,||Q—Qi|| <«, 
and S; is Q-integrable} . 


Then B is a convex subset of R¢ containing 0 in its relative interior. In 
particular, there is Q ~ Qz, ||Q — Q)|| < , such that Eg [Si] = 0. 
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Proof. Clearly B is convex. Let us also remark that it is non-empty. To see 
this let us take 6 > 0 and let us define iG I OEMCIer CANE Clearly 5S} is 
Q-integrable and from Lebesgue’s dominated convergence theorem we deduce 
that for 6 small enough |[Q — Q:|| <«. 

If 0 were not in the relative interior of B we could find by the Minkowski 
separation theorem, an element x € R%?, such that B is contained in the 
halfspace H, = {y € R@ | (x,y) > 0} and such that (x, y) > 0 for some y € B. 
In order to obtain a contradiction we distinguish two cases: 

Case 1: x fails to be admissible, i.e., (x, 51) fails to be (essentially) uniformly 
bounded from below. 

First find, as above, a probability measure Q2 ~ P, ||Qi — Qo|| < § and 
such that Ea, [51] is well-defined. 

By assumption the random variable (x, $1) is not (essentially) uniformly 
bounded from below, i.e., for M € R41, the set 


Qu = {w | (x, $1(w)) < —M} 
has strictly positive Qo-measure. For M € R, define the measure Q” by 


dQ’ s1-s on @\ Oar 
dQ. L= oF aoe on Qy. 


It is er a to verify that Q™ is a probability measure, Q” ~ P 
|Q™ — Qall < §, a € L° and that 


(2, Bq [S1]) = Eqa [(x,8")] < (1-7) Bas [(@, $1)] - F- 


For M > 0 big enough the right hand side becomes negative which gives the 
desired contradiction. 

Case 2: x is admissible, i.e., (7, $1) is (essentially) uniformly bounded from 
below. 

In this case we know from the Beppo-Levi theorem that the random vari- 
able (a, $1) is Qy-integrable and that Eq, [(#, $1)] < 0; (note that, for each 
M €R4, we have that (z,S,) A M is in C and therefore Eq, [(z, $1) A M] < 
0). 

Also note that (x, $1) cannot be equal to 0 a.s., because as we saw above 
there is a y € B such that (x,y) > 0 and hence (a, .5)) cannot equal zero a.s. 
either. The no-arbitrage property then tells us that Qi[(x, $1) > 0] as well as 
Qi [(x, S) < 0] are both strictly positive. 

We next observe that for all 7 > 0 the variable exp (n(x, $1)~) is bounded. 
exp(n(x,51)7 ) 
Eq, lexp(n(,51)~)] 
For 7 small enough we also have that ||Q2 — Qi|| < ¢. But Q2 also satisfies: 


Eq, [(x, $1)] <0 


The measure Qa, given b 1Q2 is therefore well-defined. 
g Y dQi 
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Indeed: 


Ea, [exp (n(x, S1)7) (x, S1)| 
=—Eq, [exp (n(x, S1)7) (a, S1)7] +Eaq, ee S1)*] 
< —Eq, [(z, $1)" | + Eq, [(z, S1)7] <0. 


The measure Q» does not necessarily satisfy the requirement that Eq, [||$1||] < 
oo. We therefore make a last transformation and we define 


exp(—4|| Si) 
Ea, lexp(—4||S1|])] 


For 6 > 0 tending to zero we obtain that ||Q—Qg,|| tends to 0 and Eg [(z, $1) 
tends to Eq, [(z, .$1)] which is strictly negative. So for 6 small enough we find 
a probability measure Q such that Q ~ P, ||Q — Qi]| < ¢, Eg |||S1||] < oo 
and Eg [(x, $1)] < 0, a contradiction to the choice of z. 


dQ = dQo. 


Lemma 14.3.2 in conjunction with Lemma 14.3.1 implies in particular that, 
given the stochastic process S = (S;)/_9 with So = 0 and Fo trivial, we may 
find a probability measure Q ~ P such that S is a Q-martingale. We obtained 
the measure Q in two steps: first (Lemma 14.3.1) we found Q; ~ P which 
took care of the admissible integrands, which means that 


Ea, [(z,51)] <0, for e € Adm. 


In a second step (Lemma 14.3.2) we found Q ~ P such that Q took care 
of all integrands, i.e., 


(a, Eg [S1]) = Eq [(z, S1)] <0, fora eR? 


and therefore 
Ea [Si] =0, 


which means that S is a Q-martingale. 

In addition, we could assert in Lemma 14.3.2 that ||Qi—Q|| < ¢, a property 
which will be crucial in the sequel. 

The strategy for proving the main theorem will be similar to the above ap- 
proach. Given a semi-martingale S = (5;)ter, defined on (Q,F, (Fi)rer,,P) 
we first replace P by Q, ~ P such that Q, “takes care of the admissible 
integrands”, i.e., 


Ea, |(H-S).0] <0, for H-admissible. 


For this first step, the necessary technology has been developed in Chap. 9 
and may be carried over almost verbatim. 

The new ingredient developed in the present paper is the second step which 
takes care of the “big jumps” of S. By repeated application of an argument as 
in Lemma 14.3.2 above we would like to change Q, into a measure Q,Q ~ P, 
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such that S becomes a Q-martingale. A glance at Example 14.2.3 above reveals 
that this hope is, in the general setting, too optimistic and we can only try 
to turn S into a Q-sigma-martingale. This will indeed be possible, i.e., we 
shall be able to find Q and a strictly positive predictable process y, such 
that, for every — not necessarily admissible — predictable R4-valued process 
FH satisfying ||H||pa < y, we have that H - S' is a Q-martingale. In particular 
yp: S will be a Q-martingale. 

In order to complete this program we shall isolate in Lemma 14.3.5 below, 
the argument proving Lemma 14.3.2 in the appropriate abstract setting. In 
particular we show that the construction in the proof of Lemma 14.3.2 may 
be parameterised to depend in a measurable way on a parameter 7 varying in 
a measure space (Ff, €,7). The proof of this lemma is standard but long. One 
has to check a lot of measurability properties in order to apply the measurable 
selection theorem. Since the proofs are not really used in the sequel and are 
standard, the reader can, at a first reading, look at the Definition 14.3.3, 
convince herself that the two parameterisations given in Lemma 14.3.4 are 
equivalent and look at Lemma 14.3.5. 


Definition 14.3.3. We say that a probability measure 1s on R®@ satisfies the 
(NA) property if for every x € R¢ we have p({a | (a, a) < 0}) > 0 as soon as 
u({a | (2, a) > OF) > 0. 


We start with some notation that we will keep fixed for the rest of this 
section. We first assume that (E, €,7) is a probability space that is saturated 
for the null sets, i.e. if A C B € € andifa(B) =0 then A € €. The probability 
m can easily be repaced into a o-finite positive measure, but in order not 
to overload the statements we skip this straightforward generalisation. We 
recall that a Polish space X is a topological space that is homeomorphic to 
a complete separable metrisable space. The Borel o-algebra of X is denoted by 
B(X). We will mainly be working in a space E x X where X is a Polish space. 
The canonical projection of E x X onto E is denoted by pr. If Ac E@ B(X) 
then pr(A) € €, see [A 65] and [D 72]. Furthermore there is a countable family 
(fn)n>1 of measurable functions f,,: pr(A) — X such that 


(1) for each n > 1 the graph of f, is a selection of A, ie. {(n, fr(m)) | 7 € 
pr(A)} cA, 

(2) for each n € pr(A) the set {fn(m) | n > 1} is dense in A, = {a | (n, 2) € 
A}. 


We call such a sequence a countable dense selection of A. 

The set P(R®) of probability measures on R? is equipped with the topology 
of convergence in law, also called weak-star convergence. It is well-known that 
P(R®) is Polish. If F: E + P(R®¢) is a mapping, then the measurability of F 
can be reformulated as follows: for each bounded Borel function g, we have 
that the mapping 7 + Jf,.9(y) dF, (y) is €-measurable. This is easily seen 
using monotone class arguments. Using such a given measurable function F 
as a transition kernel, we can define a probability measure \p on E x R@ as 
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follows. For an element D € € @ B(R“) of the form D = A x B, we define 
Ap(D) = fi, Fy(B) x(dn). 

For each 7 € E we define the set Supp(F;,) as the support of the measure 
Fy, i.e. the smallest closed set of full F;,-measure. The set S is defined as 
{(n,x) | « € Supp(F,,)}. The set S is an element of € @ B(R“). Indeed, take 
a countable base (Un,)n>1 of the topology of R@ and write the complement as: 


S°= VU ({n| Fy(Un) = 0} x Un). 


n>1 


If 2: E — R¢ is a measurable function then yg: E — R 4 U {+00} defined 
as (7) = ||(2, -)7 ||L~(#,) is E-measurable. Indeed take a countable dense 
selection (fn)n>1 of S and observe that y(n) = inf{(r,, fn(m))~ | n> 1}. 

For each 7 € E we denote by Adm(7) the cone in R®@ consisting of 
elements x € R®@ so that (z,.)> € L®(F,). The set Adm is then de- 
fined as {(n,x) | « € Adm(n)}. This set is certainly in € @ B(R“). Indeed 
Adm = {(7,2) | infy>1(2, fn) > —co} where the sequence (fn)n>1 is a count- 
able dense selection of S. 


Lemma 14.3.4. If F is a measurable mapping from (E,€,7) into the proba- 
bility measures on R¢, then the following are equivalent: 


(1) For almost every n € E, the probability measure F,, satisfies the no- 
arbitrage property. 

(2) For every measurable selection x, of Adm, we have AF [(n, a) | ty(a) < 0] > 
0 as soon as Ap [(7,a@) | &(a) > 0] > 0. 


Proof. The implication 1 => 2 is almost obvious since for each 7 € E we have 
that F, [{a | (a, a) < 0}] > 0 as soon as F;, [{a | (z,,a) > 0}] > 0. Therefore 
if Ar [(7, a) | 2y(a@) > 0] > 0, we have that 7(B) > 0 where B is the set 


B={né€ B| Fy[{a| (ty,a) > 0}] > 0}. 


For the elements 7 € B we then also have that F;, [{a | (%,,a) < 0}] > 0 and 
integration with respect to a then gives the result: 


AF [(7,@) | (@n,@) < 0] = [ ranr, [{a | (an, @) < 0}] > 0. 


Let us now prove the reverse implication 2 > 1. 
We consider the set 


A= {(n,2) | F, [a | (,a) > 0] = 1 and F, [a | (x, a) > 0] > 0}. 


The reader can check that this set is in € @ B(R“) and therefore the set 
B = pr(A) € €. Suppose that 7(B) > 0 and take a measurable selection 
x, of A. Outside B we define x, = 0. Clearly Ar ({(7, a) | (ty, a) > Of) > 0 
and hence we have that Ar ({(7, a) | (t,,a) < 0}) > 0, a contradiction since 
(a, a) > 0, Ap a.s.. So we see that B = —) a.s. or what is the same for almost 
every 7 € EF the measure F;, satisfies the no-arbitrage property. 
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The Crucial Lemma 14.3.5. Let (E,E,7) be a probability measure space 
and let (Fy)ner be a family of probability measures on R¢ such that the map 
nto F, is E-measurable. 

Let us assume that F' satisfies the property that for each measurable map 
z:E > R¢, +> xy with the property that for every n € E we have (x,y) > 
—1, for F, almost every y, we also have that fra Fy (dy)(«n,y) <0. 

Let ¢: E > Rx \ {0} be E-measurable and strictly positive. 

Then, we may find an E-measurable map n +> G,, from E to the probability 
measures on B(IR*) such that, for n-almost every n € E, 


(i) F, ~ Gy and ||F, — Gy|| < en, 
(ii) Eg, [llyl|] < co and Eg, ly] = 0 


Proof. As observed above the set P(R%) of probability measures on R?, en- 
dowed with the weak-star topology is a Polish space. We will show that the set 


{ened | ftellan <oos ff edu =0; Fy ~ pila Ful < en} 


is in € @ B(P(R®)). Since, by Lemma 14.3.4, for almost all 7, the measure F;, 
satisfies the no-arbitrage assumption of Definition 14.3.3, we obtain that, for 
almost all 7, the vertical section is non-empty. We can therefore find a mea- 
surable selection G, and this will then end the proof. 

The proof of the measurability property is easy but requires some argu- 
ments. 

First we observe that the set M = {pw | Joa ||x|| du < co} is in B(P(R®)). 
This follows from the fact that +> f ||z|| dy is Borel-measurable as it is an 
increasing limit of the weak-star continuous functionals pu +> f min(||z||,7) dy. 

Next we observe that M — R4; p> Tat x du is Borel-measurable. 

The third observation is that {(n, 1) | ||“—Fy|| < e(7)} is in €@ B(P(R®). 

Finally we show that {(n, 4) | u ~ F,} is also in € @ B(P(R®)). This will 
then end the proof of the measurability property. 

We take an increasing sequence of finite o-algebras D,, such that B(R®) 
is generated by U,, Dn. For each n we see that the mapping (7, ,2) 


tts . (x) = dn(n, Hu, x) is E @ B(P(R®)) @ B(R¢)-measurable. The mapping 


q(n, f, %) = lim inf gn (7, [, 2) 


is clearly € ® B(P(R®)) ® B(R“)-measurable. By the martingale convergence 
theorem we have that for each p, the mapping q defines the Radon-Nikodym 
density of the part of j: that is absolutely continuous with respect to F;,. Now 
we have that 


{(n,4) |w~ Fy} 
_ {ni Lf, a(n, 2) dF, (2) = tstim [ (na) Me | 


and this shows that {(n,u) | w~ Fy} is in € @ B(P(R®)). 
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In the above arguments we did suppose that (E,€,7) is complete. Now 
we drop this assumption. In that case we first complete the space (E,€, 7) by 
replacing the o-algebra € by eS generated by € and all the null sets. We then 
obtain an €-measurable mapping F;, which can, by modifying it on a set of 
measure zero, be replaced by an €-measurable mapping F;, such that 7 almost 


surely Fi, = Fy. 


Remark 14.3.6. We have not striven for maximal generality in the formulation 
of Lemma 14.3.5: for example, we could replace the probability measures F;, 
by finite non-negative measures on R?. In this case we may obtain the G,, in 
such a way that the total mass G(R“) equals F,,(R¢), 7-almost surely. 


To illustrate the meaning of the Crucial Lemma we note in the spirit of 
[MB 91] which shows in particular the limitations of the no-arbitrage-theory 
when applied e.g. to Gaussian models for the stock returns in finite discrete 
time. 


Proposition 14.3.7. Let (5;)/., be an adapted R¢-valued process based on 
(0, F, (Fr)¢9, P) such that for every predictable process (ht)_, we have that 
(h- S)r = ee h, AS; is unbounded from above and from below as soon as 
(h-S)p £0. For example, this assumption is satisfied if the F;-1-conditional 
distributions of the jumps AS; are non-degenerate and normally distributed 
on R¢. 

Then, for « > 0, there is a measure Q ~ P, ||Q — P|| < ¢, such that S is 
a Q-martingale. 

As a consequence, the set of equivalent martingale measures is dense with 
respect to the variation norm in the set of P-absolutely continuous measures. 


Proof. Suppose first that T’ = 1. Contrary to the setting of the motivating 
example at the beginning of this section we do not assume that Fo is trivial. 

Let (E£,€,7) be (Q, Fo, P) and denote by (F.,)wea the Fo-conditional dis- 
tribution of AS; = S; — So. The assumption of Lemma 14.3.5 is (trivially) 
satisfied as by hypothesis the Fo-measurable functions «(w) such that P-a.s. 
we have (ay, y) > —1, Fu-as., satisfy (ay, y) = 0, F.-a.s., for P-a.e. w € 0. 

Choose e(w) = € > 0 and find G,, as in the lemma. To translate the change 
of the conditional distributions of AS; into a change of the measure P, find 
Y:Q~x R¢ _— R4, 


Y(w,x) = —(2), reERtwen 


such that, for P-a.e.w € 2,Y(w, .) is a version of the Radon-Nikodym deriva- 
tive of G,, with respect to F,, and such that Y(., .) is Fo@B(R“)-measurable. 

Letting 
dQ 


Flv) = ¥(w, ASW) 
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we obtain an F\-measurable density of a probability measure. Assertion (i) 
of Lemma 14.3.5 implies that Q ~ P and ike) —P|| < . Assertion (ii) implies 
that 
Bq [|[ASi|lre | Fo] <0, = as. 
and 
Ko [AS | Fo| = 0, a.s.. 


We are not quite finished yet as this only shows that (S;)/-9 is a Q- 
sigma-martingale but not necessarily a Q-martingale as it may happen that 
Ka [|[AS:||z«] = co. But it is easy to overcome this difficulty: find a strictly 
positive Fo-measurable function w(w), normalised so that E@ [w] = 1 and 
such that Ba [w(w)E[||ASi||z2 | Fo]] < co. We can construct w is such a way 
that the probability measure Q defined by 


d 
Fe) = wile), 
dQ(w) 
still satisfies ||Q — P|| < ¢. Then 


EQ [||ASi lle] < 00 


and 
Eq (AS) | Fo| = 0, a.s., 


ie., S is a Q-martingale. 

To extend the above argument from T = 1 to arbitrary T € N we need yet 
another small refinement: an inspection of the proof of Lemma 14.3.5 above 
reveals that in addition to assertions (i) and (ii) of Lemma 14.3.5, and given 
M > 1, we may choose G,, such that 


~ dG, 
(iii) | dF, 


L(R¢,F,) 


We have not mentioned this additional assertion in order not to overload 
Lemma 14.3.5 and as we shall only need (iii) in the present proof. 

Using (iii), with M = 2 say, and, choosing w above also uniformly bounded 
by 2, the argument in the first part of the proof yields a probability Q ~ P, 
||Q — P|] < e, such that | Bilt) <4. 

Now let T € N and (S;)7.9, based on (Q,(Fi).9,F,P), be given. By 
backward induction on t = T,...,1 apply the first part of the proof to find 
F,-measurable densities Z; such that, defining the probability measure Q™ by 

dQ") 


dP — 4203 


we have that the two-step process (Si, Tees Zy)i 4-1 is a QM-martingale 
with respect to the filtration (F,,)¢_,_1,Q ~ P,||Q® — Pl], < «4-771, 


and such that ||Z;||L-<(p) < 4. 
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Defining 
T 
dQ 
eee = Z 
dP II t> 


we obtain a probability measure Q,Q ~ P such that (S;)/.9 is a martingale 
under Q. Indeed, 


T 
Eq (AS; | Fi-1| = Ep AS; II Lu Fa 
u=1 
t-1 T 
= (I 2.) Ep Zi AS: II Lu Fa 
u=1 u=t+1 
t-1 ee 
= (TI 2.) Egw |AS |] Zu Fa =0 
u=1 u=t+1 
and 
t-1 T 
Ba | |ASillz« | <|[] Zul] -Eoqw as, T] Zul) | <0. 
u=1 co u=t+1 Ra 
Finally we may estimate ||Q — P||1 by 
T 
Q- Pl: =p ||] z 1] 
t=1 
T t t-1 
<> (¥-|[1%- 11% 
t=1 Ju=1 u=1 
t-1 
t=1 |lu=1 Lo°(P) 


<T-A?e4-TT 1H. 


The proof of the first part of Proposition 14.3.7 is thus finished and we have 
shown in the course of the proof that we may find Q such that, in addition 
to the assertions of the proposition, “ is uniformly bounded. 

As regards the final assertion, let P’ be any P-absolutely continuous mea- 
sure. For given « > 0, first take P” ~ P such that ||P” — P’|| < ¢. Now 
apply the first assertion with P” replacing P. As a result we get an equivalent 
martingale measure Q such that ||Q — P’|| <<, hence also ||Q — P’|| < 2e. 

This finishes the proof of Proposition 14.3.7. 
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14.4 The General R¢-valued Case 


In this section S = (S;)rer, denotes a general R¢-valued cadlag semi- 
martingale based on (Q, F, (Fi)ier ,,P) where we assume that the filtration 
(Fi)ter, satisfies the usual conditions of completeness and right continuity. 
Similarly as in Chap. 9 we define an S-integrable R@-valued predictable 
process H = (H;)ter, to be an admissible integrand if the stochastic process 


t 
0 


is (almost surely) uniformly bounded from below. 

It is important to note that, similarly as in Proposition 14.3.7 above, it 
may happen that the cone of admissible integrands is rather small and possibly 
even reduced to zero: consider, for example, the case when S is a compound 
Poisson process with (two-sided) unbounded jumps, i.e., S; = a X;, where 
(Ni )ter, is a Poisson process and (X;)72, an i.i.d. sequence of real random 
variables such that ||Xj*||oo = ||Xj"|loo = 00. Clearly, a predictable process H, 
such that H -S remains uniformly bounded from below, must vanish almost 
surely. 

Continuing with the general setup we denote by K the convex cone in 
L°(Q, F,P) given by 


K={f =(H-S)x | H admissible} 


where this definition requires in particular that the random variable (H - 
S)oo := limp+o(H - S$): is (almost surely) well-defined (compare Definition 
9.2.7). 

Again we denote by C the convex cone in L°(Q,F,P) formed by the 
uniformly bounded random variables dominated by some element of K, i.e., 


C= (K —LY(9,F,P)) NL™(Q,F,P) 
={feL°(0,F,P) | there is ge K,f <g}. (14.1) 


We say (see Definition 8.1.2) that the semi-martingale S satisfies the con- 
dition of no free lunch with vanishing risk (NFLVR) if the closure C of C, 
taken with respect to the norm-topology ||. ||. of L°(Q,F,P) intersects 
LY (Q,F,P) only in 0, ie., 


S satisfies (VFLVR) => CN LS = {0}. 


For the economic interpretation of this concept, which is a very mild 
strengthening of the “no-arbitrage” concept, we refer to Chap. 8. 

The subsequent crucial Theorem 14.4.1 was proved in (9.4.2) under the 
additional assumption that $ is bounded. An inspection of the proof given in 
Chap. 9 reveals that — for the validity of the subsequent Theorem 14.4.1 — 
the boundedness assumption on S may be dropped. 
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Theorem 14.4.1. Under the assumption (NFLVR) the cone C is weak-star- 
closed in L°(Q,F,P). Hence there is a probability measure Qi ~ P such 
that 

Ea, |f] < 9, for f EC. 


Remark 14.4.2. In the case, when S is bounded, Q, is already a martingale 
measure for S, and when S is locally bounded, Q; is a local martingale mea- 
sure for S (compare Theorem 9.1.1 and Corollary 9.1.2). 

To take care of the non-locally bounded case we have to take care of the 
“big jumps” of S. We shall distinguish between the jumps of S occurring at 
accessible stopping times and those occurring at totally inaccessible stopping 
times. 

We start with an easy lemma which will allow us to change the measure 
Q; countably many times without loosing the equivalence to P. 


Lemma 14.4.3. Let (Q,)°2, be a sequence of probability measures on the 
probability space (Q,F,P) such that each Q, is equivalent to P. Suppose 
further that the sequence of strictly positive numbers (En)n>1 is such that 


(1) ]Qn — Qn4ill < enti, 
(2) if Qn [A] < en412” then P[A] < 27". 


Then the sequence (Qn)n>1 converges with respect to the total variation 
norm to a probability measure Q, which is equivalent to P. 


Proof of Lemma 14.4.3. Clearly the second assumption implies that e,41 < 
2~” and hence the sequence (Q,,)n>1 converges in variation norm to a prob- 
ability measure Q. We have to show that Q ~ P. For each n we let gn41 be 
defined as the Radon-Nikodym derivative of Qn+1 with respect to Q,. Clearly 
for each n > 1 we then have f |1 — gn+41|dQn < én41 and hence the Markov 
inequality implies that Q, [|l — gn4i1] > 27") < 2"en4i1. The hypothesis on 
the sequence (€n)n>2 then implies that P [|1 — qn4i] > 27"] < 2~”. From the 
Borel-Cantelli lemma it also follows that a.s. the series }7,,... |1—qn| converges 
and hence the product [],,5. qn converges to a function gq a.s. different from 


0. Clearly q = io which shows that Q ~ Q; ~ P. 


We are now ready to take the crucial step in the proof of the main theorem. To 
make life easier we make the simplifying assumption that S does not jump at 
predictable times. In the Proof of the Main Theorem 14.1.1 below we finally 
shall also deal with the case of the predictable jumps. 


Proposition 14.4.4. Let S = (St)rer, be an R4-valued semi-martingale 
which is quasi-left-continuous, t.e., such that, for every predictable stopping 
time T we have Sp = Sr_— almost surely. 
Suppose, as in Theorem 14.4.1 above, that Q; ~ P is a probability measure 
verifying 
Ba [f<0, for fec. 
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Then there is, for ¢ > 0, a probability measure Q ~ P, ||Q — Qi || <«, 
such that S is a sigma-martingale with respect to Q. 

In addition, for every predictable stopping time T, the probabilities Q and 
Q, on Fr, coincide, conditionally on Fr_, i.e., 


dAQ|F,. dAQ|Fr_ 


dQilr, dQyi\Fp_ 


Proof. Step 1: Define the stopping time T by 


T =inf{t | |AS¢llpe > 1} 


and first suppose that S remains constant after time T, hence S' has at most 
one jump bigger than 1. 
Similarly as in [JS 87, [1.2.4] we decompose S into 


S=X+X 
where X equals “S stopped at time T—”, i.e., 


5 S, fort<T 
i) Sp_ fort >T 


and X the jump of S at time T, ie., 
xX =ASr- Lypr,.] - 


As X is bounded, it is a special semi-martingale, and we can find its Doob- 
Meyer decomposition with respect to Q, 


X=M+B 


where M is a local Q\-martingale and B a predictable process of locally finite 
variation. 
We shall now find a probability measure Q2 on F, Q2 ~ P, s.t. 


(i) [1Q2-Qill < §, 
(ii) Qelz,_ = QilF,_ and oe is F-measurable, 
(iii) S is a sigma-martingale under Qo. 


We introduce the jump measure pu associated to X, 
ww, dt, dr) = 8(T(w),ASr(w)) > 


where 6;,, denotes Dirac-measure at (t,x) € R, x R? and we denote by 
v the Qi-compensator of y (see [JS 87, Proposition II.1.6]). Similarly as in 
(JS 87, Proposition II.2.9] we may find a locally Q:-integrable, predictable 
and increasing process A such that 
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B=b-A 
v(w, dt, dx) = Fi, 4(dx)dA;(w) 


where b = (b')4_, is a predictable process and F,, ;(dx) a transition kernel from 
(QxR4,P) into (R4, B(R4)), i-e., a P-measurable map (w,t) — F.,,4(dx) from 
Q x R4 into the non-negative Borel measures on R¢. Since the processes X 
and X are quasi left continuous, the processes A and B can be chosen to be 
continuous, but this is not really needed. 

The processes v and y are such that for each non-negative P @ B(R®)- 
measurable function g we have that 


: g(w, t, y) u(w, dt, dy)P (dw) =| g(w,t, y)v(w, dt, dy)P(dw) . 
QxR+xR4 QxR+xR¢4 


To stay in line with the notation used in [JS 87], Hus * Fut, where H is 
a predictable R¢-valued process and F is the ae described nie denotes 
the predictable R-valued process Ep, , [(Hut, -)| = Jpa(Hu,t,y) Fo, slay). 

We may assume that A is constant after T, iN integrable ue its integral 
is bounded by one, i-e., 


Ea, [Aco] = dA(Q x Ry) <1 


where dA denotes the measure on P defined by dA(]T1, T2]) = Eq, [Ar, — Ar], 
for stopping times T, < 7). 

We now shall find a P-measurable map (w,t) + Guz such that for dA- 
almost each (w, t), 


(a) F.,,4(dx) Nv Go. (dx), EF, w 1(R¢) = = Gu2(R®) and || Fut = Gu.t|l < oe 
(b) Ea... [llyllza] < 00 and Ee, [y] = —b(w, 2). 


This is a task of the type of “martingale problem” or rather “semi- 
martingale problem” as dealt with, e.g., in [JS 87, Definition III.2.4]. 

We apply Lemma 14.3.5 and the remark following it: as measure space 
(E,€,w) we take (Q x R;,P,dA) and we shall consider the map 


n= (w, t) na By 4 — Fut * Ob(w,t) 


where 6y.,,4) denotes the Dirac measure at b(w,t) € IR¢, x denotes convolution 
and therefore F.,; is the measure F.,; on R¢ translated by the vector b(w, t). 

We claim that the family (F w,t)(w,t)EQxR, Satisfies the assumptions of 
Lemma, 14.3.5 above. Indeed, let Ag, ; be any P-measurable function such 
that dA-almost surely H.,, € Adm(F.,.4) = Adm(£, 4). 

By multiplying H with a predictable strictly positive process v, we may 
eventually assume that ||H.,2||p2 < 1 and that, at least dA a.e., also the 
predictable process ||(Hu,t, -)~||L--(7,,,) is bounded by 1. That the latter 
process is predictable follows from the discussion preceding the Crucial Lemma 
and essentially follows from the measurable selection theorem. 
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The boundedness property translates to the fact that H = (H;(w))rer , is 
an admissible integrand for the process X. This follows from the definition of 
the compensator v in the following way. For each natural number n we have, 
according to the definition of the compensator that 


E [((Hue, ASr(w))~)" Troe] 


i (Hegsu). Herta 
R4+xR¢ 


= i) ((Hu,t,y))” v(w, dt, dy) 
R4xR¢ 

=E | | (ig, y))" Fy 4(dy) dA; (w) 
R, JR4 

SE | | 1 F..x(dy) dAr(w) 
R, JR4 

<E | lv (w, dt, dy) 
R4xR¢ 

SE y, Llontta < QT < «J. 
R4xR¢ 

Since the inequality holds for each n we necessarily have that 


(HX), > -1 a.s., for allte Ry. 


Noting that M is a (locally bounded) local martingale and B is of lo- 
cally bounded variation, we may find a sequence of stopping times (U;)?<, 
increasing to infinity, such that, for each 7 € N, 


(1) M" is a martingale, bounded in the Hardy space H'(Q;), and 
(2) BY is of bounded variation. 


Hence, for each predictable set P contained in [0,U;], for some 7 € N, we 
have that H1p is an admissible integrand for S and H1p-M is a martingale 
bounded in #1(Q:) and therefore 


Eq, [(H 1p: M)so] = 0. 


As by hypothesis 
Eq, [(H1p -S)0] <0 


we obtain 5 
Ka, [(H1p -(X + B))o] <0. 
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Using the identities 
Ea, [((H1p . (X ae B))oo| 


= | (At * Fut + (Aut, but) )lpdA(w, t) 
QxR+ 


= | (Ht * F4)1pdA(w,t) <0 
QOxRy 


which hold true for each P € P contained in [0,U,], for some 7 € N, we 
conclude that for dA-almost each (w,t) we have 


A, * Big = ER, (Hust sae )} < 0. 


This inequality implies that assumption (2) in Lemma 14.3.4 is satisfied 
and hence Fi, satisfies the no-arbitrage property, i.e. the hypothesis of 
Lemma 14.3.5 is satisfied. 2 

Hence we may find a transition kernel G,,; as described by Lemma 14.3.5 
— with ¢ replaced by 5 — and letting Gy. = Go * b_b(w,t) We obtain 
a transition kernel satisfying (a) and (b) above. 

We now have to translate the change of transition kernels from Fy, 4 to 
G.y,¢ into a change of measures from Q, to Q2 on the o-algebra Fr which will 
be done by defining the Radon-Nikodym derivative a. We refer to [JS 87, 
III.3] for a treatment of the relevant version of Girsanov’s theorem for random 
measures. 

For (w,t) fixed, denote by Y(w,t ,.) the Radon-Nikodym derivative of 
Gt with respect to Fi, 4, ie. 


dGt 


Y(w,t, 2) = qe. x), 


z ER, 
which is F,,, 4-almost surely well-defined and strictly positive. We may and do 
choose for dA-almost each (w,t), a version Y(w,t,x) such that Y(.,.,.) is 
P ® B(R¢)-measurable. 

We now define 


d 
Toe) = Zool We) = ¥ (us P(e), ASr ai ())Uyrcooy + Myra 


and Zi(w) = Y(w,T(w), AS Tw) (w)) 1 gr<t} + 1ipsy- 


The intuitive interpretation of these formulas goes as follows: for fixed w € 
Q we look at time T(w) which is the unique “big” jump of (5;(w))rer,. The 
density Y(w, T(w), x) gives the density of the distribution of the compensated 
jump measure G,,,, with respect to Fi,z, if the jump equals z and therefore we 
evaluate Y(w,T(w),a) at the point « = AS7,.,)(w) to determine the density 


of Q»2 with respect to Q;. If T(w) = oo the density en (w) is simply equal to 


1. The variable Y(w, T(w), AS7(w)) is certainly integrable. Indeed 
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E[Y(w, T(w), AS7p(w))1r<co] 


ea — Yestapaler tt 

=E [. Yet arleratay) 

=e [ ie Y (w,t, y)Fu,t(dy)dAr(w) 
=-E ys a F,, 4(R®)dA;(w) 

_E i pede 

-E// Herta = Qu[P < oo]. 


The process Z can also be written as 
Z4= Yu, T, ASr)1 [r,.of ls 1jo,7] , 


from which it follows that Z is a process of integrable variation. The maximal 
function Z* of Z is therefore integrable. 

In order to show that Q2 is indeed a probability measure and that Z; = 
ee we shall show that (Z;);er , is a uniformly integrable martingale closed 
by Zoo. 

We may write 7 = (Z;)rer, as 

Z=1+(Y(u,t, 2) —1) * py. 

From the definition of the compensator v ([JS 87, II.1.8]) we deduce that 

we may write the compensator Z? of Z 
Z” =1+(Y(w,t, x) —1) *v 
=1+((Y(w,t,x) —1) * Fs): A. 

Noting that, for dA-almost each (w,t) we have that (Y(w,t,v)—1)* Fut = 
Er, , [Y(w,t,x) —1] = 0 we deduce that the compensator Z? is constant. 
Since Z — Z? is a martingale, by definition of the compensator of processes of 


integrable variation, it follows that Z is a martingale as well. 
To estimate the distance ||Q2 — Qi;||, note that 


d 
|Q2 — Q:|| = Ea, fh = | 


< Eq, [(\¥(w,t,2) -1]* v0] 


E 
< Ea, (||Fu,t — Gu,tll - A)oo S 5 Fai [Aco] S 


Noe) 
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Next observe that Q2|F,_ = Qilz,_: indeed, we have to show that Qi 
and Q2 coincide on the sets of the form AN {T >t}, where A € F;, as these 
sets generate Fr_. Noting that Z, is equal to 1 on {T > t}, this becomes 
obvious. 

Finally we show that S is a sigma-martingale under Qo. First note that 
M remains a local martingale under Q2 as M is continuous at time T, i-e., 
Mr— = Mr, and Q, and Qz2 coincide on Fr_. 

As regards the remaining part X + B of the semi-martingale S we have by 
(b) above that, for dA-almost each (w,t), Eg,,, [|ly|lpa] < oo and Ea,,, [y] = 
—b(w,t). This does not necessarily imply that X + B is already a martingale 
(or a local martingale) under Q2 as a glance at Example 14.2.2 reveals. We 
may only conclude that X + B is a Qo-sigma-martingale, as we presently 
shall see. 

Define 

pele) = (Ec. lllyllee]) 201, 


which is a predictable dA-almost surely strictly positive process. The process 
p:(X + B) is a process of Q2-integrable variation as 


Ea, | vary. jje(e- (X + B))] = Ba, [e- (lyllee * Gaye A + [bullae - 4)] 
< 2EQq, [Ax] = 2EQ, [Aco] < 2, 


where the last equality follows from the fact that Q; and Q2 coincide on Fr_ 
and that, A being predictable, A. is Fr_-measurable. 

Hence y-(X +B) is a process of integrable variation whose compensator is 
constant and therefore y-(X + B) is a Qo-martingale of integrable variation, 
whence in particular a Q2-martingale. Therefore X + B as well as S' are Qo- 
sigma-martingales. 

Summing up: We have proved Proposition 14.4.4 under the additional 
hypothesis that S remains constant after the first time T when S$ jumps by 
at least 1 with respect to || . ||pa. 

Step 2: Now we drop this assumption and assume w.l.g. that So = 0. Let 
To = 0, T; = T and define inductively the stopping times 


Tr = inf{t > Th-1 | |AS:|| pa > 1}, k= 253,048 
so that (T;,)?2., increases to infinity. Let 
SYST nges yy | eH 1, Deals 


Note that S“) satisfies the assumptions of the first part of the proof, 
where we have shown that there is a measure Q2 ~ P, satisfying (i), (ii), (iii) 
above for T = T,. Now repeat the above argument to choose inductively, for 
k = 2,3,..., measures Q,41 ~ P such that 


(i) Qr+1 — Qxl| < pes Aint { RHA | AéF,P|[A] => ah 
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s d . 
(ii) Qrtiler, = Qeler, and a is Fr,-measurable. 


(iii) S is a sigma-martingale under Q,41. 


The condition in (i) above is chosen such that we may apply Lemma 14.4.3 
to conclude that 


Q= jim Q: 


exists and is equivalent to P. From (ii) and (iii) it follows that each S$‘) 
is a sigma-martingale under Q!, for each | > k. It follows that each S$“) is 
a Q-sigma-martingale and hence S, being a local sigma-martingale is then 
a sigma-martingale (see Corollary 14.2.7 above). This proves the first part of 
Proposition 14.4.4. 

As regards the final assertion of Proposition 14.4.4 note that, for any 
predictable stopping time U, the random times 


fie U ifT%1.<U<T, 
kl co otherwise 


are predictable stopping times, for k = 1,2,.... Indeed, as easily seen, the set 
{T, << U < Ty41} is in Fy_, showing that U; is predictable. 
By our construction and property (ii) above we infer that, for k = 1,2,..., 


dQ\Fu, IQ)Fw,)_ se 
dQi|Fu, dQilFu,)_ - 


which implies that 
dQ ean dQ Fie. 


a a.s.. 
dQilFy = dQ | Fy 


The proof of Proposition 14.4.4 is complete now. 


Proposition 14.4.4 contains the major part of the proof of the main the- 
orem. The missing ingredient is still the argument for the predictable jumps 
of S. The argument for the predictable jumps given below will be similar to 
(but technically easier than) the proof of Proposition 14.4.4. 


Proof of the Main Theorem 14.1.1. Let S be an R¢-valued semi-martingale 
satisfying the assumption (NFLVR). By Theorem 14.4.1 we may find a prob- 
ability measure Q; ~ P such that, 


Eq, [f]<0, for fee. 


We also may find a sequence (T;,)?2, of predictable stopping times exhaust- 
ing the accessible jumps of 9, i.e., such that for each predictable stopping time 
T with P[T = T, < co] = 0, for each k € N, we have that Sp_ = Sp almost 
surely. We may and do assume that the stopping times (Tj,)?2., are disjoint, 
ie., that P([T, =T; < co] =O fork Fj. 
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Denote by D the predictable set 


D=UIh)] caxR, 
k>1 


and split S into S = S* + $*, where 


St=1p-S and =S*=1exr,)\p° 5 


be 9? 


where the letters “a” and refer to “accessible” and “inaccessible”. S® and 
S* are well-defined semi-martingales and in view of the above construction S* 
is quasi-left-continuous. 

Denote by C® and C’ the cones in L*© (0, F,P) associated by (14.1) to $* 
and $", and observe that C* and C’ are subsets of C (obtained by considering 
only integrands supported by D or (Q x R+) \ D respectively) hence 


66399 
1 


Eg, [f]}<0, for f € C® and for f ec’. 


Hence S$ satisfies the assumptions of Proposition 14.4.4 with respect to 
the probability measure Q, and we therefore may find a probability measure, 
now denoted by Q, Q ~ P, which turns S" into a sigma-martingale and such 
that, for each predictable stopping time T’, we have 


dQ\ 5, = dQ\ Fy 
dQilz, dQilF,p_ 


By assumption we have, for each k = 1,2,..., and for each admissible 
integrand H supported by [T;], that 


(14.2) 


Ea, [(H- $)o0] = Ea, [Ar (Sr, — S(r,)_)] <0. 


Noting that the inequality remains true if we replace H by H14, for any 
F(7,)_-measurable set A, and using (14.2) we obtain 


Eo [(H - S)o] = Eq [Hr, (Sr, — S(n,)-)] < 0 (14.3) 


for each admissible integrand supported by [T;]. 
We now shall proceed inductively on_k: suppose we have chosen, for k > 0, 
probability measures Qo = Q, Qi,...,Q x such that 


Fa, [$m | Fay)-] =Sap-- 9 = Lek 


and such that, for 


we have 
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IQ; -Qj4ill<ej, f= 0,...,8-1. 
In addition we assume that Q; and Qj-1 agree “before (I;)— and after 
T;”; this means that Q; and Qj;—1 coincide on the o-algebra F(7,)_ and that 


the Radon-Nikodym derivative = is Frr,-measurable. 


jal 

Now consider the stopping time 7,41: denote on the set {T,41 < oo} by 
fF, the jump measure of the jump St - SCr14)— conditional on F(p,,,)—- 
By (14.3) this (Q, F(7,,,)—, P)-measurable family of probability measures on 
R? satisfies the assumptions of Lemma 14.3.5 and we therefore may find 
an F(7,,,)--measurable family of probability measures G,,, a.s. defined on 


{Ty41 < co}, such that 


(i) Fu ~ G, and ||F, — Gull < ex 
(ii) Ee, [l|y|lpa] < co and bary(G.,,) = Ee, [y] = 0. 


Letting, similarly as in the proof of Proposition 14.4.4 above, 
Y(w,2) = 


be a Fyr,,,)— ® B(R*)-measurable version of the Radon-Nikodym derivatives 


dF, 
dG. 


and defining 


dQ 
dQx 


we obtain a measure Onai ~P, so that ]Qu41 _ Qz| < Ek, Ona 


(w) = Litys1<oo} Y (w, BST cs (w)) a3 Lites S00} 


Ferry 43) = 


Onl Figs and fQuss being F7,,,-measurable. For each M € Ry 
Vr. srIN{Tr41<co and Ea, [lull <M} S = Ur ysin{Tr41<oo and Ea, lull My 5" 
is a martingale under Ons and therefore 

SO) = Apri saln{Tey1<co} 9 


is a sigma-martingale under Q k-41- 
Letting Q = limz_.o. Qx, each of the semi-martingales S$“) = 1pr,j ° 5 is 
a Q-sigma-martingale. It follows that 


t= 55 
k=1 
is a Q-sigma-martingale and therefore 
S=S*+s' 


is a Q-sigma-martingale too. 
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The proof of the main theorem is complete now. 


For later use, let us resume in the subsequent proposition what we have 
shown in the above proof. 


Proposition 14.4.5. Denote by M§ the set of probability measures Q equiv- 
alent to P such that, for admissible integrands, the process H - S becomes 
a super-martingale. More precisely 


MS ={Q|Q~P and for each f € C: Ea [f] < 0}. 
If S satisfies (NFLVR), then 
MES = {Q|S is a Q sigma-martingale} , 
is dense in M&. 
Theorem 14.4.6. The set M& is a convex set. 


Proof. Let Qi,Q2 € ME& and let ¥1, 2 be strictly positive real-valued S- 
integrable predictable processes, such that for i = 1,2, y;-S is an H!(Q,;)- 
martingale. Take now y = min(yi1,%2). Since 0 < y < yi, y- S is still an 
H'(Q,)-martingale. Similarly y - S$ is still an H!(Q2)-martingale. From this 


it follows that y- S$ is an H! (25% ) -martingale. 


2 
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In this section we suppose without further notice that S$ is an R?-valued semi- 
martingale that satisfies the (NFLVR) property, so that the set 


MS = {Q|Q~P and S isa Q sigma-martingale} 


is non-empty. We remark that when the price process S' is locally bounded 
then the set M& coincides with the set M°(S) as introduced in Chap. 9, i.e. 
the set of all equivalent local martingale measures for the process S. 

In the case of locally bounded processes we showed the following duality 
equality, (see [D 92, Theorem 6.1] for the case of continuous bounded processes, 
El Karoui-Quenez [EQ 95] for the L? case, Theorem 9.5.8 for the case of 
bounded functions and Theorem 11.3.4 for the case of positive functions). The 
duality argument was used by El Karoui-Quenez [EQ 95]. For a non-negative 
random variable g we have: 


sup Ea@|[g] = inf {a | there is H admissible and g <a+(H-S)o}. 
QeMs 


Using this equality we were able to derive a characterisation of maximal ele- 
ments, see Corollary 11.4.6. 
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In the general case, i.e. when the process S is not necessarily locally 
bounded, the set of admissible integrands might be restricted to the zero inte- 
grand, compare Proposition 14.3.7 above. Below we will show that also in this 
case the above equality remains valid, at least for positive random variables g. 
This result does not immediately follow from the results in Chap. 11. 

Another approach to the problem is to enlarge the concept of admissible 
integrands in a similar way as was done in [S 94] and Chap. 15. Here the idea is 
to allow for integrands H that are such that the process H-S is controlled from 
below by an appropriate function w, the so-called w-admissible integrands. 
We will generalise the above duality equality to the setting of such integrands 
and we will see that even in the locally bounded case this generalisation yields 
some new results. 

If we want to control a process H - S from below by a function w then, of 
course, the problem is that w cannot be too big, as this would allow doubling 
strategies and therefore arbitrage. Also w cannot be too small because this 
could imply that the only such integrand H is the zero integrand. This idea 
is made precise in the following definitions of w-admissible integrands and of 
feasible weight functions. 


Definition 14.5.1. Jf w > 1 is a random variable, if there is Qo € MS& 
such that Eq, [w] < 00, if a is a non-negative number, then we say that the 
integrand H is (a, w)-admissible if for each element Q € M& and each t > 0, 
we have (H - S); > —aEg [w | Fi]. We simply say that H is w-admissible if 
FH is (a,w)-admissible for some non-negative a. 


Remark 14.5.2. If we put w = 1 we again find the usual concept of admissi- 
ble integrands. Of course, we could have defined the concept of w-admissible 
integrands for general non-negative functions w. We, however, required that 
w > 1, so that the admissible integrands become automatically w-admissible. 
The idea in fact is to allow unbounded functions w and therefore there seems 
to be no gain in introducing functions w that are too small. Requiring that 
w > 1 is by no means a restriction compared to the seemingly more general 
requirement ess inf(w) > 0. 


Remark 14.5.3. The present notion of admissible integrand is more suitable 
for our purposes than the one introduced in Chap. 15. 


The next lemma, based on a stability property of the set M5, shows that 
in the inequality (H - 5S); > —Eq[w|;], it does not harm to restrict to 
elements Q € M& such that Eg [w] < oo. 


Lemma 14.5.4. Let w > 0 be such that Eq, [w] < oo for some Qo € MS. 
Suppose that ,for some Q € M§&, t > 0 and some real constant k, the set 
A= {Eg [w | Fi] < k} has positive probability, then there is Qi © M& such 
that we have Eq, [w | Fi] = Eq [w | Fi] a.s. on the set A and Eg, [w] < ov. 
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Proof. Let Z; be a cadlag version of the density process Z,; = Eq, Ess | Fe : 
Now we put 


Zi=1 fors<t 
Z,;=1 fors>tandw¢ A 


I 


Zs 

Zi==> fors>tandweA. 
Lt 

Clearly the probability measure Q, defined by dQ; = Z4,dQp is in the 

set ME& and satisfies the required properties. Indeed on the set A we have 

Eg, [w | Fi] = Eq [w | F:] and Eq, [w] < Eq, [w] +k < o. 


In Chap. 7 we recalled Emery’s example showing that a stochastic integral 
with respect to a martingale is not always a local martingale. In [AS 94] Ansel 
and Stricker gave necessary and sufficient conditions under which a stochastic 
integral with respect to a local martingale remains a local martingale (see 
Theorem 7.3.7). We rephrase part of their result in our context of sigma- 
martingales. 


Theorem 14.5.5. Let H be S-integrable and w-admissible (where w > 1 is 
any random variable), then H-S is a local martingale (and hence also a super- 
martingale) for each Q € M§& satisfying Eq[w] < oo. 


Proof. Simply write H.-S as (Hy~') - (y-S), where the strictly positive 
predictable real-valued process y is such that y- S is a H'(Q)-martingale. 
Then apply the Ansel-Stricker result. 


Remark 14.5.6. The statement of the preceding theorem becomes false if we 
replace the condition Q € MS by Q ©€ ME, introduced as in Proposition 
14.4.5 above, as the set of equivalent measures, under which H - S is a super- 
martingale for each admissible H. To see this, take the process S defined as 
S; = 0 fort < 1 and S; = $j, a non-degenerate one-dimensional normal 
variable, for t > 1. The filtration is simply the filtration generated by S. As 
there are no admissible integrands, every equivalent probability measure Q 
is in M&. But it is clearly false that S becomes a Q-super-martingale (i.e. 
Ea@[Si] < 0) as soon as Ea||51|] < co. 


Definition 14.5.7. A random variable w:Q > R4 such that w > 1 is called 
a feasible weight function for the process S, if 


(1) there is a strictly positive bounded predictable process yp such that the mazi- 
mal function of the R4-valued stochastic integral p-S' satisfies (p -.S)* < w. 
(2) there is an element Q € M& such that Eq [w] < cw. 


Remark 14.5.8. For feasible weight functions w, it might happen that for some 
elements Q € M§& we have that Eq [w] = 00, see the Example 14.5.23 below. 
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If no confusion can arise to which process the feasibility condition refers, 
then we will simply say that the weight function is feasible. The first item 
in the definition requires that w is big enough in order to allow sufficiently 
many integrands H such that both H and —H are w-admissible. The second 
item requires w to be not too big, and as we will see, this will avoid arbitrage 
opportunities. It follows from Proposition 14.2.6 and the assumption that 
Mé< # 0, that the existence of feasible weight functions is guaranteed. We 
also not that for locally bounded processes S', a function w > 1 is feasible as 
soon as there is Q € M& with Eg[w] < oo. 

We can now state the generalisations of the duality theorem mentioned 
above. 


Theorem 14.5.9. [fw is a feasible weight function and g is a random variable 
such that g > —w then: 


=inf{a| there is H w-admissible andg<a+(H-S)x}. 
If the quantities are finite then the infimum is a minimum. 


Remark 14.5.10. The reader can see that even in the case of locally bounded 
processes S' the result yields more precise information. Indeed we restrict the 
supremum to those measures Q € M§& such that Eq [w] < oo. 


For a feasible weight function w, we denote by K,, the set 
Kw = {(H-S) | H is w-admissible} . 


Definition 14.5.11. An element g € Ky is called maximal if hh € Ky and 
h>g imply that h = g. 


The maximal elements in this set are then characterised as follows: 


Theorem 14.5.12. [fw > 1 is a feasible weight function, if H is w-admissible 
and if h = (H-S).., then the following are equivalent: 


(1) h is maximal 

(2) there is Q € M§& such that Eq [w] < 00 and Eg [h] = 0 

(3) there is Q € ME& such that Eg [w] < co and H-S is a Q-uniformly 
integrable martingale. 


In the proof of these results we will make frequent use of Theorem 15.D and 
Corollary 15.4.11. These two results were proved for a slightly more restrictive 
notion of admissibility, but the reader can go through the proofs and check 
that the results remain valid for the present notion of w-admissible integrands. 
Indeed the lower bound H -S > —w is only used to control the negative parts 
of the possible jumps in the stochastic integral. This can also be achieved 
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by the inequality H.-S > —Eg[w|F] where Eq [w] < co. Compare the 
formulation of Theorems 15.B and 15.C. For the convenience of the reader let 
us rephrase the results of Chap. 15 in the present setting. 


Theorem 14.5.13 (Theorem 15.D). Let Q be a probability measure, equiv- 
alent to P. Let M be an R¢4-valued Q-local martingale and w > 1 a Q- 
integrable function. 
Given a sequence (H")n>1 of M-integrable R¢-valued predictable processes 
such that 
(H”-M), >—-Eea[w| Fil, for all n,t, 


then there are convex combinations 
K” € conv{H”, H"*1,...}, 
and there is a super-martingale (Vi )ier.,Vo <0, such that 


lim lim (K"-M),=V;, fortE€ Ri, as., 


and an M-integrable predictable process H® such that 
((H°-M):—Vi)ter, — is increasing. 
In addition, H® - M is a local martingale and a super-martingale. 


Corollary 14.5.14 (Corollary 15.4.11). Let S be a semi-martingale taking 
values in R@ such that M¢(S) £4 0 and w > 1 a weight function such that there 
is some Q € M&(S) with Eq [uw] < ov. 

Then the conver cone 


{g | there is a (1, w)-admissible integrand H such that g < (H-S).o} 
is closed in L°(Q) with respect to the topology of convergence in measure. 
Let w > 1 be such that there is Q € M§&, with Eq [w] < oo. The set 
Kw = {(H-S). | H is w-admissible} 


is a cone in the space of measurable functions L°. As in Chap. 9 we need 
the cone of all elements that are dominated by outcomes of w-admissible 
integrands: 


C° = {g| 9 < (H- 8S), where H is w-admissible} . 


If H is w-admissible and Eg [w] < oo for some Q € M6&, then it follows 
from the results in [AS 94] that the process H - S is a Q-super-martingale. 
Therefore the limit (H - S)., exists and Eq [(H - S).] < 0. It also follows 
that for elements g € C°, we have that —co < Ea@[g] < 0. We will use 


310 14 The FTAP for Unbounded Stochastic Processes 


this result frequently. We also remark that if H is w-admissible and if (A - 
S)o > —w then H is already (1, w)-admissible. Indeed because of the super- 
martingale property of H - S we have that (at least for those Q © M& such 
that Eg [w] < 00): 


(H+ S)i > EQ (HS) | Fi] 2 Eq [-w | Fi] - 
By Lemma 14.5.4 this means that H is (1, w)-admissible. 


Theorem 14.5.15. [fw > 1 and if there is some Q € M§& such that Eg [w] < 
co, then 


Ce = {h| he L™ and hw ech} 


is weak-star-closed in L™®(Q). 


Proof. This is just a reformulation of Corollary 14.5.14 cited above. 


We now prove the duality result stated in Theorem 14.5.9. The proof is 
broken up into several lemmata. As we will work with functions w > 1 that 
are not necessarily feasible weight functions we will make use of a larger class 
of equivalent measures namely: 


Mew ={Q~ P | Eg [v] < 00 and for each h € Cy : Eq [h] < 0} . 


The reader can check that M¢§_,,, is the set of equivalent probability measures 
so that w is integrable and with the property that for a w-admissible integrand 
Hf, the process H - S is a super-martingale. When we work with admissible 
integrands, i.e. with w identically equal to 1, then we simply drop, as in 
Proposition 14.4.5, the subscript w. 


Lemma 14.5.16. If w > 1 has a finite expectation for at least one element 
Qe M&S, if g is a random variable such that g > —w then: 


sup Egl[g] <inf{a| there is H w-admissible andg<a+(H-S)o}. 
QeEMS 
EqQ[w]<oco 


Proof. The proof follows the same lines as the proof of Theorem 11.3.4. If 
w = landQe M{,,, then as observed above, the process H - S is a Q- 
super-martingale for each H that is w-admissible. Therefore the inequality 
g<a+(H-S).. implies that Eg [g] < a. 


Remark 14.5.17. If, under the same hypothesis of the Theorem 14.5.9 above, 
SUPQE ME :EQ|w]<co EQ |g] = ov, then also inf{a | there is H w-admissible 
and g < a+ (H-S).} = oo. This simply means that no matter how big 
the constant a is taken, there is no w-admissible integrand H such that g < 
at (H+ S)oo. 
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Lemma 14.5.18. If w > 1, if for some Qo € M§& we have Eq, [w] < ~, if 
£ is bounded and if 


8B <inf{a]| there is H w-admissible andg<at+(H-S)x}, 
then there is a probability measure QE M{,, such that Eg [g] > 8. 


Proof. The hypothesis on ( means that: 
( B +12) NCx = {0}. 


Because the set Ce° is weak-star-closed, we can apply Yan’s separation theorem 
[Y 80] (see also Theorem 5.2.2 above) and we obtain a strictly positive measure 
Lt, equivalent to P such that 


(1) B, [4] >0 

(2) for all h € C3? we have E,, [h] < 0. 

If we normalise 4 so that the measure Q defined as dQ = s dy becomes 
a probability measure, then we find that 

(1) Q~ P and Eg [w] < ©, 

(2) Eq [g] > 8, 

(3) for all h € C3? we have that Eg [hw] < 0. 


The latter inequality together with the Beppo-Levi theorem then implies that 
for each w-admissible integrand H we have that Eg [(H - S)o] < 0. 


Lemma 14.5.19. If w > 1, if some Qo € M& we have Eq, [vw] < ~, if 
g => —w then 


sup Eg [g] > inf {a | there is H w-admissible and g <a+(H-S)oo}. 
QeM:,,, 


Moreover if the quantity on the right hand side is finite, then the infimum is 
a minimum. 


Proof. For each n > 1, we have that gan is bounded and hence we can apply 
the previous lemma. This tells us that, for each n € N, 


On = sup {EQ [ gAn||QeM§ uh 
> inf {a | there is H w-admissible and gAn<a+(H-S)n}. 


Because there is nothing to prove when lim, a, = co we may suppose that 
SUP, Qn = limn An = a < oo. So, for each n, we take a w-admissible integrand 
H” such that gn < an++4+(H"-S)0. Let us now fix Qo € M§& such that 
Ea, [w] < co. From Theorem 14.5.13, cited above, we deduce the existence of 
K” € conv{H”, H"*+,...} as well as H°, such that 
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(1) Ve =lims\ 4; seq, limno(K” - S)s exists a.s., for all t > 0, 

(2) (H°-S), — V; is increasing, 

(3) Vo <0. 

From this it follows that (H°-S), >—Vo +V; > V;. Since H” is w-admissible 
(and hence (1, w)-admissible) we have that AK” is (1, w)-admissible and hence 
we find that V; > —Eg [w | F;] for all Q © ME& such that Eq [w] < oo. It is 
now clear that H®° is w-admissible. Since the sequence a, is increasing, we 
also obtain that for all t and all Q € M§ with Eg [w] < co: 


1 1 
(K"-S)t +m + — > Eg[(K" + S)oo | Fi] +n + — > Eq [gn | Fi] . 
This yields that, for all t and all n, 
0 1 1 
(H°- 8) t+an+—>Vitan+—>Eg[g\n| Fi] . 


If t tends to infinity this gives (H°-S).0 +an++ > gAn for all n. By taking 
the limit over n we finally find that 
(f°: Sj ta >g. 


This shows the desired inequality and at the same time also shows that the 
infimum is a minimum. 


We are now ready to prove the duality results. We start with the case 
of admissible integrands thus extending Theorem 11.3.4 to the case of non- 
locally bounded processes S. Recall that we assume throughout this section 
that S is an R¢-valued semi-martingale satisfying (NFLVR). 


Theorem 14.5.20. For a non-negative random variable g we have: 


sup Eg [g] = inf {a | there is H admissible and g <a+(H-S)o}. 
QeMs 


Proof. From the previous lemmata it follows that we only have to show that 


sup Ealg]= sup Ea[g] . 
QeMs QeMe 


This follows from Proposition 14.4.5 and the fact that g is bounded from 
below. 


We now complete the proof for the case of feasible weight functions w and 
w-admissible integrands: 


Proof of Theorem 14.5.9. In this case we show that M> = M({_,,. We already 
observed that M§ Cc M{,. Take now Qe M{,,. 

Since w is now supposed to be a feasible weight function, we have 
the existence of a strictly positive predictable function y such that (y - 
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S)* < w. It follows that random variables of the form 1,4 (y- $} — ¢- St) or 
—14 (y -Si-y- S*), where s < t, A € F, and (S");-1,..4 are the coordinates 
of S, are results of w-admissible integrands. Therefore y-S is a Q-martingale 
and Q € M&. 


Corollary 14.5.21. If w > 1 is a feasible weight function then the set 
{Q| Qe M6, Eg[u] < «} 
is dense in M& for the variation norm. 


Proof. If the set would not be dense then by the Hahn-Banach theorem, there 
exists Qo € M§& and a bounded function g such that 


Eq |g] > sup {Eqlg] | Qe M5, Eaq[u] < of} =a. 


This, together with Theorem 14.5.9, would then imply 


inf {a | there is H admissible and g <a+(H-S)x} 
= sup Eg[g] 
QemMe 


Qo 


EqQ[w]<co 


= inf {a| there is H w-admissible and g <a+(H-S) x}. 


But a w-admissible integrand H such that (H-S)..+a > g is already admis- 
sible, proving that the strict inequality cannot hold. Indeed the process H- S$ 
is a Q-super-martingale for each element Q € M§& such that Ea[w] < oo. 
Therefore the process H - S is bounded below by —a — ||g||.o and this means 
that H is admissible. 


Remark 14.5.22. An interesting question is, whether by taking the supremum 
in Theorem 14.5.9, we have, for general unbounded functions g, to restrict to 
those elements Q € ME& such that for the feasible weight function w we have 
Eq [vw] < oo. More precisely is there a contingent claim g > —w such that 


EqQ[w]<co 


An inspection of the proof of the above theorem shows that we used the Q- 
integrability of the feasible weight function w in order to conclude that the 
w-admissible integrand H defined a Q-super-martingale H - S. 

The next example, however, shows that it might happen that, for some 
sigma-martingale measure, H -S is a super-martingale, while for other sigma- 
martingale measures, it fails to be so. 
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Example 14.5.23.' There is a continuous process S$, So = 0 satisfying 
(NFLVR) and so that 


(i) Pems, 

(ii) S is not uniformly integrable under P and Ep[S.] > 0, 

(iii) the maximum function 5* = supg<;cog |Sz| is not P-integrable, 

(iv) there is Qo € ME& such that S is uniformly Qo-integrable and, more 
precisely, Eq, [(S*)7] < co for some y > 1, 

(v) the weight function w = 1+ S* is feasible and 


Eq[w]<co 


The example is the same as in Chap. 10 but we need additional properties. 
The space 2 supports two independent Brownian motions: B and W. We 
first introduce the two stochastic exponentials L; = exp(B; — st) and Z, = 
exp(W; — $t). As in Chap. 10 we define + = inf{t | Ly < 5} and o = inf{t | 
Z, > 2}. The process Z? is bounded by 2 and L” is a strict local martingale. 
The process S' is defined as S = 1 — L7“? and Q is defined by ue = 27AG% 
Since T < oo as. Qo and P are equivalent. In Chap. 10 it is Chow that 
(i) and (ii) and hence (iii) hold true. Also it is shown that S is a uniformly 
Qo-integrable martingale. We will now show that Ea, |(S*)7] < oo for some 
y > 1. This implies that w = 14 S™ is a feasible weight function and since 
Ep[S.]| > 0 and P € M& we get (v) as a consequence. 

Hence we still have to show (iv). The estimate on Eq, [(S*)7] follows from 
the statement Ea, [L7,,| < co for some y > 1. This in turn follows from the 
following claim (see also [RY 91, Chap. II, Exercise (3.14)]). 


Claim 1: Let W be a Brownian motion. Let v = inf{t | W,+ 4t > In2}, then 
for 3 > 0 we have 


1~V1F85 
Elexp(—Gv)] = 2°77. 

This is seen as follows. For a > 0 take the martingale X; = exp(aW; — 

$a7t) stopped at time v. Since X” is bounded we get E[X,] = 1 and this 

implies 1 = E[exp(aIn2— $v — $a*v)] = 2°E[exp(— olor) v)]|. The equation 


2 
aotd) = @ has one positive root for a, namely a = =i VTE 1786 


Blexp(—60)] = 2°, 
Claim 2: Let f > 0 be arandom variable and for @ € C, Re(@) > 0 let y(G) = 
Elexp(—(/f)]. Suppose that y has an analytic continuation, still denoted by 
y, to the domain {G3 € C | |8| < Go}. Then for G € C, |B] < Go we have 
Elexp(3o)] = y(—/). 


This is a standard exercise in probability theory. 


. This gives 


The original paper [DS 98, Example 5.14] contained an error in Example 14.5.23. 
This was pointed out by S. Biagini and M. Frittelli which is gratefully acknowl- 
edged, see [BF 04]. In their paper they adapted our example in a different way. 


Elexp(Bv)] = 2° 
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Claim 1 can now be improved as follows: for —co < 6 < + we have 
-vI=3B 
2 . 


As above let us now look at o = inf{t | W; — 4¢ > In2} and consider 


the measure defined by a = Zy = 21f¢<00}. The extension of Girsanov’s 
theorem for non-equivalent measures, due E. Lenglart [L 77], allows to write 
the Brownian motion W as W; = W/ +t, where W’ is a Q-Brownian motion 
and the equations hold Q-a.s.. It follows that for 0 < @G< + 


In 


1-8 


Ealexp(Go)] = 2Elexp(B0)1y,<0c)] = Elexp(3v)] = 2°? 


other words Elexp(30)1 <3] = 27-7 


We are now ready to show: 


Claim 3: Eq,[L7,.] < 0 forl< 7< 1 


The calculations are straightforward but we prefer to give the details 


E [Ling Zrao] 


1 
=E lex» (1Brae — ae A c) exp (Ware —=TA *)| 


< 


< 


a 


Forl<y< 14+v2 we have 2O-) < 


This ends the proof of (iv) and completes the discussion of the example. 


2 2 
7 —1 1 
E lexp Gaz — at A a) exp( 4, A a) exp (Ware _ 37 A a) 


: -1 1 
E lex» (100 _ ur A a) exp (*.) exp (w. — 57)| 
é —1 1 
lim E lexp Gaze = tr Aa n) exp( 4.) exp (Ww = 7) 


7 -—1 1 
lim E lexp Gaz - oT A n) exp (.) exp (w - 57)| ; 


this is seen as follows: we split into the two sets {rf \n <o} and {rAn 


>o} € F, and use the martingale property of exp(B; — $t) for t <n. 


-1 1 
E lexp (ao) exp (w - 57)| by independence of B and W! 


and hence 


i 
2 8 


—1 
Eq, [Lr pS <E lexp (a) 2 1ye<c| < OH. 


We now turn to the characterisation of maximal and of attainable elements. 


The approach is different from the one used in Chap. 11, which was based on 
a change of numéraire technique. In order not to overload the statements we 
henceforth suppose that w is a feasible weight function. 
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Lemma 14.5.24. If g © Ky, then there is a maximal element h € Ky such 
that h > g. 


Proof. It is sufficient to show that every increasing sequence in K, has an 
upper bound in Ky. So let hyn, hy = g, be an increasing sequence in K,,. For 
each n take H”, w-admissible so that hy, = (H”-S)oo. As in the previous 
proof we then find, as an application of Theorem 14.5.13, that there is H®, 
w-admissible such that (H° - S$). > lim, hn. This concludes the proof of the 
lemma. 


Proof of Theorem 14.5.12. If Eg [w] < oo then H - S' is a Q-super-martingale 
and hence (2) and (3) are equivalent. Also it is clear that (2) implies (1). 
Indeed if g is the result of a w-admissible integrand then Eg [g] < 0 for each 
Q € M& such that also Eg [w] < oo. It follows that h is necessarily maximal. 

The only remaining part is that (1) implies (2). Since always Eg [h] < 0 
for Q € M§& such that also Eg [w] < 00, we obtain already that for measures 
Q satisfying these assumptions, ht is Q-integrable. So fix such a measure 
Q. Now let w, = h* + w. Clearly w 1 is a feasible weight function. We will 
work with the set K,,,. The problem is, however, that we do not (yet) know 
that h is still maximal in the bigger cone K,,. From the construction of w1 
it follows that, for elements Q € MS, we have Eq [wi] < oo if and only if 
Eg [vw] < oo. Now let g > h be the result of a w;-admissible integrand. Hence 
g = (K-S)x where K is wi-admissible. Since (K-S). >g >h> —w and 
since K is w;-admissible we have that K is already w-admissible. (Remember 
that Eg [wi] < oo if and only if Eg [w] < co) From the maximality of h in 
Kw it then follows that g = h, ie. h is maximal in K,,. This can then be 
translated into 


h 
L& nN foe) ; 
€ . Con a 


Using Yan’s separation theorem (Theorem 5.2.2 above) in the same way 
as in the proof of Theorem 14.5.9 above, we find a measure Q, such that 
Eq, [wr] < OO, Q, E Mé and Eq, (h] > 0. 


The following theorem generalises a result due to Ansel-Stricker and Jacka, 
[AS 94] and [J 92]. 


Theorem 14.5.25. Let w be a feasible weight function and let f > —w. The 
following assertions are equivalent 


(1) there is a measure Q € ME& such that Eg [w] < co and such that 


ER|[w]<co 


(2) f can be hedged, i.e. there is a € R, Q € M§& such that Eq [w] < o, 
a w-admissible integrand H such that H-S is a Q-uniformly integrable 
martingale, and such that f=a+t(H- So. 
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Proof. Clearly (2) implies (1) by Theorem 14.5.12. 

For the reverse implication take now Q as in (1), then the duality result 
(Theorem 14.5.9) gives a € R as well as a w-admissible integrand H such that 
f <a+(H-S).0o, where a = suppe me; ER[w]<co [f]. Here we use explicitly 
that the infimum in the duality theorem is a minimum. But then it follows 
from Eg [w] < oo and from the equality Eg [f] = a that f=at+(H-S)x 
and that H.-S is a Q-uniformly integrable martingale. 


15 


A Compactness Principle 
for Bounded Sequences of Martingales 
with Applications (1999) 


Abstract. For H'-bounded sequences of martingales, we introduce a technique, 
related to the Kadeé-Pelczytiski decomposition for L+ sequences, that allows us to 
prove compactness theorems. Roughly speaking, a bounded sequence in H! can 
be split into two sequences, one of which is weakly compact, the other forms the 
singular part. If the martingales are continuous then the singular part tends to zero 
in the semi-martingale topology. In the general case the singular parts give rise to 
a process of bounded variation. The technique allows to give a new proof of the 
optional decomposition theorem in Mathematical Finance. 


15.1 Introduction 


Without any doubt, one of the most fundamental results in analysis is the 
theorem of Heine-Borel: 


Theorem 15.1.1. From a bounded sequence (%n)n>1 € R?@ we can extract 
a convergent subsequence (Xn, )k>1- 


If we pass from R? to infinite dimensional Banach spaces X this result does 
not hold true any longer. But there are some substitutes which often are useful. 
The following theorem can be easily derived from the Hahn-Banach theorem 
and was well-known to S. Banach and his contemporaries (see [DRS 93] for 
related theorems). 


Theorem 15.1.2. Given a bounded sequence (n)n>1 in a reflexive Banach 
space X (or, more generally, a relatively weakly compact sequence in a Banach 
space X ) we may find a sequence (Yn)n>1 of convex combinations of (fn)n>1, 


Yn © Conv{in, In41,---}, 
which converges with respect to the norm of X. 


[DS 99] A Compactness Principle for Bounded Sequences of Martingales with Ap- 
plications. Proceedings of the Seminar on Stochastic Analysis, Random Fields and 
Applications, Progress in Probability, vol. 45, pp. 137-173, Birkhauser, Basel (1999). 


320 15 A Compactness Principle 


Note — and this is a Leitmotiv of the present paper — that, for sequences 
(tn)n>1 in a vector space, passing to convex combinations usually does not 
cost more than passing to a subsequence. In most applications the main prob- 
lem is to find a limit xz € X and typically it does not matter whether 
xo = limg, ry, for a subsequence (Zp, )e>1 OF Zo = lim, yn for a sequence 
of convex combinations yn € conv{%n, Un41,---}- 

If one passes to the case of non-reflexive Banach spaces there is — in gen- 
eral — no analogue to Theorem 15.1.2 pertaining to any bounded sequence 
(tn)n>1, the main obstacle being that the unit ball fails to be weakly com- 
pact. But sometimes there are Hausdorff topologies on the unit ball of a 
(non-reflexive) Banach space which have some kind of compactness proper- 
ties. A noteworthy example is the Banach space L1(Q, F,P) and the topology 
of convergence in measure. 


Theorem 15.1.3. Given a bounded sequence (fn)n>1 € L'(Q,F,P) then 
there are convex combinations 


Gn € conv{ fn, fn4i,---)} 
such that (gn)n>1 converges in measure to some go € L'(Q,F,P). 


The preceding theorem is a somewhat vulgar version of Komlos’ theo- 
rem [K 67]. Note that Komlos’ result is more subtle as it replaces the convex 
combinations (gn)n>1 by the Cesaro-means of a properly chosen subsequence 
(fra )k>1 Of (fn)n>1- 

But the above vulgar version of Komlos’ theorem has the advantage that 
it extends to the case of L'(Q,F,P; E) for reflexive Banach spaces E as we 
shall presently see (Theorem 15.1.4 below), while Komlos’ theorem does not. 
(J. Bourgain [B79] proved that the precise necessary and sufficient condition 
for the Komlos theorem to hold for E-valued functions is that L?(Q,F,P; E) 
has the Banach-Saks property; compare [G79] and [S 81].) 

Here is the vector-valued version of Theorem 15.1.3: 


Theorem 15.1.4. If E is a reflerive Banach space and (fn)n>1 a bounded 
sequence in L'(Q,F,P; E), we may find convex combinations 


gn € conv{ fn, fr4i,---} 


and go € L'(Q,F,P;£) such that (gn)n>1 converges to fo almost surely, i.e., 


Jim llgn(w) — go(w)||z = 0 forae wen. 

The preceding theorem seems to be of folklore type and to be known to 
specialists for a long time (compare also [DRS 93]). We shall give a proof in 
Sect. 15.2 below. 

Let us have a closer look at what is really happening in Theorems 15.1.3 
and 15.1.4 above by following the lines of Kadet and Pelczynski [KP 65]. 
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These authors have proved a remarkable decomposition theorem which es- 
sentially shows the following (see Theorem 15.2.1 below for a more precise 
statement): Given a bounded sequence (fn)n>1 in L'(Q,F,P) we may find 
a subsequence (fn, )&>1 Which may be split into a regular and a singular 
part, fn, = fn, + fi,» Such that (ff, )x>1 is uniformly integrable and (f;, )x>1 
tends to zero almost surely. 

Admitting this result, Theorem 15.1.3 becomes rather obvious: As regards 
the regular part (fy, )k>1 we can apply Theorem 15.1.2 to find convex combi- 
nations converging with respect to the norm of L! and therefore in measure. 
As regards the singular part (f;,)x>1 we do not have any problems as any 
sequence of convex combinations will also tend to zero almost surely. 

A similar reasoning allows to deduce the vector-valued case (Theorem 15.1.4 
above) from the Kadeé-Pelczyriski decomposition result (see Sect. 15.2 below). 

After this general prelude we turn to the central theme of this paper. Let 
(Mz)ter , be an R4-valued cadlag local martingale w.r. to (Q, F, (Fi)rer , , P) 
and (H”),n>1 a sequence of M-integrable processes, i.e., predictable R¢-valued 
stochastic processes such that the integral 


t 
(H”- M); -| H” dM, 
0 


makes sense for every t€ R44, and suppose that the resulting processes 
((H”- M):)ter, are martingales. The theme of the present paper is: under 
what conditions can we pass to a limit H°? More precisely: by passing to 
convex combinations of (H”),>1 (still denoted by H”) we would like to en- 
sure that the sequence of martingales H” - M converges to some martingale 
N which is of the form N = H°- M. 

Our motivation for this question comes from applications of stochastic cal- 
culus to Mathematical Finance where this question turned out to be of crucial 
relevance. For example, in chapter 9 as well as in the work of D. Kramkov 
({K 96a]) the passage to the limit of a sequence of integrands is the heart of 
the matter. We shall come back to the applications of the results obtained in 
this paper to Mathematical Finance in Sect. 15.5 below. 

Let us review some known results in the context of the above question. 
The subsequent Theorem 15.1.5, going back to the foundations of stochas- 
tic integration given by Kunita and Watanabe [KW 67], is a straightforward 
consequence of the Hilbert space isometry of stochastic integrands and in- 
tegrals (see, e.g., [P 90, p.153] for the real-valued and Jacod [J 79] for the 
vector-valued case). 


Theorem 15.1.5 (Kunita-Watanabe). Let M be an R¢-valued cadlag local 
martingale, (H")n>1 be a sequence of M-integrable predictable stochastic pro- 
cesses such that each (H"-M) is an L?-bounded martingale and such that the 
sequence of random variables ((H”-M).>)n>1 converges to a random variable 
fo € L7(Q,F,P) with respect to the norm of L?. 
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Then there is an M-integrable predictable stochastic process H® such that 
H®- M is an L?-bounded martingale and such that (H°-M).. = fo. 


It is not hard to extend the above theorem to the case of L”, for 1 < p< co. 
But the extension to p = 1 is amuch more delicate issue which has been settled 
by M. Yor [Y 78a], who proved the analogue of Theorem 15.1.5 for the case of 
HH and.L. 


Theorem 15.1.6 (Yor). Let (H”)n>1 be a sequence of M-integrable pre- 
dictable stochastic processes such that each (H"-M) is an H'-bounded (resp. 
a uniformly integrable) martingale and such that the sequence of random vari- 
ables ((H"-M)oo)n>1 converges to a random variable fo € H'(Q,F,P) (resp. 
fo € L(Q,F,P)) with respect to the H'-norm (resp. L1-norm); (or even only 
with respect to the o(H',BMO) (resp. o(L', L)) topology). 

Then there is an M-integrable predictable stochastic process H® such that 
H®. M is an H'-bounded (resp. uniformly integrable) martingale and such 
that CH? 2M) 0° To: 


We refer to Jacod [J79, Theoréme 4.63, p.143] for the H'-case. It es- 
sentially follows from Davis’ inequality for H!-martingales. The L+-case (see 
[Y 78a]) is more subtle. Using delicate stopping time arguments M. Yor suc- 
ceeded in reducing the L+ case to the H! case. In Sect. 15.4 we take the 
opportunity to translate Yor’s proof into the setting of the present paper. 

Let us also mention in this context a remarkable result of Mémin ([M 80, 
Theorem V.4]) where the process M is only assumed to be a semi-martingale 
and not necessarily a local martingale and which also allows to pass to a limit 
H°-M of a Cauchy sequence H"-M of M-integrals (w.r. to the semi-martingale 
topology). 

All these theorems are closedness results in the sense that, if (H”- M) is 
a Cauchy-sequence with respect to some topology, then we may find H® such 
that (H° - M) equals the limit of (H”- M). 

The aim of our paper is to prove compactness results in the sense that, 
if (H” - M) is a bounded sequence in the martingale space H!, then we may 
find a subsequence (nx)x>1 as well as decompositions H”* = "Kk Ki sik so 
that the sequence "K* - M is relatively weakly compact in H! and such that 
the singular parts *k kM hopefully tend to zero in some sense to be made 
precise. The regular parts "kK k . M then allow to take convex combinations 
that converge in the norm of H!. 

It turns out that for continuous local martingales M the situation is nicer 
(and easier) than for the general case of local martingales with jumps. We 
now state the main result of this paper, in its continuous and in its general 
version (Theorem 15.A and 15.B below). 


Theorem 15.A. Let (M")n>1 be an H*-bounded sequence of real-valued con- 
tinuous local martingales. 

Then we can select a subsequence, which we still denote by (M”)n>1, as 
well as an increasing sequence of stopping times (T,)n>1, such that P[T;, < co] 
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tends to zero and such that the sequence of stopped processes ((M")") is 
relatively weakly compact in H'. 

If all the martingales are of the form M" = H”-M for a fixed continuous 
local martingale taking values in R¢, then the elements in the H'-closed convex 


hull of the sequence CG i as De are also of the form H- M. 


As a consequence we obtain the existence of convex combinations 
K” € conv{H", H"*1,...} 


such that K”1)o,7,]-M tends to a limit H®- M in H!. Also remark that the 
remaining singular parts K"1)7,, .0j:M tend to zero in a stationary way, i.e. 
for almost each w € 2 the set {t | In > no, Kj 4 0} becomes empty for large 
enough ng. As a result we immediately derive that the sequence K”- M tends 
to H®- M in the semi-martingale topology. 

If the local martingale M is not continuous the situation is more delicate. 
In this case we cannot obtain a limit of the form H®-M and also the decom- 
position is not just done by stopping the processes at well-selected stopping 
times. 

Theorem 15.B. Let M be an R¢-valued local martingale and (H”)n>1 be 
a sequence of M-integrable predictable processes such that (H”-M)n>1 is an 
H'! bounded sequence of martingales. 

Then there is a subsequence, for simplicity still denoted by (H”)n>1, an 
increasing sequence of stopping times (T,)n>1, @ sequence of convex combi- 
nations L” = >. at H* as well as a sequence of predictable sets (E")n>1 
such that 


(1) E” Cc [0,T,] and T,, increases to x, 

(2) the sequence (H"1)0,7,Jn(e")e : M) 

(3) aS lem <d, 

(4) the convex combinations 0,5, a%H*1)o,7,Jn(e)e -M converge in H' to 
a stochastic integral of the form H®-M, for some predictable process H®, 

(5) the convex combinations Vr = dipsn ok HA lyr, copur * M converge to 
a cadlag optional process Z of finite variation in the following sense: a.s. 
we have that Z; = lims\¢, seq liMn—soo(Vn)s for each t € Rx, 

(6) the brackets [((H° — L”)-M,(H° — L”)- M].. tend to zero in probability. 


If, in addition, the set 


. . . 1 
n>i 8 weakly relatively compact in H- , 


{A(H"-M)7 |ne€N; T stopping time} 


resp. 
{|A(H” - M)r| |n €N; T stopping time} 


is uniformly integrable, e.g. there is an integrable function w > 0 such that 
A(H”-M)>-w resp. |A(A"-M)|<w, as. 


then the process (Z;)trer, is decreasing (resp. vanishes identically). 
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For general martingales, not necessarily of the form H”- M for a fixed 
local martingale 7, we can prove the following theorem: 


Theorem 15.C. Let (M")n>1 be an H!-bounded sequence of R¢-valued mar- 
tingales. Then there is a subsequence, for simplicity still denoted by (Mn)n>1 
and an increasing sequence of stopping times (T,n)n>1 with the following prop- 
erties: 


(1) T,, increases to co, 

(2) the martingales N” = (mn)™ — AMr, lpr, of + C” form a relatively 
weakly compact sequence in H'. Here C” denotes the compensator (dual 
predictable projection) of the process AMr, 1[7, oof; 

(3) there are convex combinations Sh ak NF that converge to an H', mar- 
tingale N° in the norm of H', 

(4) there is a cadlag optional process of finite variation Z such that almost 
everywhere for each t € R: Z = lims\4; seq limn—oo opey ak Ck, 


If, in addition, the set 
{A(M")7 | néN; T stopping time} 


resp. 
{|A(M")r|| 2 EN; T stopping time} 


is uniformly integrable, e.g. there is an integrable function w > 0 such that 
A(M")>—-w resp. |A(M")|<w, as. 
then the process (Z;)rer, 18 increasing (resp. vanishes identically). 


Let us comment on these theorems. Theorem 15.A shows that in the con- 
tinuous case we may cut off some small singular parts in order to obtain 
a relatively weakly compact sequence ((M")?™),,>1 in H'. By taking convex 
combinations we then obtain a sequence that converges in the norm of H!. The 
singular parts are small enough so that they do not influence the almost sure 
passage to the limit. Note that — in general — there is no hope to get rid of the 
singular parts. Indeed, a Banach space F such that for each bounded sequence 
(tn)n>1 € E there is a norm-convergent sequence yn € conv{%n, Zn41,-.-} is 
reflexive; and, of course, H! is only reflexive if it is finite dimensional. 

The general situation of local martingales M (possibly with jumps) de- 
scribed in Theorem 15.B is more awkward. As regards the convex combina- 
tions of the form (0,5, 0% H*1)o,7,Jq(e")e¢ + M)n>1 we have convergence in 
H' but for the singular parts (V")n>1 we cannot assert that they tend to 
zero. Nevertheless there is some control on these processes. We may assert 
that the processes (V"),>1 tend, in a certain pointwise sense, to a process 
(Z:)ter, of integrable variation. We shall give an example (Sect. 15.3 below) 
which illustrates that in general one cannot do better than that. But under 
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special assumptions, e.g., one-sided or two-sided bounds on the jumps of the 
processes (H” - M), one may deduce certain features of the process Z (e.g., 
Z being monotone or vanishing identically). It is precisely this latter conclu- 
sion which has applications in Mathematical Finance and allows to give an 
alternative proof of Kramkov’s optional decomposition theorem [K 96a] (see 
Theorem 15.5.1 below). 

To finish the introduction we shall state the main application of Theorem 
15.B. Note that the subsequent statement of Theorem 15.D does not use 
the concept of H!(P)-martingales (although the proof heavily relies on this 
concept) which makes it more applicable in general situations. 


Theorem 15.D. Let M be an R¢-valued local martingale and w > 1 an inte- 
grable function. 
Given a sequence (H")n>1 of M-integrable R¢-valued predictable processes 
such that 
(H”-.M), > —w, for all n,t, 


then there are convex combinations 
K” € conv{H™, H"™', ...3, 
and there is a super-martingale (Vi )rer., Vo < 0, such that 


lim lim (K"-M),=V, forte Ry, as., 
sEQy 


and an M-integrable predictable process H® such that 
((H°-M):—Vi)ter, — is increasing. 
In addition, H®- M is a local martingale and a super-martingale. 


Loosely speaking, Theorem 15.D says that for a sequence (H”-M)n>1, obey- 
ing the crucial assumption of uniform lower boundedness with respect to an 
integrable weight function w, we may pass — by forming convex combina- 
tions — to a limiting super-martingale V in a pointwise sense and — more 
importantly — to a local martingale of the form (H®-M) which dominates V. 

The paper is organised as follows: Sect. 15.2 introduces notation and fixes 
general hypotheses. We also give a proof of the Kadeé-Petczyniski decom- 
position and we recall basic facts about weak compactness in H!. We give 
additional (and probably new) information concerning the convergence of the 
maximal function and the convergence of the square function. Sect. 15.3 con- 
tains an example. In Sect. 15.4, we give the proofs of Theorems 15.A, 15.B, 
15.C and 15.D. We also reprove M. Yor’s Theorem 15.1.6. In Sect. 15.5 we 
reprove Kramkov’s Optional Decomposition Theorem 15.5.1. 
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15.2 Notations and Preliminaries 


We fix a filtered probability space (Q,F,(Fi)rer,,P), where the filtration 
(Fi)ter, satisfies the usual conditions of completeness and right continuity. 
We also assume that F equals F.. In principle, the letter MM will be reserved 
for a cadlag R¢-valued local martingale. We assume that My = 0 to avoid 
irrelevant difficulties at t = 0. 

We denote by © (resp. P) the o-algebra of optional (resp. predictable) 
subsets of R, x Q. For the notion of an M-integrable R¢-valued predictable 
process H = (H;)ter, and the notion of the stochastic integral 


t 
(H-M), =) H,, dM, 
0 


we refer to [P90] and to [J 79]. Most of the time we shall assume that the 
process H - M is a local martingale (for the delicacy of this issue compare 
[E 80] and [AS 94]) and, in fact, a uniformly integrable martingale. 

For the definition of the bracket process [M, M] of the real-valued local 
martingale M as well as for the o-finite, non-negative measure d[M, M] on 
the o-algebra O of optional subsets of 2 x R+, we also refer to [P 90]. In the 
case d > 1 the bracket process [M, M] is defined as a matrix with components 
[M*, M?] where M = (M?,...,M“). The process [M, M] takes values in the 
cone of non-negative definite (d x d)-matrices. This is precisely the Kunita- 
Watanabe inequality for the bracket process. One can select representations so 
that for almost each w € 2 the measure d[M, M] induces a o-finite measure, 
denoted by d[M, M].,, on the Borel sets of Ry (and with values in the cone 
of non-negative definite (d x d)-matrices). 

For an R¢-valued local martingale X, Xo = 0, we define the H!-norm by 


Xl = || (trace([X, X]oo))? leew) 


ck Laat &, x) i nies 


where trace denotes the trace of a (d x d)-matrix and the L!-norm by 


=E 


|X ||z1 = sup E[|Xz|] < 00, 


where |.| denotes a fixed norm on R“%, where the sup is taken over all finite 
stopping times T’ and which, in the case of a uniformly integrable martingale 
X, equals 

|X llz1 = E[|Xool] < 00. 
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The Davis’ inequality for H!-martingales ([RY 91, Theorem IV.4.1], see 
also [M 76]) states that there are universal constants, c; and cy (only depend- 
ing on the dimension d), such that for each H'-martingale X we have: 


c1||Xoollnr S |X lee S c2l|Xollo 


where X;* = sup;<,, |X| denotes the maximal function. 

We denote by H! = H1(Q,F, (Fi)ter,,P) and L! = 11(Q,F, (Fi)ter,,P) 
the Banach spaces of real-valued uniformly integrable martingales with fi- 
nite H'- or L'-norm respectively. Note that the space L'(Q, F, (Fi)ter,,P) 
may be isometrically identified with the space of integrable random variables 
L1(Q, F, P) by associating to a uniformly integrable martingale X the random 
variable Xo. 

Also note that for a local martingale of the form H-M we have the formula 


Co 


|H- Map = [7M Mie 


L1(Q,F,P) 


Cs Hid[M, Ml) i ; 


where H’ denotes the transpose of H. 
We now state and prove the result of Kade¢-Pelczyiski [KP 65] in a form 
that will be useful in the rest of our paper. 


=E 


Theorem 15.2.1. (Kadet-Pelczynski). If (fn)n>1 is an L'-bounded sequence 
in the positive cone vB (Q,F,P), and g is a non-negative integrable function, 
then there is a subsequence (nx) n>1 as well as an increasing sequence of strictly 
positive numbers (Gx)k>1 such that 3, tends to co and (fn, A (Gr(g+1))) ps4 
is uniformly integrable. 

The sequence (fn, \ (Be(g +1))),s1 18 then relatively weakly compact by 
the Dunford-Pettis theorem. 


Proof. We adapt the proof of [KP 65]. Without loss of generality we may sup- 
pose that the sequence (f,)n>1 is bounded by 1 in L1-norm but not uniformly 
integrable, i.e., 


Elfn] <1; 6(6) = sup El fn —frAB(gt ll] <«w; 0<d(~w)= inf 6(8) 


(it is an easy exercise to show that d(co) = 0 implies uniform integrability). 
For k = 1 and 6; = 1 we select n so that Elfn, — fn, A Pilg + 1)] > See) 
Having chosen ni, 2,...,x—-1 as well as (1, G2,...,Ge—-1 we put By = 20,1 
and we select nz > ng—1 so that El fn, — fn, A Ge(g + 1] > (1 — 27*)d(00). 
The sequence (fr, A Gx(g+1)),5, is now uniformly integrable. To see this, 
let us fix K and let k(K) be defined as the smallest number k such that 
By > K. Clearly kU) — oo as K tends to oo. For | < k(K) we then have 
that fr, \Gi(g +1) = fn, \ Gilg +1) A K(g+1), whereas for 1 > k(K) we have 
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= Elfa, — far AE(9+ 0) — Elm, — Sc 6 Bl +0) 
< 5(K) ~ (a(c0) ~ F3 


6(00) 
Qk(K) * 


< 5(o0) — 6(K) + 


The latter expression clearly tends to 0 as K — oo. 


Corollary 15.2.2. If the sequence 3, is such that fr, \Gk(g+1) ts uniformly 
integrable, then there also exists a sequence yz such that a tends to infinity 


and such that the sequence fn, \ye(g +1) remains uniformly integrable. 


Proof. In order to show the existence of y, we proceed as follows. The sequence 
hi = Bu(9 + 1)1 GF, >Ax(9+0)} 


tends to zero in L'(P), since the sequence f,, \3x(g+1) is uniformly integrable 
and Pifn, > Br(g+1)] < i — 0. Let now a, be a sequence that tends to 
infinity but so that a,h, still tends to 0 in L1(P). If we define y, = a% 3, we 
have that 

Fux \Ve(G +1) < fry, A Belg +1) + onhe 


and hence we obtain the uniform integrability of fn, A ye(g + 1). 


Remark 15.2.3. In most applications of the Kade¢-Petczynski decomposition 
theorem, we can take g = 0. However, in Sect. 15.4, we will need the easy 
generalisation to the case where g is a non-zero integrable non-negative func- 
tion. The general case can in fact be reduced to the case g = 0 by replacing 
the functions f, by wen and by replacing the measure P by the probability 


measure Q defined as dQ = y4aP. 


Remark 15.2.4. We will in many cases drop indices like nz and simply suppose 
that the original sequence (fn)n>1 already satisfies the conclusions of the 
theorem. In most cases such passing to a subsequence is allowed and we will 
abuse this simplification as many times as possible. 


Remark 15.2.5. The sequence of sets {fn > Bn(g + 1)} is, of course, not 
necessarily a disjoint sequence. In case we need two by two disjoint sets 
we proceed as follows. By selecting a subsequence we may suppose that 
Dense Pl fn > Bn(g + 1)] < ex, where the sequence of strictly positive 
numbers (€,%)x>1 is chosen in such a way that [, f;dP < 2~* whenever 
P[B] < ex. It is now easily seen that the sequence of sets (Ay,)n>1 defined by 
An = {fn > Balg +1)} \ Unsnife > Belg + 1)} will do the job. 
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As a first application of the Kadeé-Petczyriski decomposition we prove the 
vector-valued Komlos-type theorem stated in the introduction: 


Theorem 15.2.6. If E is a reflexive Banach space and (fn)n>1 a bounded 
sequence in L'(Q,F,P; E) we may find convex combinations 


On € conv{ fn, fn4i,---} 
and go € L'(Q,F,P;E) such that (gn)n>1 converges to go almost surely, i.e., 


Jim, llgn(w) — go(w)||z = 0, for ae we. 
Proof. By the remark made above there is a subsequence, still denoted by 
(fn)n>1 as well as a sequence (Ap)n>1 of mutually disjoint sets such that 
the sequence ||f;,||1a- is uniformly integrable. By a well-known theorem on 
L1(Q,F,P;E) of a reflerive space E, [DU77], see also [DRS 93], the se- 
quence (f14¢ )n>1 is therefore relatively weakly compact in L'(Q, F, P; £). 
Therefore (see Theorem 15.1.2 above) there is a sequence of convex combi- 
nations h, € conv{frlag, Fntitac,,, ei lem, = De ask ak felac such that 
hn converges to a function go with respect to the norm of L1(0Q,F,P; E). 
Since the sequence f,1,4, converges to zero a.s. we have that the sequence 
Ga = sy: ak f;, converges to go in probability. If needed one can take a fur- 
ther subsequence that converges a.s., i-e., ||gn(w) — go(w)||~@ tends to zero for 
almost each w. 


The preceding theorem allows us to give an alternative proof of [K 96a, 
Lemma 4.2]. 


Lemma 15.2.7. Let (N”)n>1 be a sequence of adapted cadldg stochastic pro- 
cesses, Nj’ = 0, such that 


E[varN”] <1, neN, 


where varN” denotes the total variation of the process N”. 
Then there is a sequence R” € conv{N", N"*1...} and an adapted cadlag 
stochastic process Z = (Z;)rer, such that 


ElvarZ] < 1 


and such that almost surely the measure dZ,, defined on the Borel sets of R+, 
is the weak-star limit of the sequence dR}. In particular we have that 
Z; = lim limsup RP = lim liminf R}. 
S\t n—-oo s\t n->0o 
Proof. We start the proof with some generalities of functional analysis that 
will allow us to reduce the statement to the setting of Theorem 15.1.4. 


The space of finite measures M on the Borel sets of R4+ is the dual of 
the space Co of continuous functions on R; = [0,0o[, tending to zero at 
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infinity. If (f;)~=1 is a dense sequence in the unit ball of Co, then for bounded 
sequences (fn )n>1 in M, the weak-star convergence of the sequence jy, is 
equivalent to the convergence, for each k, of f fx dun. The mapping &(u) = 
(2-* f fx du)x>1 maps the space of measures into the space £?. The image of 
a bounded weak-star-closed convex set is closed in ¢?. Moreover on bounded 
subsets of M, the weak-star topology coincides with the norm topology of its 
image in (7. 

For each n the cadlag process N” of finite variation can now be seen as 
a function of 2 into M, mapping the point w onto the measure dN,’ (w). Using 
Theorem 15.1.3, we may find convex combinations P” € conv{N", N"*1,...}, 
P" = >>,.,, aK N*® such that the sequence )>,.,, a%var(N”) converges a.s.. 
This implies that a.s. the sequence P"(w) takes its values in a bounded set 
of M. Using Theorem 15.1.4 on the sequence (®(P”)),,., we find convex 
combinations R” = 7,5, GhP* of (P*),. such that the sequence O(dR”) = 
®(S>,5,, BkdP#) converges a.s.. Since a.s. the sequence of measures dR” (w) 
takes its values in a bounded set of M, the sequence dR? (w) converges a.s. 
weak-star to a measure dZ;(w). The last statement is an obvious consequence 
of the weak-star convergence. It is also clear that Z is optional and that 
E|var(Z)] < 1. 


Remark 15.2.8. If we want to obtain the process Z as a limit of a sequence 
of processes then we can proceed as follows. Using once more convex com- 
binations together with a diagonalisation argument, we may suppose that 
R® converges a.s. for each rational s. In this case we can write that a.s. 
Z = lims\ 4; seQ liMn—oo R?. We will use such descriptions in Sections 15.4 
and 15.5. 


Remark 15.2.9. Even if the sequence N” consists of predictable processes, the 
process Z need not be predictable. Take e.g. T a totally inaccessible stopping 
time and let N” describe the point mass at T + +. Clearly this sequence 
tends, in the sense described above, to the process 1yr,.oj, i-e. the point mass 
concentrated at time T’, a process which fails to be predictable. Also in general, 
there is no reason that the process Z should start at 0. 


Remark 15.2.10. It might be useful to observe that if T is a stopping time 
such that Z is continuous at T, ic. AZp = 0, then as. Zp = lim RF. 


We next recall well-known properties on weak compactness in H!. The 
results are due to Dellacherie, Meyer and Yor (see [DMY 78)]). 


Theorem 15.2.11. For a family (M"')icr of elements of H' the following 
assertions are equivalent: 
(1) the family is relatively weakly compact in H', 
© acest 
(2) the family of square functions ([M*, M"]2)ier is uniformly integrable, 


(3) the family of maximal functions ((M")%, ier is uniformly integrable. 
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This theorem immediately implies the following: 


Theorem 15.2.12. [f (N”),., is a relatively weakly compact sequence in 
H', if (H”),s, is a uniformly bounded sequence of predictable processes with 
H” — 0 pointwise on Ry x Q, then H”- N” tends weakly to zero in H'. 


Proof. We may and do suppose that |H™| < 1 and ||N||z,: < 1 for each n. For 
each n and each ¢ > 0, we define E” as the predictable set E” = {|H”| > e}. 
We split the stochastic integrals H”-N” as (lgnH”)-N"+ (1(mn)eH”) -N”, 
We will show that the first terms form a sequence that converges to 0 weakly. 
Because obviously || (1(g»)eH”) -N"||7 < €, the theorem follows. 

From the previous theorem it follows that the sequence (H"1 gn -N”),., 
is already weakly relatively compact in H!. Clearly 1gn — 0 pointwise. It 
follows that F” = L,s,,E” decreases to zero as n tends to oo. Let N be 
a weak limit point of the sequence ((H* 1px) . ING) cls We have to show that 
N =0. For each k > n we have that lpn - ((A* 15) - N*) a (H* 1px) -N*, 
From there it follows that Lpn-N = N and hence by taking limits as n — 00, 
we also have N = 1g-N =0. 


Related to the Davis’ inequality, is the following lemma, due to Garsia and 
Chou, (see [G 73, pp. 34-41] and [N 75, p. 198] for the discrete time case); the 
continuous time case follows easily from the discrete case by an application of 
Fatou’s lemma. The reader can also consult [M 76, p 351, (31.6)] for a proof in 
the continuous time case. 


Lemma 15.2.13. There is a constant c such that, for each H'-martingale X, 
we have 
X,X 
Bp) Aas) <eixthe. 
This inequality together with an interpolation technique yields: 
Theorem 15.2.14. There is a constant C such that for each H'-martingale 
X and for each0 <p <1 we have: 


ix, x18 


a ee 
SCX |G |XS|[22_- 
P 2—P 
Proof. The following series of inequalities is an obvious application of the 


preceding lemma and Holder’s inequality for the exponents 2 and ree The 
constant c is the same as in the preceding lemma. 


(X2,)? (A) : 


(= ED lo) 


5 a x2 
<7 Xllpa Xcel Ze - 


E Lx, x1] =E 


IA 
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Hence 


1 
ix, x18 


z i i 
<c? [Xen Xela 
Dp —P 


Corollary 15.2.15. If X” is a sequence of H'-martingales such that ||X"||za 
is bounded and such that (X")*. tends to zero in probability, then [X", X"]oo 


tends to zero in probability. 
1 


In fact, for each p <1, (X")%, as well as [X", X"]Z, tend to zero in the 
quasi-norm of L?(Q,F,P). 


Proof. Fix 0 < p< 1. Obviously we have by the uniform integrability of the 


sequence ((X")2,)™*, that || (X”), ||,2. converges to zero. It then follows 
from the theorem that also [X”, X"].. — 0 in probability. 


Remark 15.2.16. It is well-known that, for 0 < p < 1, there is no connection 
between the convergence of the maximal function and the convergence of the 
bracket, [MZ 38], [BG 70], [M94]. But as the theorem shows, for bounded sets 
in H' the situation is different. The convergence of the maximal function 
implies the convergence of the bracket. The result also follows from the result 
on convergence in law as stated in [JS 87, Corollary 6.7]. This was kindly 
pointed out to us by A. Shiryaev. The converse of our Corollary 15.2.15 is 
not true as the example in the next section shows. In particular the relation 
between the maximal function and the bracket is not entirely symmetric in 
the present context. 


Remark 15.2.17. In the case of continuous martingales there is also an inverse 


inequality of the type 
were 
(X35) 


a 
2 


’ Co 


The reader can consult [RY 91, Example 4.17 and 4.18]. 


E 


| Selle - 


15.3 An Example 


Example 15.3.1. There is a uniformly bounded martingale M = (M¢)e[0,1] 
and a sequence (H”)n>1 of M-integrands satisfying 
||H"-Mlaa <1, forneN, 
and such that 
(1) for each t € [0,1] we have 


lim (H"- M), = -= as. 


n—Co 


(2) [H” - M, H” . M], — 0 in probability. 
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Proof. Fix a collection ((€n,4)2,, )n>1 of independent random variables, 


=: fee with probability (1 — 47”) 
“nk =) 9n(1 —4-") with probability 4-” 


so that Elen,~] = 0. We construct a martingale M such that at times 


_ 2k-1 


tak = Sat néN,k=1,...,2% 1, 


M jumps by a suitable multiple of én,%, e.g. 


Mea So ° 8 eae). ee 0;ll, 


(n,k): tn bat 


so that M is a well-defined uniformly bounded martingale (with respect to its 
natural filtration). 
Defining the integrands H” by 


gn-1 


H"= S- ONG ees neN, 
k=1 
we obtain, for fixed n EN, 


(HP Mi=. Seas 
ki tne St 
so that H”- M is constant on the intervals —- oka ly and, on a set of prob- 
ability bigger that 1 -— 2—", H- M equals = on the intervals (a, ont [- 
Also on a set of probability bigger than 1 — 2~” we have that [H" - M 
H”. Mi — ae Q-2n = g-n-l1. 

From the Borel-Cantelli lemma we infer that, for each ¢ € [0,1], the random 
variables (H" - M), converge almost surely to the constant function —5 and 
that [H”-M,H”- M], tend to 0 a.s., which proves the final assertions of the 
above claim. 


We still have to estimate the H!-norm of H”. M: 


y] 


gn-1 


|" - Mle < So llenallz 
k>1 


= 9"-l2-"(1—4-*) + 2"(1—4-").4-") <1, 


Remark 15.3.2. What is the message of the above example? First note that 
passing to convex combinations (K”)n>1 of (H”)n>1 does not change the 
picture: we always end up with a sequence of martingales (A”-M),>1 bounded 
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in H' and such that the pointwise limit equals Z, = —4. Of course, the process 
Z is far from being a martingale. 

Hence, in the setting of Theorem 15.B, we cannot expect (contrary to 
the setting of Theorem 15.A) that the sequence of martingales (K” -M)n>1 
converges in some pointwise sense to a martingale. We have to allow that the 
singular parts *&”- M converge (pointwise a.s.) to some process Z; the crucial 
information about Z is that Z is of integrable variation and, in the case of 
jumps uniformly bounded from below as in the preceding example, decreasing. 


15.4 A Substitute of Compactness 
for Bounded Subsets of H* 


This section is devoted to the proof of Theorems 15.A, 15.B, 15.C, 15.D as 
well as Yor’s Theorem 15.1.6. 

Because of the technical character of this section, let us give an overview 
of its contents. We start with some generalities that allow the sequence of 
martingales to be replaced by a more suitable subsequence. This (obvious) 
preparation is done in the next paragraph. In Subsect. 15.4.1, we then give 
the proof of Theorem 15.A, i.e. the case of continuous martingales. Because 
of the continuity, stopping arguments can easily be used. We stop the mar- 
tingales as soon as the maximal functions reach a level that is given by the 
Kadeé-Pelczynski decomposition theorem. Immediately after the proof of The- 
orem 15.A, we give some corollaries as well as a negative result that shows that 
boundedness in H! is needed instead of the weaker boundedness in L'. We 
end Subsect. 15.4.1 with a remark that shows that the proof of the continuous 
case can be adapted to the case where the set of jumps of all the martingales 
form a uniformly integrable family. Roughly speaking this case can be handled 
in the same way as the continuous case. Subsect. 15.4.2 then gives the proof 
of Theorem 15.C. We proceed in the same way as in the continuous case, i.e. 
we stop when the maximal function of the martingales reaches a certain level. 
Because this time we did not assume that the jumps are uniformly integrable 
we have to proceed with more care and eliminate their big parts (the singular 
parts in the Kade¢-Pelczynski decomposition). Subsect. 15.4.3 then treats the 
case where all the martingales are stochastic integrals, H” - M, with respect 
to a given d-dimensional local martingale M. This part is the most technical 
one as we want the possible decompositions to be done on the level of the 
integrands H”. We cannot proceed in the same way as in Theorem 15.C, al- 
though the idea is more or less the same. Yor’s theorem is then (re)proved in 
Subsect. 15.4.4. Subsect. 15.4.5 is devoted to the proof of Theorem 15.D. The 
reader who does not want to go through all the technicalities can limit her 
first reading to Subsects. 15.4.1, 15.4.2, 15.4.4 and only read the statements 
of the theorems and lemmata in the other Subsects. 15.4.3 and 15.4.5. 


By (M")n>1 we denote a bounded sequence of martingales in H'. Without 
loss of generality we may suppose that ||M"||7 < 1 for all n. By the Davis’ 
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inequality this implies the existence of a constant c < oo such that for all n: 
E[(1/")*] < c. From the Kadeé-Pelczynski decomposition theorem we deduce 
the existence of a sequence (8p )n>1, tending to oo and such that (M")* A By, 
is uniformly integrable. The reader should note that we replaced the original 
sequence by a subsequence. Passing to a subsequence once more also allows 
to suppose that \>>_, om < oo. For each n we now define 


T™ = inf{t | |Mz"] > Bn} - 


Clearly P[t, < co] < im for some constant c. If we let T, = infeon Th we 
obtain an increasing sequence of stopping times (Zn)n>1 such that P[T, < 
ol < eR on and hence tends to zero. Let us now start with the case of 
continuous martingales. 


15.4.1 Proof of Theorem 15.A. The case when the martingales M” are 
continuous. 


(M™)* A B, and hence the sequence ((M")"™),>1 forms a relatively weakly 
compact sequence in H!. Also the maximal functions of the remaining parts 
M”" —(M")?™ tend to zero a.s.. As a consequence we obtain the existence 
of convex combinations N" = )>,.,, a&&(M*)7* that converge in H'-norm to 


Because of the definition of the stopping times T;,, we obtain that ((M”)7")* < 


a continuous martingale M°. We also have that R” = )>,.,, ak M* converge 
to M® in the semi-martingale topology and that (/° — R")%, tends to zero 
in probability. From Corollary 15.2.15 in Sect. 15.2 we now easily derive that 
[M° — R", M° — R)., as well as (M° — R”)*, tend to zero in L?, for each 
p<l. 

If all the martingales M” are of the form H”- M for a fixed continuous R¢- 
valued local martingale M, then of course the element M° is of the same form. 
This follows from Yor’s Theorem 15.1.6, stating that the space of stochastic 
integrals with respect to M, is a closed subspace of H!. This concludes the 
proof of Theorem 15.A. 


Corollary 15.4.1. If (M"),,., is a sequence of continuous H'-martingales 
such that 7 


sup ||M"\|41 <co and M%—0_ in probability, 
n 


then M” tends to zero in the semi-martingale topology. As a consequence we 
have that (M")* — 0 in probability. 


Proof. Of course we may take subsequences in order to prove the statement. 
So let us take a subsequence as well as stopping times as described in Theo- 
rem 15.A. The sequence (M")"” is weakly relatively compact in H! and since 
M7, tends to zero in probability (because P[T;, < oo] tends to zero and MY, 
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tends to zero in probability), we easily see that M7, tends to zero in Li. 

Doob’s maximum inequality then implies that (a aap tends to zero in 

probability. It is then obvious that also (M")* tends to zero in probability. 
Because ((wr ye) ' tends to zero in probability and because this sequence 


is uniformly integrable, we deduce that the sequence (MM min tends to zero in 
H!. The sequence M” therefore tends to zero in the semi-martingale topol- 


ogy. 


Remark 15.4.2. The above corollary, together with Theorem 15.2.14, show 

that M” tends to zero in H? (i.e., (M”)* tends to zero in L?) and in h? 
1 

(i.e., [M",M"]% tends to zero in L?) for each p < 1. For continuous local 

martingales, however, H? and h? are the same. 


Remark 15.4.8. That we actually need that the sequence M” is bounded in 
H', and not just in L!, is illustrated in the following negative result. 


Lemma 15.4.4. Suppose that (M"),,., is a sequence of continuous, non- 
negative, uniformly integrable martingales such that Mj’ = 1 and such that 
M2, > 0 in probability. Then ||M"||41 — oo. 


Proof. For @ > 1 we define o,, = inf{t | M? > G}. Since 
1=E [Mz] = 6P[o < oo) + f M2, 
{(M”)* <6} 


we easily see that limp. Plan < co] = 3: It follows from the Davis’ inequal- 
ity that limpoo ||M"||72 > ¢ limnsoo [o° Plon > 6] dB = 00. 


Remark 15.4.5. There are two cases where Theorem 15.A can easily be gener- 
alised to the setting of H'-martingales with jumps. Let us describe these two 
cases separately. The first case is when the set 


{AM? |n>1, o a stopping time} 


is uniformly integrable. Indeed, using the same definition of the stopping times 
Ty, we arrive at the estimate 


(M");, <(M")* AB, +|AMB | . 


Because of the hypothesis on the uniform integrability of the jumps and by the 


selection of the sequence 3,, we may conclude that the sequence ((wr aye) 
n>1 


is relatively weakly compact in H!. The corollary generalises in the same way. 
The other generalisation is when the set 


{Mz |n = 1} 
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is uniformly integrable. In this case the set 
{M? |n>1, o a stopping time} 


is, as easily seen, also uniformly integrable. The maximal function of the 
stopped martingale (M")"" is bounded by 


(ry) < max ((M")* A Bn,|M®_|) . 


It is then clear that they form a uniformly integrable sequence. It is this 
situation that arises in the proof of M. Yor’s theorem. 


15.4.2 Proof of Theorem 15.C. The case of an H'-bounded sequence M” 
of cadlag martingales. 


We again turn to the general situation. In this case we cannot conclude that 
the stopped martingales (M")" form a relatively weakly compact set in H?. 
Indeed the size of the jumps at times T,, might be too big. In order to remedy 
this situation we will compensate these jumps in order to obtain martingales 
that have smaller jumps at these stopping times T;,. For each n we denote 
by C” the dual predictable projection of the process (AM")r, 1,7, oop. The 
process C™ is predictable and has integrable variation 


ElvarC"} < E[|(AM")r, |] < 2c. 


The Kadeé-Pelczynski decomposition 2.1 above yields the existence of a se- 
quence 7, tending to oo, 7,5, = < oo and such that (varC”) A 7, forms 
a uniformly integrable sequence (again we replaced the original sequence by 
a subsequence). For each n we now define the predictable stopping time o,, as 


On = inf{t | varC? > mn}. 


Because the process C” stops at time T;, we necessarily have that on, < Ty 
on the set {on < oo}. 

We remark that when X is a martingale and when v is a predictable 
stopping time, then the process stopped at v— and defined by X/~ = X; for 
t<vand X;” = X,-_ for t > y, is still a martingale. 

Let us now turn our attention to the sequence of martingales 


N° = ((M")™ _ ((AM")r, 1pr,, cof — Gy) ro< 
The processes N” can be rewritten as 


N™ = ((M")™) " —(A(M")),, Lenco 
os (AM") 7 1, 6,,=00}1[7, of ae (eye ’ 


338 15 A Compactness Principle 
or which is the same: 
N® = (M™)T™* — (A (M"))p, nay Ltaronscof + (C7) 
The maximal functions satisfy 
(N”)* < (M™)* A Bn + (varC”) A nn 


and hence form a uniformly integrable sequence. It follows that the sequence 
N” is a relatively weakly compact sequence in H!. Using the appropriate 
convex combinations will then yield a limit M° in H'. 

The problem is that the difference between M” and N” does not tend 
to zero in any reasonable sense as shown by Example 15.3.1 above. Let us 
therefore analyse this difference: 


M”"— N” 
= Mr_— (as ire i (AM")r, ron Leta ron,cof = (G™)Pn= ; 


The maximal function of the first part 
ar-(amryy 


tends to zero a.s. because of P[T;, < co] and P[o, < oo] both tending to zero. 
The same argument yields that the maximal function of the second part 


((AM™)r, ron l[tyrcn,col)” 


also tends to zero. The remaining part is (—C")?"—. Applying Theorem 15.1.4 
then yields convex combinations that converge in the sense of Theorem 15.1.4 
to a cadlag process of finite variation Z. 

Summing up, we can find convex coefficients (ak) tes such that the mar- 
tingales )>,.,, ak N” will converge in H1-norm to a martingale M° and such 
that, at the same time, )>,,,,a%C” converge to a process of finite variation 
Z, in the sense described in Lemma 15.2.7. 

In the case where the jumps AM” are bounded below by an integrable 
function w, or more generally when the set 


{A(M"); | n> 1; ¢ stopping time} 


is uniformly integrable, we do not have to compensate the negative part of 
these jumps. So we replace (AM"”)pn by the more appropriate ((AM")rn)*. 
In this case their compensators C™ are increasing and therefore the process 
Z is decreasing. 

The case where the jumps form a uniformly integrable family is treated in 
the remark after the proof of Theorem 15.A. The proof of Theorem 15.C is 
therefore completed. 
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15.4.3 Proof of Theorem 15.B. The case where all martingales are of the 
form M" =H". M. 


This situation requires, as we will see, some extra work. We start the construc- 
tion as in the previous case but this time we work with the square functions, 
i.e., the brackets instead of the maximal functions. 

Without loss of generality we may suppose that M is an H'-martingale. 
Indeed let (fin)n>1 be a sequence of stopping times that localises the lo- 
cal martingale M in such a way that the stopped martingales M“" are 
all in H*. Take now a sequence of strictly positive numbers a, such that 
Yn An|| M4" ||z2 < 00, put fo = 0 and replace M by the H!-martingale: 


S ae = ees). 


n>1 


The integrands have then to be replaced by the integrands 
1 n 
2 me Yux—s.ne] . 


In conclusion, we may assume w.l.g., that M is in H'. 
Also without loss of generality we may suppose that the predictable inte- 
grands are bounded. Indeed for each n we can take k,, big enough so that 


| (A 1g u|>2n}) Mlle < 27”. 


It is now clear that it is sufficient to prove the theorem for the sequence of 
integrands H1 4) q7\<,,,}. So we suppose that for each n we have |H"| < Kn. 
We apply the Kadeé-Petczynski construction of Theorem 15.2.1 with the 
function g = (trace([M, M@ tye Without changing the notation we pass to 
a subsequence and we obtain a sequence of numbers (,,, tending to oo, such 
that the sequence 
+1) 


NIB 


[H”.M,H”. M3, A Bp ((trace((M, M]oo)) 


is uniformly integrable. 
The sequence of stopping times T;, is now defined as: 


Te inf {t | [H".M,H". M]? > Bn ( (trace([M, M)).)? + 1)} 


In the general case the sequence of jumps A(H”- M™),, is not uniformly 
integrable and so we have to eliminate the big parts of these jumps. But this 
time we want to stay in the framework of stochastic integrals with respect to 
M. The idea is, roughly speaking, to cut out of the stochastic interval [0,T,], 
the predictable support of the stopping time T;,. Of course we then have to 
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show that these supports form a sequence of sets that tends to the empty set. 
This requires some extra arguments. 

1 

2 


Since |A(H” - M)r,| < [H”-M,H” - M]& we obtain that the sequence 
|A(H" - Myr, | A Bn ((trace((M, M]z.))? + 1) 


is uniformly integrable. As in the proof of the Kadeé-Pelczyiski theorem we 
then find a sequence y,, > 3, such that on — oo and such that the sequence 


|A(H"- Myr, | An (trace([M, M]oo)# + 1) 
is still uniformly integrable. As a consequence also the sequences 
|A(H” - Mr, | A Bn (trace({M, Mr)? +1) 


and 


IA(H”™ - M)p,.] An (trace([M, M)r,)? + 1) 


are uniformly integrable. 
By passing to a subsequence we may suppose that 


(1) the sequences Bn, Yn are increasing, 

(2) Yend1 x < oo and hence )> P[T;, < co] < ov, 
(3) #00, 

(4) 


for each n we have 


Kn Bn4i(d + 1)? < 1 
Yn+1 ~ (be 1)?" 


which can be achieved by choosing inductively a subsequence, since e 
becomes arbitrarily large. 


We now turn the sequence of stopping times T;, into a sequence of stop- 
ping times having mutually disjoint graphs. This is done exactly as in Sub- 
sect. 15.4.1 above. Since P[T;, < co] tends to zero, we may, taking a subse- 
quence if necessary, suppose that 


lim E suplat Hi MIB ly, ¢ri<co}| =9- 


We now replace each stopping time T;, by the stopping time 7,, defined by 


T, if T, < T;, forallk >n, 
i p 
co. otherwise. 
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For each n let Tt be defined as 

1 
+1), 
co otherwise. 


a fe if |A(H” - M),,| > mn ((trace({M, M))) 


For each n let F” be the compensator of the process Lit, cof 


We now analyse the supports of the measures dF”. The measure d\ = 
> >1 dF), will serve as a control measure. The measure A satisfies E[Aoo] < 
oo by the conditions above. Let p” be a predictable Radon-Nikodym derivative 
yr = ae It is clear that for each n we have E” = {y” 4 0} Cc [0,T,,]. The 
idea is to show the following assertion: 


Claim 15.4.6. 5°. lan <d, dd-a.s.. Hence there are predictable sets, still 
denoted by E”, such that eno len < d everywhere and such that E” = 
{y" £ 0}, dr-a.s.. - 


We will give the proof at the end of this section. 
For each n we decompose the integrands H" = kK" + V" + W” where: 


K” = 15,1 ue)” 


Since P[T;, < oo] tends to zero, we have that the maximal functions 
(W” - M)*. tend to zero in probability. 

We now show that the sequence K” - M is relatively weakly compact in 
H'. The brackets satisfy 


co — 


[K"-M,K"- M]2, < [H"-M,H"- M]2, Ap ([M, MIE Ee 1) 


+ [H"- MH". M2 1a an y- 

The first term defines a uniformly integrable sequence, the second term 
defines a sequence tending to zero in L?. It follows that the sequence [K”- M, 
Kk". M 1B is uniformly integrable and hence the sequence K”- M is relatively 
weakly compact in H+. 

There are convex combinations (a*),>, such that (>, o%K*) - M con- 
verges in H! to a martingale which is necessarily of the form H°- M. We may 
of course suppose that these convex combinations are disjointly supported, i.e. 
there are indices 0 = no < ny < no <... such that atk is 0 for k < nj_1 and 
k > nj. We remark that if we take convex combinations of (>, 0% K*) - M, 
then these combinations still tend to H° - M in H!. We will use this remark 
in order to improve the convergence of the remaining parts of H”. 
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Let us define L” = >, ak H*. Clearly ||L" - M||z. < 1 for each n. From 
Theorem 15.1.3, it follows that there are convex combinations (n*);>n, dis- 


jointly supported, such that >>, nk[L* - M, L* - M]% converges a.s.. Hence 


Fa 
we have that sup, >_, nK[L* - M,L*- M]Z < co as.. We also may suppose 
that max; n* — 0 as n > oo. From Minkowski’s inequality for the bracket it 
1 


follows that also sup, [(3>, nRL*) - M, (30, nkL*) - M]? < co a.s.. Because 
es convex Coen nons were disjointly supported we also obtain a.s. and for 


= de i. page: aes 


1 
2 

sup [R”-M, R"-M M2, < sup [(Soatet) -a ; (sae") 4] <0o. 
n k & 


From the fact that the convex combinations were disjointly supported and 
from }°,, lg» < d, we conclude that for each point (t,w) € Ry x Q, only d 


vectors R"(t,w) can be nonzero. Let us put P” = Sean 2-"R®. It follows 
that a.s. 
gagrti 
[Pe d[M, M|P” < a | S> 2-?"R* d[M, M]R* 
s=2"41 
saorti 
Sao SS OFF Re MR Mss 
s=2"+4+1 
< d2-"sup[R*- M, R?- M)xo 
=> 0. 
n+1 
If we now put U" = as ae "Sn >. 04H", we arrive at convex 


combinations U" = > \! H! such that 


(1) the convex combinations \* are disjointly supported, 

(2) (0, ARK*)-M > H°- Min XH, 

(3) (QO, ARV") -M, (2, ARV") - M1], = 0 in probability, 

(4) [Ly AnW*) - M, (0, ARW*) - M].. — 0 in probability, and even 
(5) (Oop MW*) . M)” — 0 in probability. 


As a consequence we obtain that [(U” — H°).M,(U"— H®)-M],, > 0in 
probability, and hence in L?(Q,F,P) for each p < 1. 

We remark that these properties will remain valid if we take once more 
convex combinations of the predictable processes U”. The stochastic integrals 
Oy EVE) - M need not converge in the semi-martingale topology as the 
example in Sect. 15.3 shows. But exactly as in the Subsect. 15.4.2 we will show 
that after taking once more convex combinations, they converge in a pointwise 
sense, to a process of finite variation. 
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We consider the martingales (>>, ASV") - M. For each n let D” be the 
compensator of (>>, \KA(HF - Mr. pF cof: This is a predictable process 
of integrable variation. Moreover E[varD”"] < >>, AKE[|A(H* - M)7,|] < 
27, AR||H® » M||q. < 2. We now apply the Kadeé-Pelezyriski decompo- 
sition technique to the sequence varD” and we obtain, if necessary by 
passing to a subsequence, a sequence of numbers )°,, a < oo such that 
var D” Aé” is uniformly integrable. Again we define predictable stopping times 
S, = inf{t | var(D"), > €"}. We stop the processes at time (S;,—) since 
this will not destroy the martingale properties. More precisely we decompose 
>, AZV® - M as follows: 


So MVE. M 
k 
Sn- 
= (= EVE. M — (= MA(H* . M) 1.1% cof - my) first term 
k k 


Sn- 
+ $s PEACH M) nr. pF, cof ~ >") second term 
k 


Sr- 
L (= alae u) = (= eV a) third term. 
k k 


? 

Since ([D", D”]°»-)? <2 (varD")°"~ < (varD") A €”, we obtain that the 

first term defines a relatively weakly compact sequence in H'. Indeed, for each 
n we have [T,,] C E” C [0,7,;,] and hence: 


1 
[first term, first term] 2, 


2 a 
<>DnIV' MV" MZ + [D", DZ 


< [H”-M,H™- M]? A Ba([M, M]oo +1) 
+[H"-M,H”- MJ? 1 pp 1% + [D™ Doo AE". 


It follows that the first term defines a relatively weakly compact sequence 
in H*. But the first term is supported by the set U,.,, E®, which tends to 
the empty set if n — oo. From Theorem 15.2.12, it then follows that the 
sequence defined by the first term tends to zero weakly. The appropriate 
convex combinations will therefore tend to 0 in the norm of H!. 

The second term splits in 


So MACHT -M)r, 16% cof 
k 


whose maximal functions tend to zero a.s. and the processes (D”)°"~. On the 
latter we can apply Theorem 15.1.4, which results in convex combinations that 
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tend to a process of finite variation. The third term has a maximal function 
that tends to zero since 


2 L) Ute < co} ULS, < c0})| <0. 


k>n 


Modulo the proof of the claim above, the proof of Theorem 15.B is com- 
plete. So let us now prove the claim. 

It is sufficient to show that for an arbitrary selection of d+ 1 indices 
ny <-+++ < Ma41 we necessarily have that FE = OVieed41 E =), dd-as.. For 
each k we look at the compensator of the processes 


(AcH™ Myra) Liz, cof resp. (AcH™ -M)r,, ) Lit, cof: 


Let *E”* (resp. ~E"*) be the supports of the compensators of these pro- 
cesses. For each of the 24+! sign combinations ¢, = +/— we look at the set 
(ere cxE"k Tf the set E is non-empty, then at least one of these 27+ sets 
would be non-empty and without loss of generality we may and do suppose 
that this is the case for ¢, = + for each k. s 

For each k we now introduce the compensator C* of the process 


a 
((trace((M, M)r,,)) 2 1) LpacHe-M)r,, >0}1 EF, oof: 


The processes H”* are d-dimensional processes and hence for each (t, w) we 
find that the vectors H;'*(w) are linearly dependent. Using the theory of linear 
systems and more precisely the construction of solutions with determinants 
we obtain (d+ 1)-predictable processes (a*)¢*} such that 


(1) for each (t,w) at least one of the numbers a*(t,w) is nonzero 
(2) Oo, a*H™ =0 


(3) the processes a* are all bounded by 1. 


We emphasize that these coefficients are obtained in a constructible way and 
that we do not need a measurable selection theorem! 
We now look at the compensator of the processes 


A(A" ‘ M)r,, L{acae-M)r,,, >0} LIF, cof: 


This compensator is of the form gh*dC! for a predictable process g!*. Be- 
cause of the construction of the coefficients, we obtain that for each | < d+ 1: 


So gat ko 


The next step is to show on the set gue: +E", the matrix (gh*), k<d41 
is non-singular. This will then give the desired contradiction, because the 
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above linear system would only admit the solution a* = 0 for allk <d+1. 
Because of the definition of the stopping times T;,, we immediately obtain 
that g** > y,,. For the non-diagonal elements we distinguish the cases | < k 
and 1 > k. For 1 < k we use the fact that on ie < oo, we have that T,, < Tn,. 
It follows that |A(H™ - M)r,,| < 2Bn, ((trace([M, M)r,, ))2 + 1) and hence 
Ig'*| < Bn, If1 > & then |A(H™-M)r, | < kn, ((trace([M, M]r,,))? +1) and 
hence |g!*| < kn,. We now multiply the last column of the matrix g’* with 
Bray, (+1)? 

mat 
The result is that the diagonal element at place (d+ 1,d+ 1) is equal to 1 
and that the other elements of the last row and the last column are bounded 
in absolute value by CESUEE We continue in the same way by multiplying the 


the fraction oa? and then we multiply the last row by 
Nd41 


2 
column d by sD? and the row d by a The result is that the 
re n 


element at place (d,d) is 1 and that the other elements on row d and column 


d are bounded by aq: We note that the elements at place (d,d+ 1) and 


(d+ 1,d) are further decreased by this procedure so that the bound wy? 


will remain valid. We continue in this way and we finally obtain a matrix with 


1 on the diagonal and with the off-diagonal elements bounded by GH: By 


the classical theorem, due to Hadamard [G66, Satz 1], such a matrix with 
dominant diagonal is non-singular. The proof of the claim is now completed 
and so are the proofs of the Theorems 15.A, 15.B and 15.C. 


15.4.4 A proof of M. Yor’s Theorem 15.1.6 for the L!-convergent 
Case 


We now show how the ideas of the proof given in [Y 78a] fit in the general 
framework described above. We will use the generalisation of Theorem 15.A to 
processes with jumps (see the remarks following the proof of Theorem 15.A). 
In the next theorem we suppose that M is a d-dimensional local martingale. 


Theorem 15.4.7. Let (H”)n>1 be a sequence of M-integrable predictable sto- 
chastic processes such that each (H”-M) is a uniformly integrable martingale 
and such that the sequence of random variables ((H” - M)oo)n>1 converges 
to a random variable fo € L'(Q,F,P) with respect to the L1-norm; (or even 
only with respect to the o(L*, L®)-topology). 

Then there is an M-integrable predictable stochastic process H® such that 
H®- M is a uniformly integrable martingale and such that (H°-M).x. = fo. 


Proof. If fy converges only weakly to fo then we take convex combinations in 
order to obtain a strongly convergent sequence. We therefore restrict the proof 
to the case where f,, converges in L1-norm to fo. By selecting a subsequence 
we may suppose that || f;,||z1 <1 for each n and that || f, — follz: < 47”. Let 
N be the cadlag martingale defined as N, = E|[fo | 7]. From the maximal 
inequality for L'-martingales it then follows that: 
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P |Jsup|(H”-M), —N,| > 27") < 27>”. 
t 


The Borel-Cantelli lemma then implies that 


sup sup |(H” - M);| < co a.s.. 
t n 


For each natural number k we then define the stopping time Tj, as: 
T;, = inf {t| there is n such that |(H"-M):| > k}. 


Because of the uniform boundedness in t and n we obtain that the sequence 
Ty satisfies P[T, < co] — 0. Also the sequence T;, is clearly increasing. For 
each & and each n we have that 


|(H"-M)"* pa <k+|(H" > M)x, IIL - 


Since the sequence f, = (H”-M),. is uniformly integrable (it is even 
norm convergent), we have that also the sequence of conditional expec- 
tations, ((H”-M)rz,),,., is uniformly integrable and hence the sequence 
((H"-M)™) 4 
ate linear combinations will give a limit in H! of the form K*-M with K* 
supported by [0,7] and satisfying (K*-M) = N7*. We now take a sequence 
(km)m>1 Such that ||Nr,, — foll < 2~™. If we define 


is weakly relatively compact in H!. Taking the appropri- 


0 k km 
AY=KO+ S- K Li 2 ate ls 
m>2 


we find that H°- M is uniformly integrable and that (H°-M).. = fo. 


15.4.5 Proof of Theorem 15.D 


The basic ingredient is Theorem 15.C. Exactly as in M. Yor’s theorem we do 
not have — a priori — a sequence that is bounded in H!. The lower bound w 
only permits to obtain a bound for the L!-norms and we need again stopping 
time arguments. This is possible because of a uniform bound over the time 
interval, exactly as in the previous part. The uniformity is obtained as in 
Lemma 9.4.6. 


Definition 15.4.8. We say that an M-integrable predictable process H is w- 
admissible for some non-negative integrable function w if H- M > —w, i.e. 
the process stays above the level —w. 


Remark 15.4.9. The concept of a-admissible integrands, where a > 0 is a de- 
terministic number, was used in [DS 94] (here reproduced as Chap. 9) where 
a short history of this concept is given. The above definition generalises the 
admissibility as used in Chap. 9 in the sense that it replaces a constant func- 
tion by a fixed non-negative integrable function w. The concept was also used 
by the second named author in [S 94, Proposition 4.5]. 
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Exactly as in Chap. 9 we introduce the cone 
Ciw = {f | thereis a w-admissible integrand H such that f < (H-M)xo}. 


Theorem 15.4.10. Let M be a R¢-valued local martingale and w > 1 an 
integrable function. 
Given a sequence (H")n>1 of M-integrable R¢-valued predictable processes 
such, that 
(H".-M), > —-w, for all n,t, 


there are convex combinations 
KY econy lh A. 
and there is a super-martingale (Vi )rer , Vo = 0, such that 


lim lim (K"-M),=V; forte Ry, as., 
sEQy 


and an M-integrable predictable process H® such that 
((H°-M)i—Vi)ter , is increasing. 
In addition, H® - M is a local martingale and a super-martingale. 


Before proving Theorem 15.D we shall deduce a corollary which is similar 
in spirit to Theorem 9.4.2, and which we will need in Sect. 15.5 below. For 
a semi-martingale S we denote by M°(S) the set of all probability measures 
Q on F equivalent to P, such that S is a local martingale under Q. 


Corollary 15.4.11. Let S be a semi-martingale taking values in R@ such that 
M°(S) 40 andw > 1 a weight function such that there is some Q € M°(S) 
with Ea[w] < oo. 

Then the convex cone Ci,» is closed in L°(Q,F,P) with respect to the 
topology of convergence in measure. 


Proof of Corollary 15.4.11. As the assertion of the corollary is invariant under 
equivalent changes of measure we may assume that the original measure P is 
an element of M°(S') for which Ep[w] < oo, i.e., we are in the situation of 
Theorem 15.B above. As in the proof of Theorem 15.B we also may assume 
that S is in H!(P) and therefore a P-uniformly integrable martingale. 
Let 
fn => (H” Soo —hy 


be a sequence in C1, where (H”),>1 is a sequence of w-admissible integrands 
and h, > 0. Assuming that (fn)n>1 tends to a random variable fp in measure 
we have to show that fo € Chw. 

It will be convenient to replace the time index set [0, oo[ by [0, co] by closing 
Sand H”-S at infinity, which clearly may be done as the martingale (5;)er , 
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as well as the negative parts of the super-martingales ((H”- S);)rer, are P- 
uniformly integrable. Identifying the closed interval [0,00] with the closed 
interval [0,1], and identifying the processes S and H” - S with process which 
remain constant after time t = 1, we deduce from Theorem 15.D that we may 
find K” € conv{H”, H"*",...}, a w-admissible integrand H° and a process 
(Vi)ter, Such that 


lim lim (K"-S), = Vi, as. fort € Ry 


sNt noo 


s€Qy 
and 
lim (K"- S)o5 = Veo, 
((H°- S)t — Vi)ter ,uf{co} is increasing. 


In particular ((K” - S'}).0)n>1 converges almost surely to the random vari- 
able Us. which is dominated by (H®- S$)... 

As (fn)n>1 Was assumed to converge in measure to fy we deduce that 
fo< (H° : S)oo, ie. fo € Cw: 


To pave the way for the proof of Theorem 15.D we start with some lemmas. 


Lemma 15.4.12. Under the assumptions of Theorem 15.D there is a sequence 
of convex combinations 


Be conv hc, 


and a sequence (L”)n>1 of w-admissible integrands and there are cadlag super- 
martingales V = (Vi)rer, and W = (Wi )ter, with W —V increasing such 
that 


Y= lim lim (K"-M),, forte Rs, as. 
seQy 


W,= lim lim (L”- M),, fortER4, as. 
seQy 


and such that W satisfies the following maximality condition: For any sequence 
(L")n>1 of w-admissible integrands such that 
W, = lim lim (£”-M), 


s\t noo 
sEQy 


and W —W increasing we have that W=wWw. 


Proof. By Theorem 15.1.3 we may find K” € conv{H”, H"*?,...} such that, 
for every t € Q,, the sequence ((K” - M)+)n>1 converges a.s. to a random 
variable V,. As w is assumed to be integrable we obtain that the process 
(Vi)teq, is a super-martingale and therefore its cadlag regularisation, 
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V.= lim V,, tEeR, 


is an a.s. well-defined cadlag super-martingale. 

Let W denote the family of all cadlag super-martingales W = (W;)ter , 
such that W — V is increasing and such that there is a sequence (L”),>1 of 
w-admissible integrands such that 

W= lim Jim (L" -M)s , fort € Ry 
s€Qy 
is a.s. well-defined. 

Introducing — similarly as in [K 96a] — the order W! > W? on W, if 
W! — W? is increasing, we may find a maximal element W € W, with an 
associated sequence (L”)n>1 of w-admissible integrands. 

Indeed, let (W)aer be a maximal chain in W with associated sequences of 
integrands (L%"),>1; then (W2)aer is an increasing and bounded family of 
elements of L'(Q,¥,P) and therefore there is an increasing sequence (a;)j>1 
such that (W’)j;>1 increases to the essential supremum of (W&)aer. The 
cadlag super-martingale W = lim;...W™ is well-defined and we may find 
a sequence (£°°"5);>1, which we reliable by (L”)n>1, so that 

W, = lim lim (L”-M),. 


s\t n-oo 
sEQy 


Clearly W satisfies the required maximality condition. 


Lemma 15.4.13. Under the assumptions of the preceding Lemma 15.4.12 we 
have that for T € R,, the maximal functions 


((L"- M) — (L™ - M))p ee ie GE Ms 


tend to zero in measure as n,m — Co. 


Proof. The proof of the lemma will use — just as in (9.4.6) and [K 96a] — the 
buy low - sell high argument motivated by the economic interpretation of L” 
as trading strategies (see Remark 9.4.7). 

Assuming that the assertion of the lemma is wrong there is T € Ri, a > 0 
and sequences (nx, Mz)k>1 tending to oo such that 


P |sup((L™ — L™)-M); >a] >a. 
t<T 


Defining the stopping times 
Tr, = inf{t <T | ((L™ — L™*)-M), > a} 


we have P[T, < T] >a. 
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Define L” as ~ 
Le = L™* 10,7] + L™* 17, cof 


so that L* is a w-admissible predictable integrand. 
Denote by d;, the function indicating the difference between L"* -M and 
L™:. M at time Ty, if Th < o, ie., 


dy = ((L"™* _ ee) 8 M)r,1517, <co} : 
Note that, for t € R4, 
(LM), = (L™* - M): lens + (EL -M)e t+ del gesryy - 


By passing to convex combinations )7>* , a,;L) of L* we therefore get that, 
for each t € Q4, 


(Sait ) = (Scat M) Licn} + ( 
j=k u jak 7 j 


where (Df)x>1 = (ee ad lusty) ps4 is a sequence of random variables 


Co 


a,;L™ . M)L eon) +Dé 
k t 


which converges almost surely to a random variable D; so that (Di)iceq, is 
an increasing adapted process which satisfies P[Dr > 0] > 0 by Lemma 9.8.1. 

Hence (L*) k>1 is a sequence of w-admissible integrands such that, for all 
te Qui, (LF - M); converges almost surely to W, = W,+ D;, and P[Dr > 
0] > 0, a contradiction to the maximality of W finishing the proof. 


Lemma 15.4.14. Under the conditions of Theorem 15.D and Lemma 15.4.12 
there is a subsequence of the sequence (L")n>1, still denoted by (L")n>1, and 
an increasing sequence (T;);>1 of stopping times, T; < j and P[T; = | > 
1—2-J, such that, for each j, the sequence of processes ((L"-M)%)~)ns1 is 
uniformly bounded and the sequence ((L"- M)*%),>1 is a bounded sequence of 
martingales in H'(P). 


Proof. First note that, fixing 7 € N, C > 0, and defining the stopping times 
U, = inf{t | |(L"-M),|; > CHAZ, 


the sequence ((L"-M)"),1 is bounded in H!(P). Indeed, this is a sequence 
of super-martingales by [AS 94], hence 


E[|(L" -M)u, |] < 2E [(L" - M)u,)_] < 2(C + E[u}), 


whence 
E[|A(L”- M)y,,|] < 2(C + Efw]) +C. 


As the maximal function (L” - M)7, is bounded by C + |A(L"- M)u,,| 
we obtain a uniform bound on the Lt-norms of the maximal functions ((L” - 


15.4 A Substitute of Compactness for Bounded Subsets of H* 351 


M)i,, )n>1, Showing that ((L”-M)""),>1 is a uniformly bounded sequence in 
H'(P). 

If we choose C > 0 sufficiently big we can make P[U,, < j] small, uniformly 
in n; but the sequence of stopping times (U,,)n>1 still depends on n and we 
have to replace it by just one stopping time T; which works for all (L",)x>1 
for some subsequence (nx)%>1; to do so, let us be a little more formal. 

Assume that To = 0,71,...,7j;-1 have been defined as well as a subse- 
quence, still denoted by (Z”),>1, such that the claim is verified for 1,...,j7—1; 
we shall construct T;. Applying Lemma 15.4.13 to T = j we may find a sub- 
sequence (nz,)x>1 such that, for each k, 


P (ut -M)-(L™-M))* > | eo (k+5+2) 
Now find a number C; € R+ large enough such that 
P |(L™ - M); > Oj] < 2-40 
and define the stopping time T; by 
T= inf {| sup |(L"* » M)s| > Cj + i} Nj 
so that T; <j and 


P[T; =j])>1-279. 


Clearly |(L"* - M),| < Cj; +1 for t < Tj, whence ((L", - M)%%)-)xs1 is 
uniformly bounded. 

We have that T; < Un, for each k, where Up, is the stopping time defined 
above (with C = C; +1). Hence we deduce from the H'(P)-boundedness of 
((L™ -M)¥«),>1 the H!(P)-boundedness of (L"*-M)7/. This completes the 
inductive step and finishes the proof of Lemma 15.4.14. 


Proof of Theorem 15.D. Given a sequence (H”),>1 of w-admissible integrands 
choose the sequences K” € conv{H",H”*',...} and L” of w-admissible in- 
tegrands and the super-martingales V and W as in Lemma 15.4.12. Also fix 
an increasing sequence (T;);>1 of stopping times as in Lemma 15.4.14. 
We shall argue locally on the stochastic intervals ]Tj_1, Tj]. Fix 7 ¢ N and 
let 
LM = Br 7 4] 


By Lemma 15.4.14 there is a constant C; > 0 such that (L"),>1 is 
a sequence of (w + C;)-admissible integrands and such that (L"% -M)y>1 is 
a sequence of martingales bounded in H1(P) and such that the jumps of each 
L"4.M are bounded downward by w — 2C;. Hence — by passing to convex 
combinations, if necessary — we may apply Theorem 15.B to split L”/ into 
two disjointly supported integrands L"/ ="L") +8L"J and we may find an 
integrand H°% supported by ]Tj—1,7;] such that 
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lim ||("L"? — H°) + M|jha@) =0 


n—oCo 


(Zj)e= lim tim (L™ + M), 
qeQy 


where Z; is a well-defined adapted cadlag increasing process. 
Finally we paste things together by defining H® = )°)S, H°4 and Z = 
ys Z;- By Lemma 15.4.12 we have that 


is a well-defined super-martingale. As 
Z=(H°-M)—W 


is an increasing process and as (H®° - M) is a local martingale and a super- 
martingale by [AS 94] we deduce from the maximality of W that H° - M 
is in fact equal to W. Hence (H® - M) — V is increasing and the proof of 
Theorem 15.D is finished. 


15.5 Application 


In this section we apply the above theorems to give a proof of the Optional De- 
composition Theorem due to N. El Karoui, M.-C. Quenez [EQ 95], D. Kramkov 
[K 96a], Follmer-Kabanov [FK 98], Kramkov [K 96b] and Follmer-Kramkov 
[FK 97]. We refer the reader to these papers for the precise statements and 
for the different techniques used in the proofs. 

We generalise the usual setting in finance in the following way. The process 
S will denote an R¢-valued semi-martingale. In finance theory, usually the idea 
is to look for measures Q such that under Q the process S becomes a local 
martingale. In the case of processes with jumps this is too restrictive and 
the idea is to look for measures Q such that S becomes a sigma-martingale. 
A process S is called a Q-sigma-martingale if there is a strictly positive, 
predictable process y such that the stochastic integral y- S exists and is a 
Q-martingale. We remark that it is clear that we may require the process 
vy: S to be an H'-martingale and that we also may require the process » to 
be bounded (compare Chap. 14). As easily seen, local martingales are sigma- 
martingales. In the local martingale case the predictable process y can be 
chosen to be decreasing and this characterises the local martingales among the 
sigma-martingales. The concept of sigma-martingale is therefore more general 
than the concept of local martingale. The set M°(5S') denotes the set of all 
equivalent probability measures Q on F such that S is a Q-sigma-martingale. 
It is an easy exercise to show that the set M°(S) is a convex set. We suppose 
that this set is non-empty and we will refer to elements of M°(S) as equivalent 
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sigma-martingale measures. We refer to Chap. 14 for more details and for 
a discussion of the concept of sigma-martingales. We also remark that if S' is 
a semi-martingale and if y is strictly positive, bounded and predictable, then 
the sets of stochastic integrals with respect to S and with respect to y-S are 
the same. This follows easily from the formula H.-S = a -(y- S). 
Theorem 15.5.1 (Optional Decomposition Theorem). Let S = (S;)ier , 
be an R¢-valued semi-martingale, such that the set M°(S) 4 0, and V = 
(Vi)ter, @ real-valued semi-martingale, Vo = 0 such that, for each Q € 
M°&(S'), the process V is a Q-local super-martingale. 

Then there is an S-integrable R¢-valued predictable process H such that 
(H-S)—V is increasing. 


Remark 15.5.2. The Optional Decomposition Theorem is proved in [EQ 95] in 
the setting of R¢-valued continuous processes. The important — and highly 
non-trivial — extension to not necessarily continuous processes was achieved 
by D. Kramkov in his beautiful paper [K 96a]. His proof relies on some of 
the arguments from Chap. 9 and therefore he was forced to make the follow- 
ing hypotheses: The process S$ is assumed to be a locally bounded R¢-valued 
semi-martingale and V is assumed to be uniformly bounded from below. Later 
H. Follmer and Y.M. Kabanov [FK 98] gave a proof of the Optional Decompo- 
sition Theorem based on Lagrange-multiplier techniques which allowed them 
to drop the local boundedness assumption on S. Féllmer and Kramkov [FK 97] 
gave another proof of this result. 

In the present paper our techniques — combined with the arguments of 
D. Kramkov — allow us to abandon the one-sided boundedness assumption 
on the process V and to pass to the — not necessarily locally bounded — 
setting for the process S. 

For the economic interpretation and relevance of the Optional Decompo- 
sition Theorem we refer to [EQ 95] and [K 96a]. 


We start the proof with some simple lemmas. The first one — which we 
state without proof — resumes the well-known fact that a local martingale is 
locally in H'. 


Lemma 15.5.3. For a P-local super-martingale V we may find a sequence 
(T;)j>1 of stopping times increasing to infinity and P-integrable functions 
(w;)j>1 such that the stopped super-martingales V7 satisfy 


\VB\<w; as., forjeN. 


The next lemma is due to D. Kramkov ([K 96a, Lemma 5.1]) and similar 
to Lemma 15.4.12 above. 


Lemma 15.5.4. In the setting of the Optional Decomposition Theorem 15.5.1 
there is a semi-martingale W with W—V increasing, such that W is a Q-local 
super-martingale, for each Q € M®(S) and which is maximal in the following 


354 15 A Compactness Principle 


sense: for each semi-martingale W with W—W increasing and such that Ww 
is a Q-local super-martingale, for each Q € M®(S), we have W =W. 


Proof of the Optional Decomposition Theorem 15.5.1. For the given semi- 
martingale V we find a maximal semi-martingale W as in the preceding 
Lemma 15.5.4. We shall find an S-integrable predictable process H such that 
we obtain a representation of the process W as the stochastic integral over 
A, ie., 

W=H.-S 


which will in particular prove the theorem. 

Fix Qo € M°(S) and apply Lemma 15.5.3 to the Qo-local super-martingale 
W to find (Tj)j>1 and w; € L'(Q,F,Qo). Note that it suffices — similarly 
as in [K 96a] — to prove Theorem 15.5.1 locally on the stochastic intervals 
|Tj-1, T;]. Hence we may and do assume that |W| < w for some Qo-integrable 
weight-function w > 1. Since S' is a sigma-martingale for the measure Qo, we 
can by the discussion preceding the Theorem 15.5.1, and without loss of gener- 
ality, assume that S is an H!(Qo)-martingale. So we suppose that the weight 
function w also satisfies |S| < w, where |.| denotes any norm on R¢. 

Fix the real numbers 0 < u < v and consider the process “W” starting at 
u and stopped at time v, ie., 


ulyu 
We = Werv — Weru, 


which is a Q-local super-martingale, for each Q € M®(S), and such that 
[“W| < 2w. 


Claim 15.5.5. There is an S-integrable 2w-admissible predictable process 
“H”, which we may choose to be supported by the interval |u,v|, such that 


Uv 


Assuming this claim for a moment, we proceed similarly as D. Kramkov 
([K 96a, Proof of Theorem 2.1]): fix n € N and denote by T(n) the set of time 


indices : 
J 

T(n)=4 — 

m={s 

and denote by H” the predictable process 


o<j<n2} 


n2” 
H™ = be G-1)27 "77 52-" 
j21 
where we obtain V—))?""HJ?"" as a 2w-admissible integrand as above with 
u = (j —1)27” and v = j2~”. Clearly H” is a 2w-admissible integrand such 
that the process indexed by T(n) 


((H” - S)j9-n — Wyjo-n)5=0,...,n2" 
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is increasing. 
By applying Theorem 15.D to the Qo-local martingale S — and by passing 
to convex combinations, if necessary — the process 
Wee 
sE€Qy 
is well-defined and we may find a predictable S-integrable process H such that 
H.-S —W is increasing; as W — W is increasing too, we obtain in particular 
that H - S — W is increasing. 

As H.-S >W we deduce from [AS 94] that, for each Q € M°(S), H-S is 
a Q-local martingale and a Q-super-martingale. By the maximality condition 
of W we must have H- S = W thus finishing the proof of the Optional 
Decomposition Theorem 15.5.1. 

We still have to prove the claim. This essentially follows from Corol- 
lary 15.4.11. 

Let us define LS° to be the space of all measurable functions g such that 
£ is essentially bounded. This space is the dual of the space L} _,(Qo) of 
functions g such that Eq, [w |g|] < oo. By the Banach-Dieudonné theorem or 
the Krein-Smulian theorem (see Chap. 9 for a similar application), it follows 
from Corollary 15.4.11 that the set 


B={h| |eh| < w and ch € Ci 2w for some ¢ > 0} , 


is a weak-star-closed convex cone in L°° (the set Ci,2» was defined in Defi- 
nition 15.4.8 above). Now as easily seen, if the claim were not true, then the 
said function f is not in B. Since B— Li, C B we have by Yan’s separation 
theorem ([Y 80]), that there is a strictly positive function h € Li,_, such that 
Eq, [hf] > 0 and such that Eg, [hg] < 0 for all g € B. If we normalise h so 
that Eq, [h] = 1 we obtain an equivalent probability measure Q, d(Q = hdQo 
such that Ea[f] > 0. But since S is dominated by the weight function w, we 
have that the measure Q is an equivalent martingale measure for the pro- 
cess S'. The process W is therefore a local super-martingale under Q. But 
the density h is such that Eg[w] < oo and therefore the process “W”, being 
dominated by 2w, is a genuine super-martingale under Q. However, this is 
a contradiction to the inequality Eq|f] > 0. This ends the proof of the claim 
and the proof of the Optional Decomposition Theorem. 


Remark 15.5.6. Let us stress out that we have proved above that in Theo- 
rem 15.5.1 for each process W with W — V increasing, W a Q-local super- 
martingale for each Q € M°(S) and W being maximal with respect to this 
property in the sense of Lemma 15.5.4, we obtain the semi-martingale repre- 
sentation W =H.-S. 


Remark 15.5.7. Referring to the notation of the proof of the optional decom- 
position theorem and the claim made in it, the fact that the cone B is weak- 
star-closed in LS° yields a duality equality as well as the characterisation of 
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maximal elements in the set of w-admissible outcomes. These results are par- 
allel to the results obtained in the case of locally bounded price processes. We 
refer to Chap. 14 for more details. 
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